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= Extending a 1%t order scheme to higher-order
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> My Philosophy
>To present key ideas in 1D, not dwell on implementation
details

>T0 show how these ideas were developed so you can
develop new ones

»Highlight the similarities and differences, pros and cons
wherever possible
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@’ Navier-Stokes Equations o

3 - dimensional - unsteady

Research
Center
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Density: p  Stress: 1
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< Introduction - Approximation

>How to approximate an unknown solution with possibly
infinite number of degrees of freedom (nNDOFs) with a
limited nDOFs

#
|
>

= Piece-wise polynomials (FD, FV, FE, ...)

ﬁ = A global expansion composed of discrete sine and cosine
functions (spectral method)

= A global high-order polynomial?
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S Degrees of Freedom
>Finite difference (FD)

= Nodal values on a set of discrete points
= Local polynomial approximation
= Discontinuous?

>Finite volume (FV)
= Control volume averages
= Local polynomial approximation
= Discontinuous

ﬁ >Finite element (FE)

= Nodal or modal

= Local polynomial approximation

= Either continuous or discontinuous
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< Let's Start from the Very Beginning

~1storder FD upwind scheme
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< Extending stencil vs. More Internal DOFs

>Simple formulation and »Boundary conditions

easy to understand for trivial with uniform
structured mesh accuracy

: »>Complicated boundary >Non-uniform and
conditions: high-order unstructured grids
one-sided difference on = Reconstruction universal
uniform grids may be >Scalable
unstable

= Communication through
4 >Not compact immediate neighbor




< Review of the Godunov FV Method

Consider

ou , of (u) _, ~ |
6'[ @X I-1/2 I+1/2

4. Integratein V,

1+1/2
I(au @fjdx_au' AX: + j ﬂdx
ot Ox ot %1/, OX

_ o
— ot AX + ( f|+1/2 |—1/2) =0

THE UNIVERSITY OF

12




&

< Godunov FY Method (cont)

»Assume the solution is piece-wise constant, or a degree 0
polynomial.

~However, a new problem is created. The solution is

discontinuous at the interface

>How to compute the flux?

|+1/2 [f (U )+ f (u|+1)]/2
>A “shock-tube” problem solved

to obtain the flux by Godunov
>Other Riemann solvers _
developed for efficiency




< Discontinuous Galerkin Method

>0Originally developed in 1970s and popular since 1990s
(Cockburn & Shu, Bassi & Rebay, ...)

~Each cell has enough DOFs so that neighboring data are
not used in reconstructing a higher-degree polynomial

>Assume we choose a, b and ¢ as the DOFs so that

U((X)=a +hbx+cx?, xeV
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S Discontinuous Galerkin Method [cont.))

~However, at each cell we need to update 3 DOFs! How?
>Finite volume update

> Two more equations based on weighed residual

_[X oU 8f dx = 0 _[X (6U 8fjd «—0
v ot 6x v ot ox
: >Then
oU  of oU 4112 O
dx=|p—dx+(pf —| f—dx=0
jc&( ~ axj leco O (P o) Vj ~
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< Snectral Volume Method )

»Develop in early 2000s (Wang, Liu, ...)

~Each cell has again enough DOFs so that neighboring data
are not used in reconstructing a higher-degree polynomial

>The DOFs are sub-cell averages. The number of sub-cells
isk+1in 1D

> The polynomial at each cell is reconstructed from the sub-

cell averages
I C.. l —— |

1,]-1/2 i,j+1/2 |
" IQ]KANSAS




: Spectral Volume Method (cont.)

> The sub-cell averages are updated using a FV method on
the sub-cell

da, .

I, ] —

# gt AX  + (00— Tij2) =0
~Riemann fluxes are only used across the cell interfaces

>Reconstruction universal

)
il

I -1/2 i -+1/2 EEEEEEEEE SITY OF
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S Sh/Gorrection Procedure via Reconstruction

>SD developed by Y. Liu et al in 2005 and CPR Developed
by Huynh in 2007 and extended to simplex by Wang & Gao
in 20009, ...

