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Coulombic systems and biology

® Biomolecules are charged (DNA, RNA,
proteins)

® water is the solvent

® salts and small ions in solution

® membranes may be charged
It is thus important to understand the
properties of systems with Coulombic

interactions: electrolytes,
polyelectrolytes, colloids, etc...
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Consider a system of charges in a
solution with dielectric constant €
N; molecules of charge g;¢€

—

pe(T)

Poisson equation: —V%p(f’) —

where ©(7) is the electrostatic potential

and  pc(7) s the charge density

At thermodynamical equilibrium, the charge density is
given by the sum of the fixed charges and a Boltzmann
distribution

_5Qz€90(r)
pc( — pf _I_ ZNZQZ

z'

fixed charges
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3 —0qg; o . . .
where Z; = /d & Baiep(r) concentration of ion |

In an infinite system: 2, =V /

L ps(7) Cidi€ _Bgiep(F)
_V? _ | giep
P(T) - > €

1
Example: (1:1) salt

o2, (= :Pf(F
V= (T) .

) 2% sinh(Bep(r)
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Poisson-Boltzmann

® Very non-linear partial differential equation
(PDE)

® Very few cases are exactly solvable

® a charged plane with counterions (double
layer problem)

® a charged cylinder with counterions
(Manning condensation)

® a charged plane wih salt (implicit solution
very complicated)

® Usually must resort to numerical solution
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The double layer: a charged
plane with counterions

® consider a plane with charge density o

® counterions of charge -|

1/ 0 A +Bep(z)
_ Y ”
p(2) = —0(z) — —e

® note that \ as it can be absorbed in ¢

® Boundary condition
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Try a solution of the type: p(2) = Alog(z + )

2
Solutioni. A = — —
Be
\ = % Gouy-Chapmann length:
o / size of the double layer
= Beo \
Counterion density pe(2) = _ 2ot Bep(2)
E

pe(2) = /232 (Z+1u)2

f0+oo dz p(z) = —0

All couterions are bound to the plane: charge neutrality

lundi 21 avril 14



The cylindrical case: Manning
condensation

® Consider an infinite cylinder with charge
density —0 surrounded by its counterions.

® [here is an exact solution.

® There is a critical surface charge o such
that

e if o < 0., the couterions are unbound

® if 0 > 0.,a fraction of the counterions
are bound to the cylinder, and the rest is
unbound.
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Debye-Huckel approximation

Ciqi€ _ 3.
_v2 — ¢ e Bgiep
p=) -

1
Assume (3g;ep small. Expand to order |

Charge neutrality implies Z c;,q;e =0

1

Vip =K
1 Be?
2 2
Debye-Huckel K ilg — - Z Ci{;
length DH i
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® Debye-Huckel potential decays
exponentially: electrostatic screening

® Debye-Huckel length proportional to the
inverse of the square root of the ionic
concentrations.
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Numerical solution

® Standard numerical method: solve by

iterations:

® start from a guess (g

® solve the equation —V?%p = V()

® iterate the procedure until convergence

® discretize the Laplacian

® sometimes need to refine the grid near
fixed charges

® partition fixed charges on grid points
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What is absent from PB

Steric effects: ions are supposed to be
punctual

Water has no structure. It is a continuous
medium. Necessary to treat is as dipoles

Interactions of water molecules.

PB is mean-field: need to introduce
fluctuations.
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Natural method to generalize
PB: field theory of Coulombic
systemes.
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Why Field-Theory?

® Statistical mechanics of Coulombic liquids
® Derivation of Mean-Field theories
® Calculation of fluctuations to all orders

® Non-perturbative approaches
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Field Theory for

Electrolytes
/= % /drl ..dry exp <_§ /deT/,Oc("“)Uc(T — T/)Pc(rl)>
Uc(r) — 471‘1607“ AUC(’I‘) — 52(7;)

pe(r) = ZWS(T — i)




Gaussian integrals

—+ 00 _a .2 2
f_oo d:E@ 5T t+ur __ 27T62

+o00 1N -z AT W; T 27)V/2 >
J-oo iz dwie™ R e B ((glet24)1/2€ 2,

generalize to a field:

xr; — o(r)
Aij — A(’/‘, T/>

JTI;L, dzi — [ Dy(r)

uA.uj
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Stratanovich-Hubbard = Gaussian identity

exp (=5 [ plryotr - r'>p<r'>) -
[potrrexn (=5 [ararstyo o= o)+ [ ot

Poisson equation for a unit point-like charge:

