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Purpose

Motivation for exploring finite-element technology
Provide detailed introduction to finite-element methods

Thorough description of stabilized finite elements and
discontinuous-Galerkin methods for fluid dynamics

Implicit time-advancement for steady and unsteady flows
Enabling technologies: mesh adaptation, overset meshes
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Outline

Preliminaries:

— Assumptions on audience

— Governing equations

— Why finite elements

Lecture 1: Introduction to finite elements

Lecture 2: Stabilized finite elements / discontinuous Galerkin
Lecture 3: Implicit schemes for turbulent flows

Lecture 4: Adaptive, overset meshes
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Outline

Lecture 1: Introduction to finite elements
— Weighted residual and weak statement
— Global basis functions
— Discretization for three-element example
— Element basis functions
— Element mapping
— Quadrature
— High-order basis functions
— Extension to multidimensions
— Example of equivalence between FE and FV
— Curved elements
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Outline

Lecture 2: Stabilized finite elements / discontinuous Galerkin
— Stabilized finite elements
* Inviscid flows
« SUPG
* Viscous flows and scaling of stabilization matrix
— Discontinuous-Galerkin
— Conservation
— Boundary conditions
— Method of manufactured solutions
— Accuracy and effort comparisons
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Outline

Lecture 3: Implicit schemes, linearizations, and linear systems
— Implicit time stepping for steady flows
* Newton’s method
» Residual linearization
« GMRES
— Example calculations
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Outline

Lecture 4: Adaptive, overset meshes for Petrov-Galerkin
— Overset meshes
— Adaptive meshing
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Assumptions on Audience

It is assumed that the audience has familiarity with finite-
volume methods for solving compressible Navier-Stokes
equations on unstructured meshes

Minimal experience with stabilized finite elements or
discontinuous Galerkin

My own background includes extensive code development for
finite-volume methods on structured and unstructured meshes

— CFL3D - structured
— FUNS3D — unstructured (fun3d.larc.nasa.gov)

Over the last five years developed high-order finite-element
methods and believe they offer significant advantages over
finite-volume method
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Governing Equations

« Compressible Navier-Stokes with Spalart-Allmaras
Turbulence Model
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Governing Equations

Compressible Navier-Stokes with Spalart-Allmaras
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Governing Equations

« Compressible Navier-Stokes with Spalart-Allmaras
Turbulence Model
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Governing Equations

Occasionally beneficial to examine performance of schemes

using Maxwell’'s equations for electromagnetics

Provides clean test without ambiguity from nonlinear variable

choices
_ > 0
D, B,/
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Why Finite Elements

« Unstructured meshes have become very popular because of
their ability to handle complex geometries and flow fields

* Finite-volume methods dominate modern CFD but have
Inherent limitations moving forward

« Review of finite-volume methodology to understand limitations
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Finite-Volume Unstructured Grids

* Integrate equations over control volume, converting flux
Integrals into surface integrals using divergence theorem

jﬁ%—?d@ + fff v (F(Q)-F,(Q,vQ))a =0

0Q s
022, ff (k(Q)-R(@) iar =0

Q : cell-average
n : unit normal

« Can be cell-centered or node-centered implementation

SIMCENTER rie UNIVERSITY of TENNESSEE ot CHATTANOOGA
NATIONAL CENTER for COMPUTATIONAL ENGINEERING [



Finite-Volume Unstructured Grids

In cell-centered scheme, control volume in 2D is defined by
triangles and/or quadrilaterals

Second-order scheme obtained by extrapolating variables
from center of cell to the “left” and “right” sides of the interface

QL:QCA+VQCA'FL Qy :QCBJVVQCB"FR
Flux on cell boundary determined using Riemann solver

F(Q,.Qp)=3(F(Q,)+F(Qp)—|4)(Q; - Q,))
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Finite-Volume Unstructured Grids

Computing gradients in cell centers can be accomplished in
many ways but usually involves averaging from cells