>It is a differential formulation like “finite difference”

V), ER g P Fxep
ot OX

>The DOFs are solutions at a set of “solution points’

THE UNIVERSITY OF
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: CPR (cont)

»Find a flux polynomial F,(x) one degree higher than the
solution, which minimizes

IF0-F )|

> The use the following to update the DOFs

dt dx Riemann Flux
F (x) / -
N «——Interior Flux F,(x)




: CPR—SD/SV

>1f the new flux polynomial goes through the flux values at
the flux points, the resultant scheme is spectral
difference/volume

/ Riemann Flux

— Interior Flux

THE UNIVERSITY OF
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* CPR-DG

>If the following equations are satisfied

[| F()-F(x) [dx=0

() —F(x) [xdx =0

Vi

> The scheme is DG!

Riemann Flux

ﬁ Interior Flux

“I/ :
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< 10-P1SU/SD and DG Schemes

du,

Gt g e ) =0

du,

d’t’1 T AX (Ui,2 Uiy~ 3ui—1,2 T ui—l,l) =0
du.

C“l:l TAx (3U|2 -|—7U —15u Uiy, +5ui—1,1) -0
du.

d:[2 4 AX (9U _11ui’1 + 3ui—1,2 - 5ui—1,1) =0

SV/SD

DG
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; Outline

»Lecture 2:
= Extension to multiple dimensions
= Extension to viscous problems
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< CPRin 2D

Consider

§+V0F(Q)=O

The weighted residual form is

(—+V0F(Q))\Ndv j WdV+_[WF(Q)ondS jvw F(Q)dV =0.

Let Q" be the discontinuous approximate solution in PX,
1 The face flux integral replaced by a Riemann flux

[ Wy + [WE"(Q!, QL M)dS— [ YW « E(Q)aV 0.




< CPRin 2D (cont

Performing integration by parts to the last term

a@t;‘ wav +Jwv- F(Q")dv +6J;W[If”(Qih,Qih+,ﬁ)— F"(Q") |ds =o0.

Vi

; Introduce the lifting operator

where s <P, |F|=|F"@Q".QL.M-F"@Q"| Then we have

ﬁ jagtthdv + [WVeF(@Q")aV +[Wsdv =0,
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= CPRin 2D (cont)
Or

j(@gj +v.|f(Qr)+5i]WdV =0

which is equivalent to

aQih = (" _
p +VeF(Q')+0 =0.

: In the new formulation, the weighting function completely
disappears! Note that s depends on W.

THE UNIVERSITY OF




< Lifting Operator - Correction Field

Obviously, the computation of ¢, is the key. From

Jws dv = [w|Fds,
v oV,

If|F |.6 eR* 5 can be computed explicitly given W. Define
a set of “flux points” along the faces, and set of solution
points, where the “correction field” is computed as shown.

Then

ZZajfl[F]fl 1

f eoV,

) M

@+, liting coefficients independent of Q




< CPRin 2D (cont

Finally the following equation is solved at the solution
point | (collocation points)
aQ"

ot +Ve F(Q ) mzzajfl[lz]flsf_o

The first two terms correspond to the differential equation,
and the 3rd term is the correction term.
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< Arrangement of SPs and FPs




S Extension to High-Order Elements

Transform an iso-parametric element to the
standard element

N
r=z|\/|j(<f,77)r,- 3 3
j=1 .
Then ’
aQ n @E n aF _ O 1@ 5
ot ox oy \ 3
| becomes - ! !
: o 6 — 5
0Q ok F . |
ot o0& o0On i 2°
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where

Q=J|Q

M
||
[

L. (ES, +FS,))
(En, +Fn,)

Th
||
[

and

) o(&,n) } Ye Y,

1 g2y rgxn_

Sx
7]y

Sy |

Ty
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S Extension to High-Order Elements (cont.)

Apply CPR to the transformed equation on the
standard element

Q)
ot

2

“]i,j‘ fedV,

+V.IE(Qir,]j)+ Zaj,f,l[lf]f,lsf,l =0.

For quadrilateral element, the CPR scheme is 1D in
each coordinate direction!
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+ Mixed Grids

>~In order to minimize data reconstruction and
communication, solution points coincide with flux points

»For quadrilateral elements,
; the corrections are one-
dimensional!
~Mass matrix is | for all e

cell-types i\’i\n
\




S Extension to Viscous Flows

>How to deal with the second order derivative ?
»>Second Order FV Method:

= The solution gradients at an interface are sometimes computed by
averaging the gradients of the neighboring cells sharing the face.