V*0.(r) = or)

€0

q fuc_l(r, r') = —60V25(7“ —7')
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Poisson-Boltzmann

7 = /Dgp(r)(g_ 720 [ dr(Ve)2—iB [ drpc(r)e(r)

/[ = /DSD(’I"’)G_ B;O de(Vgp)2+Zi ;e tBaier(r)

PB = Saddle-Point method on ¢ then ¢ — ¢

Example: salt |:|

A% = 25 sinh(Ged)

€0
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Poisson-Boltzmann with
hard-cores

o ~ 5.=0
lattice Gas & @3 s+
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Note: CGS units!!

Be
Z:/Dgpc eXp( — S—/dr |V§06|2
s
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8mze cp sinh(zBe))

V) =
v e 1 — ¢g+ ¢gcosh(zBe)
z 1 z salt
Smze

V) =
) E

cp sinh(zBe))
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Poisson-Boltzmann with
dipoles

Represent water as point-dipoles

) —iBp- i iBqie
—iﬂ/d?’r qﬁ(r),o‘f(r)>\/dg sin(Bpo|Ve(r)|)

Bpo|Vo(r)|)
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Water + ions + vacancies

pr =-F / dF VO () + B / 07 p,(P) ()

1
— —3 d?ln (1 + ZAiOHCOSh(BeZ(I)(?))

a Solvent

lundi 21 avril 14



—eV2U = Z Nigie e PV 1 pe(r)

+ AapoV - [(VY/IVY))G (Bpo| V)]

G(u) = coshu/u — sinh u/u?

4
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PB with dipoles and
Yukawa

7= [arsdress (<2 [arintpopte o)
X exp <_§ /drdr’p(r)vy(r — r')p(r'))

N
water= dlpol.es pe(r) = Z io(r — ;)

hard-cores = lattice gas .
water-water interaction: Yukawa

r) = o(r —r;
V) =~ PO =200

Wy l(r—r) = —i (—V2 + b12) 5(r — 1)
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PB with dipoles and
Yukawa

pF=-~ [ dieo| VO ()
f (19 ¥ + w)z)

—|—,8fdrpf(r)CI)(r) —;/drln(zl(?)).

ZZ(F) =1+ Adipe_B\P(F) SinhC(I/l)

u = Bpo| V|




Agpe PYOIF (e N
aVRR) =

7 o~

%(eo%mw(r»)ﬁpé

1
L

Vg

W(F)
b2

) . (_)) 1 /\dipe_’gqf(;:) SinhC(l/l)
T Z,

Fi(u) = S20W £(y); L(u) = 1/ tanh(u) — 1/u

u = Bpo| V]
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Application: hydratation
of proteins

® Fixed protein (taken from the PDB)
® water: dipoles+ Yukawa

® small ions: Na, CI, ...

® Web Server: PDB Hydro

http://lorentz.immstr.pasteur.fr/pdb_hydro.php

Program available: Aquasol (P. Koehl and M. Delarue)
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Hydrophobic regions (red) of a Thymidine Kinase
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Monovalent cations

Divalent cations
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ABLE 1: Computed versus Experimental Solvation Free Energies of Ions
. el (A AGepr A(;PLC AGBom80d AGBorDZOe AGV\/
ion radius® (A)  /mol)  (kcalimol)  (kcal/mol)  (kcal/mol)  (kcal/mol)  (kcal/mol)  (kcal/mol)
Lit 0.78 —122.1 —132.7 —210.0 —202.1 —223.1
Na™ 0.98 —98.2 —114.1 —167.2 —160.8 —210.8
K* 1.33 —80.6 —94 .8 —123.2 —118.5 —177.3
Rb" 1.49 —75.5 —88.5 —110.0 —105.0 —162.3
Cs* 1.65 —67.8 —82.4 —99.3 —95.5 —149.4
Mgt 0.78 —455.5 —474.5 —840.2 —808.3 —555.5
Mn2* 0.91 —437.8 —422 .4 —720.2 —692.9 —552.5
Ca** 1.06 —380.8 —377.3 —618.3 —594.8 —537.5
Sr2* 1.27 —345.9 —333.0 —516.0 —496.5 —517.3
Ba%" 1.43 —315.5 —307.5 —458.0 —440.9 —493.0
RMSi (keal/mol) 14 1R7 169 174
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