A particularly bad example is when nodal quantities are
obtained and then used to compute gradients

Stencil is very large and data not easily accessed with typical
data structures

On highly stretched
meshes, interpolation
may also degrade to
extrapolation
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Finite-Volume Unstructured Grids

« First-order accuracy for node-centered scheme can be
obtained using only nearest neighbors

« Second-order accuracy requires gradients at surrounding
nodes, which significantly increases the stencill

* As with cell centered finite-volume scheme, stencil is very
large and data not easily accessed with typical data
structures
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Finite-Volume Unstructured Grids

* Whether cell-centered or node-centered scheme, differencing
stencil is large and not easily accessible with common data
structures. This significantly impacts the ability to obtain an
accurate linearization of the residual

— Newton-type schemes
— Sensitivity analysis
« Robust interpolation for overset meshes

« Extension to higher-order accuracy can be extremely tedious
and error prone

— Accurately reproducing higher-order polynomials requires
even larger stencll

— Recovering pointwise data from control volume averages
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Why Finite Elements?

Finite-element schemes allow for accurate discretization using
a compact stencil that provides easy access to data with
common data structures. This has several advantages

— Newton-type schemes
— Sensitivity analysis
— Overset meshes

Well-established methodologies exist for extending the order
of accuracy beyond second-order

There are potentially very big advantages for developing
high-order schemes
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Why Higher Order (P > 1)?

e Assuming cubic domain wﬂh;qual mesh spacing
« 3D Mesh spacing i ~ ) *where N is the number of nodes
— Equal truncation error => N | ~ (Ng) a

— Example: One billion nodes for linear elements requires only one
million nodes for equivalent accuracy with quadratic elements

» Very enabling for large-scale science and engineering applications
— Current problems on smaller mesh 2
— Larger problems

AX
Ay Y

X
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Why Higher Order (P > 1)?

S41/Sp (dB)

P2 with 3,965 nodes 20
more accurate than P1
with 158,409 nodes

-30

Frequency (GHz)

P2: 12,042 Nodes (89,476 DoF) S;y Measured &

P2: 3,965 Nodes (28,151 DOF) ------- Sy Measured o
P1: 158,409 Nodes (158,409 DOF) -

» Despite generous assumptions, estimates are somewhat reasonable
« Very significant enabling technology for large-scale simulations !
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Outline

Lecture 1: Introduction to finite elements
— Weighted residual and weak statement
— Global basis functions
— Discretization for three-element example
— Element basis functions
— Element mapping
— Quadrature
— High-order basis functions
— Extension to multidimensions
— Example of equivalence between FE and FV
— Curved elements
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Introduction to Finite Elements

« There are many excellent references for finite elements
« References below extensively used in development of notes

Finite Elements
SApproximation

O! C/Zienkiewicz and K. Morgan

PAVEL SOLIN
KAREL SEGETH
IVO DOLEZEL

llllllll
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Introduction to Finite Elements

» Galerkin finite-element method for model problem

Vi 4+p=0 in

Ly

V-yp=honI"T'

n

Yp=gonl, -

« Wil first consider one spatial dimension

0 Specified on » Specified on
Or left end right end
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Introduction to Finite Elements

V2¢ +p= 0 in O Partial differential

equation
fff¢(v2¢ + P)dQ = 0 Weighted residual
Q

‘Weak statement obtained through integration by parts
[[[o(Ve+pha=—[[[(Ve-Vo—oplQ+ [[(¢Ve-a)r
Q 0 :

*\Weak statement indicates admissible set of basis functions
— Differentiable on element
— To be convergent they must be complete
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Basis Functions

« Weak statement after specialization to one spatial dimension

_ (|99 0¥
J

oxr O
- Consider example with only four nodes in grid with ¥
specified on right end, derivatives of specified on Ieft

. @ Weighting functions ’ %,
o 6=3eN, o =36
— Arbitrary constants €, — or 3 85(:
— Globally defined basis functlons N