>High Order Method:

= |ocal Discontinuous Galerkin (Cockburn and Shu), motivated by
the numerical results of Bassi and Rebay

= [nternal Penalty

THE UNIVERSITY OF
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T Simplest Case First - SV

Consider the 1D heat equation

u-u =0, xe[0,27] periodic boundary condition

u(x,0) =sin(x)

Integrating in a CV to obtain

da - (t)
i, _
dt hi,j —(u, iji1/2 ux‘i j—1/2) =0
: 00, D dx
Wlth U, (t) _ v Xi j+1/2
. hi’j Xi1/2 Xi 3/2 Xi5/2
, O—-I1 O
C. C




< Formulation for 1D Heat Equation

Because the solution is SV-wise continuous, u, not well
defined at SV boundaries. Therefore it is replaced by a

“numerical flux” U,

i dUi,j (t) B 1
dt h,

1]

N

i) j+1/2 — Uy

(q,

)~ 0

i, j-1/2

Formulation 1-Naive SV Formulation

A

ﬁ U,

1 . _
i j1/2 — E [(ux)i,j+1/2 + (ux)i,j+1/2]

TH NIVERSITY OF
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Th|s formulation converges to the wrong solution !
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< Formuilation 1- Local DG Formulation

Introducing an auxiliary unknown g = U,
(ut o qx — O

L q—-u, = 0

; Integrating in a CV

Y

i j+1/2 9

i,j—1/2)

1 ,.
qi,j _h—(u

i

N

u i,j—1/2)

ij+1/2

Selecting “numerical flux” following LDG

A j—

+ A
‘i,j+l/2 9 i j+1/2 q‘i,j+1/2

i, j+1/2

THE UNIVERSITY OF
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< Computational Results of LDG

Tu

Error

10
10°
10°
10™
10°
10°
- e
107 % /
A ~~  |O0—O0 L1 (Linear SV)
-8 e
107 - _Z O- —O L _inf (Linear SV) -
B - OH5—2 L1 (Quadratic)
10" - _z A~ —A L_inf (Quadratic) |
o =z O—-/0 L1 (Cubic SV)
10° - 3- — 8 L_inf (Cubic SV)
10™
10° 10" 10
Size of Cell -

(k+1)-th order achieved for a degree k
polynomial reconstruction
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< Formulation 2 - Penaity Formuilation

Numerical flux given by

. 1

[ _ g
u i+ E .(ux)i+,j+1/2 T (ux)i,j+1/2]+

F(u‘:jﬂ/z B u‘i,j+1/2)

I, )

; where ¢ is a constant. A Fourier analysis performed to
choose the value € . It was found € =1 gives the highest

order of accuracy for linear reconstruction.

X

THE UNIVERSITY OF
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< Results of the Penaity Formulation

10"
10”
10°
10
X 10°
5
= 10°
=
107
. O—O0 L1 (Linear SV)
10° O- —O L_inf (Linear SV)| 1
B OH—A L1 (Quadratic)
10 & — A L_inf (Quadratic)| |
0 O—0 L1 (Cubic SV)
10 - — B L_inf (Cubic SV) | |
10™"
{ 10° 10" 10°

- Size of Cell

(k+1)-th order achieved for a degree k
polynomial if k odd, otherwise k-th order.

THE UNIVERSITY OF
KU KANSAS




< CPR Formulation for Computing Gradients

Introduce another variable
R=Q,
Apply weighted residual to the above equation

j RWdx = jWQ dx = j [(WQ) ,—QW, Jdx

= (WQ,,,,)|; j QW, dx = [W Qe —Q)]|; + [WQ,dx
Let
| owdx = W (Q,,,, — Q)]

Then
Ri,j = (Qi)x,j + aL,j (Qcom,L _QL) + aR,j (Qcom,R _QR)

THE UNIVERSITY OF
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< CPR Formulation for Computing Gradients

Need to compute gradient
R=VQ

1% Applying CPR to the above equation, we obtain

Ri.j ( ) |V|fZ ZanI[Q?OIm_ Q. rili 0: S,




S LDG on 2D Convection-Diffusion Equations

Consider
Uu+Ve(Pu)—Ve(uVu)=0
Introducing auxiliary variables
q=Vu
Integrating in a CV to obtain

o
o [ C
—+
_I_
—
Mx
> ey
~~
=
=y
 J
-
N’
o
>
|
HMx
P ey
=
O
[ J
>
>
—
I
o

a7
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S Numerical Flux Computation
Upwind for inviscid flux

= _ u pen>0
~|u, pen<O

Alternate directions for viscous and auxiliary “numerical
fluxes’”

or

>

i

-
py
@)

X
O
o

|G
i
-
@)
U
O
Py
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u, + (u, +u,)—0.01(u, +u,, ) =0, (xy)el[-1L1x[-1]]
u(x, y,0) =sin(z(x+y))

10" -

Tu

Error
[,
=~

L1 (Linear)
— -— L_inf (Linear)
— L1 (Quadratic)
— - — L_inf (Quadratic)
— L1 (Cubic)
— - — L_inf (Cubic)

0.01

0.10
Size of Cell

1.00
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< Numerical Experiments on NS Equations

>Couette Flow
~Laminar Flow along a Flat Plate
>Subsonic Flow over a Circular Cylinder

>Laminar Subsonic Flow around NACAQ0012 Airfoil

50

THE UNIVERSITY OF




; Couette Flow - Convergence

u—velocity Profile Temperature Profile
( order = 3, simple8x8.DTF ) ( order = 3, simple8x8.DTF )
2.0 T i T 20 T T ‘ T ‘ T
G
—-- initial
15 - 1 1.5 - O—O step =100 .
. ®—® step =500
it | A—A step = 1000
I 100 A—A step = 2000
O—0 step = O0—0 step = 5000
= 10 ¢ &—® step =300 T m 10 4 4 step=8000 1
A\ step = ;ggg & step = 10000
A—A step = -+ —F step = 20000
O0—0O step = 5000 .
— steady solution
A —A step = 8000
0.5 - ¢ step = 10000 T 05 - 1
- +— —+ step = 20000
— steady solution
0.0 i — : : — 0.0 : : ‘ :
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.6 0.65 0.7
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L1-error, L_inf—error

10°

Accuracy Study on Density for Couette Flow
(Estimation 2)

— L1 error (linear SV)

O~ -QOL_inf error (linear SV)
— L1 error (quadratic SV)

A -AL_inf error (quadratic SV)
—— L1 error (cubic §V)

&~ =< L_inf error {cubic §V)

' |
1.00
size of cell

L1-error, L_inf—error

-9

10

Accuracy Study on Temperature for Couette Flow
(Estimation 2)

— L1 error (linear SY)

@ -® L_inf error (linear SV)
— L1 error {(quadratic SV) _

& -A 1. inferror (quadratic SV)
—— L1 error {cubic SV)

¥ -¢ L_inf error (cubic SVY)

L |
1.00
size of cell

THE UNIVERSITY OF
= KU KANSAS




< Laminar Flow along a Flat Plate

Flow Conditions:
= Free stream Ma =0.3, Re = 10000
= Adiabatic plate, length = 1.0

; The Thickness of Boundary Layer (at x=1.0):
é“xl.o:5'\/ b =5. X =0.05
ﬁ lOoo ) uoo x=1.0 \/Re‘lelo

THE UNIVERSITY OF
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: Schematic Structure .

fix pressure

Fu

% Computational Domain <

2 [-1.1]x[0.1] E

:

i S
symmetry adiabatic wall
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: Mesh

Coarse mesh -208 cells (8 cells along the plate)
Medium mesh - 832 cells (16 cells along the plate)
Fine mesh -3328 cells (32 cells along the plate)

55
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< U-velocity Profiles with Different SUs

6 T T T 6
ST i 5t . : .
—— Blasius solution —— Blasius solution
— Coarse mesh
—— Coarse mesh o .
) 4 r —— Medium mesh i 4L — F.e lunl]l:les |
7 —— Fine mesh — Fine mes
5 I — 3
i'h3 ';;3 I _
2 F - 2L |
1+ - 1t |
0 I | I | I | I I ' ‘ 0 : . : L ‘ I . ! ‘ !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
wU WU

Linear SV Cubic SV
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0.20 . . | . . | |

—— Blasius solution

; 0.15 T —— (Coarse mesh i
—— Medium mesh
I Fine mesh
lLlnear SV
o 0.10 _

4* 0.05 -

0.00 . | . | L | . | L
0.0 0.2 0.4 0.6 0.8 1.0
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< Skin Fraction Goefficient (con'd} -

0.20 . ! ; : . :
J 0.15 _
. —— Blasis solution
Quad I‘atIC SV —— Coarse mesh
1 —— Medium mesh
Fine mesh
S 0.10 i