- 1is expanded in terms of basis functlons plus additional basis
function at right end for enforcing boundary condition

dQ+fq5de+fgb Al = 0
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Linear Basis Functions
Three-Element Example

1—3; 0<z<))
Nl N, = 0 13 ST S 23
0

° ° ° ; 7y Sw <l

| 3T ngg%

N2 NQ — 2—337 13§$§23

O o 0 %Siﬂél
' 0 0<z<Y

N

3 N3 — —1—|—3£L’ 13§$§%
° o 3— 3 %gxgl

' 0<z<]
4= 0 3 =T > )/
o o s —2+3r ¥ <z<1
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Equations for Three-Element Example

o Substitution of discretized functions into weak statement

-J

ON,
(Clﬁl_I_ 282+ 3 ox )(wlc‘)l_I_

+c,h + f[<C1N1 +c,N, +

U ey Oy ax)]dﬂ

CSNB)p]dﬁzO

« With c’s arbitrary there are 3 equations and 3 unknowns

1 2 aN —_
Sl 2 a2 (o
Q ' Q
[ ON, ON, ON, ON, ON, \| B
‘f_ 50 (¢1E+¢2E+¢3E+9 5 )_d9+f<N2p)dQ =0
Q Q
[ ON, ON, ON, ON, ON, \] .
‘f_ 50 (%E th ot 9%)49 + [ (Nyp)iQ =0
Q Q
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Matrix Equations for Three Elements

« Equations arranged in matrix form

N, IN, N, ON, _ [N, 9N, | R \
_f o2 2z _f oe on W2 f or on W (1} RHS
1 L N, L 8N2 ON3 ) [ —
f Ooxr Ox df} f ox Ox df} f ox Ox df} 7702 RHSQ
1 2 3 w RHS
_f oz Oz ai _f dz Ox i} _f Oz Oz ail -~ - ) b
ON, ON, \
RHS, f( o o 9 Nlp)dQ h
» Solve for ! RHS, |=1 f(aazi aaji - 2p)dQ >
<¢17¢27¢3) RHSS f(@N ON, p)dﬂ
) ’ ox Oz N3
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Matrix Equations for

Three Element Example
« Equations arranged in matrix form

) D
3 3 o0 || % 6
3 -6 3 [\ =1 -3
0 3 —6 ]| 4 39t
+ Solve for (t;,1,1)
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Results for Linear Basis Functions

V%) =0 in

5 T T

T T
Finite Element

Exact

0 0.2 0.4
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Results for Linear Basis Functions

V3 4+20=0 in 0

14

12

N
T

Exact solution

Solution from
linear elements

\
\
\
\
/V N
\
\
\

For linear equations solution is exact at
nodes if order of source term is less than or
equal to order of polynomial used in element

T
Finite Element
Exact

0

SIMCENTER

0.

2

0.

4
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Element Basis Functions

* Note that in the example there are 3 “residual” equations

[N, ON, ON, ON, ON, \] B
[ S e S e e+ [(Mphe+h=0
Q

_f:aa?(wl Tt %%Jrg%):dQJrf(N?p)dQ -

Q Q
[ ON ON ON ON ON, \]
15 e+ v e 5 g5 i+ [(Nyp)a = 0
Q Q

« Each residual equation has similar terms and only differs by
the multiplication factor from weighting function or by
presence of boundary term

« Also note that each integral is non-zero only when both
multiplied terms from the basis functions are non-zero
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Element Basis Functions

 Residual associated with node 1
ON, ON, ON, 9N, ON, _
_f FrarrCir e el S E\%% x\ga ]dQ i f dQ Th=0

Q
 Residual associated with node 2
ONy ON, 4 Oy BNy ),y ON; ON
_f ox 8:1: oz Oz ¢2 9z axg % %xal }dQ—I-f dQ =0

 Residual associated with node 3

N, ON, N,

ON.
ozr wQ T 83: ¢3

dQ—O

oN, ON,
0x \O0x ¢1 + ox

(]9
i
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Linear Basis Functions
Three Element Example