.+ 0.05

0.00 - ' - | . | . | .
0 0.2 0.4 0.6 0.8 1

_ X " THE UNIVERSITY OF
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< Skin Fraction Goefficient (con'd} -

0.20 . | : | , |
0.15 | —— Blasius solution i
i —— Coarse mesh
I —— Medium mesh
' CUbIC SV Fine mesh
S 0.10 |
) 4* 0.05 - |
—
0.00 ; I L L 1 | | | )
0 0.2 0.4 0.6 0.8 1
%X THEUNIVERSITY OF
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Flow Conditions: Ma=0.2, Re=75
Mesh Near the Cylinder

"‘}4‘ N‘»‘N‘ A\
- AL T

TR WA
LU S 000000;

L s

/ VA VAVAVAVA VA
|| DS AR
SRR Ra0
A e raraTA AT ANAN
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S schematic Structure and Mesh

Adiabatic wall
Fix every thing
Fix pressure

NAAAA

=

/

AN

\

/

/
AN

JAVAVAVERN

VAVAVAVANAN




< Interested Phenomena

>The Von Karmen Vortex Street (generated by the cylinder)
= Mach contours
= Entropy contours
= Vorticity contours

> The Periodic Nature of the Flow

= Pressure histories at different locations

= The period of oscillations corresponds to a Stroual number of
0.151
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M = 0.2 flow over a circular cylinder at Re = 75
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M = 0.2 flow over a circular cylinder at Re = 75

THE UNIVERSITY OF
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< Instantaneous Vorticity Contours

M = 0.2 flow over a circular cylinder at Re = 75

THE UNIVERSITY OF
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; Pressure History at Point (1,1)
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Pressure

1.004

;. Pressure History at Point (5,1)
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< Pressure History at point (10,1)

Pressure

1.002
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; Outline

>Lecture 3:
= Boundary conditions
= Discontinuity capturing
oLimiter
oArtificial viscosity

Fu

KU KANSAS




&

; Subsonic Inlet BC

The 1D characteristic theory is applied in the normal
direction (approximately)

Since v, =V, 11 <0, there are two incoming and one outgoing
characteristics

The three incoming Riemann invariants are:
p/p’v,,v,—2c/(y-1)

which can be fixed at the free stream value. The outgoing
invariant Vv, +2¢/(r—1) is computed at the interior point 1.




&

; Subsonic Inlet BC (cont)

Since the tangential velocity does not affect the normal flux,
the following equations are sufficient to determine the flux

plp”=p,/p,
v,—2¢/(y-1)=v,,-2c,/(y-1)
v, +2¢/(y-1) =v,, +2¢,/ (-1

Alternatively, the incoming acoustic invariant can be replaced

by the total enthalpy
(E+p)/ p=(E.+Pp.)!p, U,
{ Finally the flux is computed ;
using full flux F"(U,) 1 o
~J




By

&

; Subsonic Outlet BC

There are 3 outgoing and 1 incoming characteristics since
v_ =VIfi >0, only one physical condition can be fixed. One
can either fix the incoming acoustic invariant or the exit
pressure

plp”=plp]
V. +2C/(}/—f|.)=V2’n +2¢,/(y-1)

Vn —-2c/ (7/ _l) — Vexit,n _ 2Cexit /(7/ _1) or p= pexit

Then the full flux is computed using the compdjted solution
b

F"(U,) — i




: Symmetry BC

For a symmetry BC, in order to achieve full compatibility with
interior cells, split flux is used, i.e., FU,,.U,.n)

where U, is the reconstructed solution at the boundary face
from the interior cell, and U, is computed based on the
symmetry condition, I.e.,

Py = Bi
Lo = Pin
\7b — \7in o 2(\7|nEﬁ)ﬁ

THE UNIVERSITY OF




= Wall BC

~Either full or split flux can be used for a wall BC.

= At a wall, since the normal velocity vanishes, only a pressure term
remains in the momentum flux. We could set the wall pressure to
Po = Pin

= An inviscid wall is identical to the symmetry boundary condition
using a split flux.