1—3; 0<z<))
Nl N, = 0 13 ST S 23
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Element Basis Functions

Each global basis function is nonzero only on elements
associated with node

The non-zero global basis functions within each element can
be used to define local basis functions

N, L7 N,
/ \ /7
1 // N . 3 //
o/ N\ £
Element 1 Element 2 Element
Ny =1-3x Nf =2-3z N/ =-2+3z
N§:3x N§:—1—|—3:EN§:3—3:1:
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Element Basis Functions

 Within each element, local basis functions can be defined that
have identical form for all elements

Element Element Element
nodes nodes nodes

AN N KN
O @ .1 2.

Global node 1 Global node 2 Global node 3 Global node 4

j\f6 et _ r — $1
L ¢ _ o€
9 1
Local node 1 Local node 2
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Element Basis Functions

« Residual at node 7 can be computed by considering one

element at a time

|2 ONC
BB S

J
i =1,2 2, 7=l o -

10, + [(Nep g,
Qe

« After interior elements are accounted for an additional loop is
required to include contributions from boundary conditions

R = R + [ N{Vy-ndl' Bound
I

ary term added at ends
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Element Basis Functions

« For example, updating global node 2 from within element 2
Ny Ny

R, =
Global node 1 Global node 2 Global node 3 Global node 4
ON? aN2 aN2
1 2 2
Ry = f wl % f Ny pdS
Q

Global node 2

ON.,|ON. ON
2 p p 3
1 _Qf 0x [ ox Yot or wS]dQG—l_fN?de@

2
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Element Mapping

« Motivation

— In general, PDE may preclude exact integration

— Without mapping, basis functions need to be defined
element-by-element

— When extending to multidimensions, closed form
Integration over element topology does not exist except in
special cases

— A unified formulation for defining basis function and
performing integration is desirable (automation)

« Mapping from physical element to a “parent” element
mitigates many of these problems
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Element Mapping

Define “parent” element that all elements get mapped to

> = — Nar o
Ty Lo & =0 & =1
-
Vile) = o —o)flos —ai) o= SN (R Ni(g)=1-¢
N;(:l:):(x—xf)/(x;—xf) N§(§>:§

Functions, derivatives, and integrals must be transformed

s=yn(epr o) [@ i)

dz d¢ | d¢
[ flap =[5 (2(¢))

d§
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Quadrature

« General numerical formulas for integrating over common

element types
0
i ~ Zf( (&) 5

ff ‘ il

where NQ is the number of quadrature points, each located
within the element at locatign and  is an associated
weight

e Familiar quar a

[ 1(x())5

9)

ure ru}le In one dimension is Simpson’s rules

a0~ 1 ((0)) a1 ((3) ()

dz
dg

:(xg—a;f):he
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High-Order Basis Functions

« High-order solutions obtained by increasing polynomial order
of the basis functions

@ O @ O @— O @
Element e
N =(1-¢)(1-2) Ny = 4¢(1-¢) Ny = —¢(1-2¢)

« Requires higher-order quadrature as well
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Extension to Multidimensions

General procedure identical to one-dimension

Basis functions and quadrature rules defined on parent
element

Elements can be different sizes and shapes but may also be
curved
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Basis Functions

« Usually defined in mapped space over parent element

« Polynomial orders may be different for geometry and

variables R R
T = 5<§ ) Linear T = a‘f(ﬁ ) Quadratic

W = w(f ) Quadratic

—

= w(f ) Quadratic

<

7= N (g )f m > n Superparametric
m =mn  Isoparametric

b = Ne( g)w m < n Subparametric
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Types of Basis Functions

« Lagrangian — unknowns within element represent actual data
and shape functions are high-order polynomials

N=(--)  N=agi-g) N =-1-%)

= —

« Hierarchical — unknowns represented as linear contribution
with additional modes that represent perturbations