= For a viscous wall assuming no-slip BC, the velocity is set at

Vb = —V. Ub

THE UNIVERSITY OF




; Shock Capturing

>Solution truly discontinuous

»>Smooth features look like discontinuities due to a lack of
resolution

: > There are two approaches

= | imiter — reconstruct the troubled cells to remove oscillations

= Artificial viscosity — by adding a dissipation term near the shock
wave

THE UNIVERSITY OF




: Problem:

>How to capture discontinuity sharply while preserving
accuracy at local extrema?

2r
15F

p =1(2nd order scheme)

; Tl AN
05 / \ L

1 .
S. =—minmod(u, , —U., U — .
\ / 1 AX ( i+1 1 1 |—1)

0 0.25 0.5 0.75 1

KU KANSAS




< Gibbs Phenomenon

P =2

0.25

0.5

0.75

15F

05}

05}

0.75




< Gibbs Phenomenon (cont)
P=5

15F

15 -
+ 2L 15k
0 0.25 0.5 0.75 1

0.75




< Parameter-Free AP-TVD Marker

> Troubled cell method: Marker + Limiter

25 —
: solution pts
2 . mark
reconstruction
. 15

N

> Troubled cell

0 0.25 0.5 0.75 1

KU KANSAS




) and U

1) Umax,i = rnaX(Ui—l’ U| U

i+1 min,i — mln(Ui—l’ Uu , Ui+1)

f u;;>1.001-U,,; or u,;<0.999-U ., (j=1p+2)

max, i

then cell i is considered as a possible troubled cell.

“@ _ i NV VAN T AL VA
2) G;” =minmod(T”, B yoi ). (for p>1)
X — X4

i+1
If 0 =0'?then cell iis unmarked as a troubled cell;
; Otherwise cell / is confirmed as a troubled cell.

— X ’

(5=1.5)

THE UNIVERSITY OF
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< Parameter-Free AP TVD Marker

p=3 p=4
1f 1f
0.5; 0.5;
of

. 1 . ] - N oy el . . . . . . .
05 1 0 05 1 0 05 1
X X X
p=5 p=6
ir ir
0.5¢ 0.5F
of of
-0.5F \/ *l \/
-1k . ] . . . . ] -1t . . . . ] . . . . ]
0 0.5 1 0 0.5 1
X X
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< eneralized Moment Limiter: 1D

f cell 1 has been marked as a troubled cell, then
1) Reconstruction
u,(x) =0, +L—Iil(x_xi)

1_ 1

+ =T [(x=x)*——h’

5 U l(x=x)" =]

1—(3) s 1.,
+=0"[(X—x%)"——=h (X —X

1 = (4) s 1.5 2 [y
+—U0"[(X=%)" —=h"(X—X)"+—=h

1 7R U S AR U T

—I_lll

Functional Equivalent to the original solution polynomial




2) HierachicaII( Limiting

. (P _ i (p-1) (P _ p(p-1)
Yi(p) — min mod Ui(p)”g u|+1 ul 118 ul u|—1 J
X — X X — Xig
If Y =a'®, then NO limiting for (1).

Otherwise,

Vit 0 Uk —0 7
o _ (D

Y. =minmod| ., — .
X — X X — X

1+1 1 1 1-1

(k-1 _ (k1)

) (k=p-1)

79259 (k=p-1)
Yes.=> NO further limiting

NO.=> Do limiting and check for k= p-2

KU KANSAS




e

p Generalized Moment Limiter 2
»P=2

25
2

1.5

= Mark
e Solution points
—— Original construction

— — Reconstruction (1)
on all cells

Limited all cells (2)
on all cells

KU KANSAS
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- Generalized Moment Limiter

Example:
25
o

1.5

P=>5

0 0.25

0.5

0.75

= Mark
e Solution points
—— Original construction

— — Reconstruction (1)
on all cells

—— Limiting (2) on all
cells
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Error (L1 norm)

10™

10°

10°

107

10°

101

10

108

< Numerical Tests
1. Accuracy study

trt:

- &

Limited, 3rd-order
without limiting, 3rd-order
Limited, 4th-order
without limiting, 4th-order
Limited, 5th-order
without limiting, 5th-order
Limited, 6th-order
without limiting, 6th-order

0.02

dx

0.04

0.06 0.08 0.1 0.12

Linear Advection Equation

u +u =0

Error (L1 norm)

10°

10°

107

101

10

10"

——@—Limited, 3rd-order
= B = Without limiting, 3rd-order
—— | imited, 4th-order
= B = Without limiting, 4th-order
——— |imited, 5th-order
= B = Without limiting, 5th-order
—— |_imited, 6th-order
= B = Without limiting, 6th-order