- Ne Py — d .
Nle (5) — Linear 3 (5) /’_(:Q\ua ratic
N3 (5) — Linear >< _|_ //
SIMCENTER e UNIVERSITY of TENNESSEE at CHATTANOOGA
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Lagrangian Basis Functions

« Can be determined algebraically
Nf(fj,nj) =a+b§; +cn, + dﬁ? + 677? + fEm;
Ne(&om, ) =11if i=
N¢(Eom, ) =0 if i=j
Nf =1-3(¢+n)+2(& + )+ 4¢
g = 2¢(¢ - 1)
N =l
N{=4£(1-¢—n)

Ny = 4&n
Ng¢ :477(1—§—n>
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Lagrangian Basis Functions

« For triangles and tetrahedrons, number of nodes in element
matches number of unknown coefficients in polynomial

« For other elements this may not be the case
Nf(fj,nj) =0+ b§; +cn; + dsz + 677]2- + fEm;

4, o3

* 4 Nodes in Element but 6 unknown coefficients
required for complete quadratic polynomial

* 4 nodes gives complete linear polynomial but
incomplete quadratic polynomial

» Pascal’s triangle to determine terms to keep

© o
1 2
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Pascal’s Triangle

Higher-order quadrilateral, hexahedral, pyramidal, and
pentahedral elements have more degrees of freedom than
required for complete polynomial

1
§ n

& &n 7’
3 &M &n’ i’
Usually choose terms to maintain symmetry of element
4 e o J

N;(&m;) = a+ b€ +en; +dgn,

1 e ° 2
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Hierarchical Basis Functions

« Basis functions are combination of linear basis functions plus
basis functions that represent perturbations

e Consider cubic basis functions

3 3

(U (€ , 77) = Z linear vertex functions + Z quadratic edge functions
i=1 i=1

3
+ Zcubie edge functions + bubble function
1=1
— Linear basis functions correspond to nodal basis functions

— Edge functions are zero on two edges, Lobatto polynomial
on third edge

— Hierarchical basis functions better conditioned
— Solution variables represent modal coefficients
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Hierarchical Basis Functions

Linear Contributions
\
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iIs Functions
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Hierarchical Basis Functions
Cubic Edge Functions

Node 3

Edge 2

{/

R
<>

X5
XX

7
0

%
>
00
0""
" ()
0.'
s

s
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o
9
X

%
%
90
o
o

TS
B =,
Y

; N

{7

0 02999
e‘*,"'o
X
X

Node 1 Edge 1 Node 2

Ny =2 f3(1-g-n)(i-2-&)n_— |

N =2 (16— m)(1-2 )
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Hierarchical Basis Functions
Bubble Function for Cubic Element

Node 3
Edge 2 ,“ \
Edge 3 ',0. “ \\ E
\\‘
Node 1 Edge 1 Node 2
N =(1-¢-n)¢
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FE / FV Equivalence

Examine special case where finite-element and finite-volume
schemes are identical

Consider Laplace’s equation as model problem

V) =0 inQ f{fﬂS(VQ@”)dQ:O

Partial differential equation Weighted residual

For finite-volume scheme weighting function is simply unity so
Integration by parts yields the following

[[[ Va0 = [[(vy-a)r

To compute residual at a node the surface integral for the
control volume surrounding the node needs to be evaluated
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FE / FV Equivalence

* For finite-volume scheme with linear elements use “median
dual” formed by connecting centroid of the triangle with the
midpoints of the edges 4 3

2

1

 Integral is approximated by summing over all segments that
comprise the boundaries of the median dual

oY .
ff V- n)dFN —nz—l—g—ynyz]AS
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FE / FV Equivalence

« Consider the geometry of a sipgle triangle

[AS; ASpN

nL nR

3
n = nAS
« Sum of normal components from median dual is half the
normal of the opposite edge

n n
A A . T A A _ y
n%ASL + anASR — —2 nyLASL + nyRASR = —2
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FE / FV Equivalence

« With linear elements the gradients within the cell are constant

over the entire cell

« Contribution to integral from single element is given by
summing over dual edges and relating the normal
components in the dual edge to that of the triangle

SIMCENTER

+ 9 ]AS. =

oY n
i TR
ox 2

vy
Oy 2

(4

Finite-volume
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FE / FV Equivalence

Consider Laplace’s equation as model problem

Vi =0 in Q Partial differential
equation

fff¢(vz¢)dﬂ =0 Weighted residual
Q

The weak statement is given as
[[f evPwde =~ [[[Veé-Vida+ [[¢(Ve-n D
0 0 :

Consider only volume integral (surface integral is over
boundaries of domain)
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FEM / FV Equivalence

« Weighting function is zero except at node under consideration

3,0 =0
Lo =1
2,0 =10
ﬁl
« Therefore
o6 1 op _ _1
% B _W(qﬁlnml + ¢2nx2 + ¢3n$g ) 3_y B _W(%nyl T ¢2n92 ™ ¢3nys )
o9 _ 1 _ 99 _ 1
9r oy & V= Area Oy 2y
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FE / FV Equivalence

Because gradient of basis function and weighting function are
both constant over the element the volume integral can be

approximated as
dp O Db DY n, 0y Ny, 0P
_ Vo -Vudf) ~ — = L
f}lgf ¢-VY 8x8x+8y8y [2(956—'_2(9?;

Recall result from finite-volume

Oox 2 Oy 2

f Vi dl ~

I

The contribution to the residual is equivalent between linear
finite element and linear finite volume for this problem

Higher-order scheme favors finite-element method
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Curved Elements

« Solution of turbulent Navier-Stokes equations requires highly-
stretched elements near surface to resolve boundary layer

« Recall that to retain high-order accuracy surfaces must be
faithfully reproduced

« Surface curvature propagates into interior elements
« Effects of curved elements on accuracy need to be examined

0.115 —  \5
0.11F  5
:  “

_ \\_

>0.105

0.095 |

| L L L L
0.35 0.4
X
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Curved Elements

« Desired accuracy for quadratic triangle in physical space
V¢ = a+ bz + cy + dr* + ey® + fry

« When element is curved, substitute 7 = z(g)into above
— If linear

Ve =y F Vol Y+ 1 E R+ vn
— If quadratic

YO =y, + Yl a0 + 1 E s + ln + (&)
O(&,n) =7, 4+ 7™ + v + 1on” + &
+ Y080 4+ 15807 + uén” 4+ s’
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Curved Elements

* Nonlinear transformation requires more terms in mapped
space to include all quadratic terms in physical space and be
conforming between elements

« Mapping provides conformity but accuracy can be degraded if
neglected terms are not below truncation error

V¢ = a+ bx + cy + de* + ey® + fry  Element-by-element

Nf =1-3(&+n)+2(8 + )+ 4¢
Ny = 2¢(¢-3)

N3 = 2n(n—3)

NG =4£(1-¢—n)

././'/'// SN =g
® ® —>

1, 9 Ni=a(1-¢-n)
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Curved Elements

« Ciarlet derived conditions for accuracy to be maintained

« For guadratic elements, distance between straight-line
segment and location of node must be reduced as h**2

* Cubic elements requires distances to reduce as h**3

« Can verify using “downscaling”
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Curved Elements

Downscaling for curved elements verifies Ciarlet’s theorem

! ! Polynomial!for!Curving!Edges!
Mesh! Quartic!(4)! Cubic!(3)! Quadratic!(2)!
Reduction!

Order!

p4! h**2! 3! 4! 5!
h**3! 4! 5! 5!
h**4| 5! 5! 5!
h**2! | 3! 4!

P3: h**3! | 4! 4!

pP2! h**2! ! ! 3!

Ciarlet also points out that on boundaries (e.g. cylinder),
distances are reduced quadratically implying loss of accuracy

Results improve as edges become less curved. Fortunately,
this behavior corresponds to what happens in practice
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Curved Elements

Ciarlet’s theorems assume element shape remains the same
as the mesh is refined

Uniform refinement changes shapes of elements
7\ interior edge

!
!
Z‘ z' surface edges;

Experiments indicate uniform refinement usually gives correct
order property but mesh movement can cause problem

For manufactured solution on parabolic domain, algebraic
mesh movement failed to recover proper order of accuracy
while linear elastic approach was successful
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Summary of Lecture 1

Motivated reason for considering high-order finite elements
Weighted residual and weak statement

Global basis functions

Discretization for three-element example

Element basis functions

Element mapping

Quadrature

High-order basis functions

Extension to multidimensions

Curved elements
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Suggested Reading

Zienkiewicz, O.C., and Morgan, K., Finite Elements &
Approximation, Dover Publications, 2006.

Hughes, T.J.R., The Finite Element Method, Dover
Publications, 2000.

Solin, P., Segeth, K., and Dolezel, I., Higher-Order Finite
Element Methods, Chapman & Hall/CRC, 2004.

Ciarlet, P.G., The Finite Element Method for Elliptic Problems,
SIAM, 2002.

McLeod, R., “Node Requirements for High-Order
Approximation over Curved Finite Elements,” J. Inst. Maths
Applics, Vol. 17, No. 2, 1976, pp. 249-254.
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Suggested Reading

« Spalart, P. R., and Allmaras, S. R., “A One-Equation
Turbulence Model for Aerodynamic Flows,” AIAA Paper
N0.92-0439, 1991.

* Moro, D., Nguyen, N.C., and Peraire, J., “Navier-Stokes
Solution Using Hybridizable Discontinuous Galerkin Methods,”
AlAA Paper 2011-3407.
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Time-Dependent Problems

[ -
—VY+p=0 ()
Y v+ p=0 in

I ¢%—‘fdﬂ—fff(v¢-v¢—p)dﬂ+ff(qbw-ﬁ ar

= zn:N (§ )@DZ. (t) Semi-Discrete Yo = zn:N (f,t)zpi Space-time
i=1

1=1

Semi-discrete  { Is spatial volume; time discretized
iIndependent

*Space-time (ihcludes both space and time

SIMCENTER rie UNIVERSITY of TENNESSEE ot CHATTANOOGA
NATIONAL CENTER for COMPUTATIONAL ENGINEERING [



Spalart-Alimaras Turbulence Model

. /—\>_
_{pﬁfm f5>0 - S+ S if §$ > —c,S

§=1 5(c2yre,S)
0 lf v<0 S + (6,03—20,02)5—5

Fop

if S< -C oS

— ¢, S — T 5.V — L v
Sp = ¢, S Cwlpfw(d) + = ¢,pV0 - VU Ov(l+¢)V,0 Vv

g_ vy b’ W
Vo5 S=wghe fu- fo=1-
Ve e TS
. 1/6
0.05In(1 + 29X ) if y <10 6
¥ ={ ( ).f T:~v;b2 fw:gH—C?
X it x > 10 Skpd g+c,,
g:r+cw2(r6—fr) X:%
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Curved Elements

* On boundaries (e.g. cylinder), distances are reduced
guadratically implying loss of accuracy

« Can verify using discontinuous Galerkin or Petrov Galerkin
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Curved Elements

Nodes in
Mesh

322/1,239
1,239/4,837
4,837/19,139

Nodes in
Mesh

322/1,239
1,239/4,837
4,837/19,139

Also verified using
SIMCENTER

Variation with

order h
P2 P3
1.96 2.54
1.91 2.18
2.01 2.16
Variation with

order h

S-Bend H-Bend

3.28 3.37
3.18 3.21
3.13 3.14

Variation with

order h**2
P2 P3
2.99 4.35
2.94 4.16
2.96 4.13
Variation with
order h**2
S-Bend H-Bend
4.25 4.30
4.20 4.27
4.14 4.19
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