0.01

dx

0.02 0.03 0.04 0.050.06

u +u/2), =0

Non-Linear Burgers Equation

THE UNIVERSITY OF
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v Numerical Tests
2. 1D Discontinuity with U +u, =0

p=1 ; p=2 ; p=3

Tu

KU KAN

THE UNIVERSITY OF

SAS




< Numerical Tests
3. 1D Burgers Equation u,+u®/2), =0

p=1 . p=2 . p=3

s i 1

! 1 1t 1
0.5F 0.5¢ 0.5F
O-\\\\lwwwwlwwwwlwwwwl O_w ) 0_\\\\|\\\\|\\\\|\\\\|
) 05, 0 0.5 1 I 05, 0 05 1 1 05, 0 05 1
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o o o o
Alsuaq
o —

- 0 © <

© fisusd

+ Sod Shock Tube Problem

-~

0.2

THE UNIVERSITY OF
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a0 a0
4= 1<
Hm Hm
q~ =3
4~ 4~
(=) qJo
1 X 1 X
| A
H 1 H 1
BN o
H 1 H 1
Jo Jo
] 1 1 1
=N =N
] . - [ R RN BN R ) ,1
o' — © © < o'
o o o

AlsuaQ
a0 a0
1< 1<
4 4
q~ =3
4~ 4~
1o 1°
1 X 1 X
A A
H 1 H 1
N BN
] 1 1 1
do dm
H 1 H 1
=N =N
] i R TR TR B =
o' — © © < o

o o o
Alsuag
—y




Density
o w
T T T T ] T T T T ] T T T T ] T T T \AI T T T T I

I SR EENEN SENENEEN SRR ST SE SATETA SATENA SRAA S |

-5

-4 -3 -2 -1 Oxl 2 3 4 5
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< Numerical Tests )

0.

3r

P
1.23
1.2
113
1.06
0.8
0
0.5
kg
069
062
0.3
047
0.40

0.

o

=
42}

2D shock vortex interaction

d_order PFGM Limiter
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< Localized Laplacian Artificial Viscosity
d .
a_f +V-F"(Q) =V -F"(Q,VQ)

Laplacian: F*(Q,VQ) = &VQ
For each element e:

| ( 0 - _
; g0, . (S, —So)) eSS0~k
£e=<? 1+ sin > if So =K <SS, <Sy+kK
o if S, > S, + k.

\ €o

Parameters in &,:

o =}f (max)* b~ |Almaz Adopted ir
(U - UP, U — yP), Leurrentsty

P.-O. Perss




= <
< 2D Explosion
V4
s |
RHO: 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95 J 1
X
1D_Reference
------------ P2_ElementSize_1/100
—————————————————————— P3_ElementSize_1/100
1 1 1 |E—|
02 04 06 08 1
X
Density at t=0.25s Comparison of density distribution

P? reconstruction (4" order), t € [0, 0.25s]
Computational domain [—-1,1] x [-1,1], 100 x 100 elements .,

A \ A




< Double Mach Reflection

viscosity
%t t=0.2s

| .
Artificial

— 1.2E-02
1.1E-02
9.4E-03

' 3220 Density s~

S6E03 gt t=0.28 [ o0

>

4.3E-03
e 3.1E-03

 1.8E-03
5.0E-04

Ma =10, P3 reconstruction (4™ order), t € [0, 0.2s]
Computational domain [0,4] x [0,1], 816 x 204 elements

~ . VERSITY OF

KU KANSAS




!‘ Ma 3 Wind Tunnel with a Foreword Step

. B o
RHO: 0.10 0.54 0.98 1.42 1.86 2.30 2.74 3.18 3.62 4.06 4.50
TF
0.8 |
> 06F
0.4 F
0.2 F
1 1
15 2
X
] Density at t=4s

[ -

AV_Lap: 2.00E-04 1.40E-03 2.60E-03 3.80E-03 5.00E-03 6.20E-03 7.40E-03

Free stream Ma =3,
P? reconstruction (3
order),

Grid size: 1/80, with
clustered elements of
size 1/320 near the
sharp corner.

1 1 | | J
0.5 1 1.5 2 2.5 3
X
“gpm = - . _ THE UNIVERSITY OF
—Attificialviscosity-at t=4————— K! J KANSAS




S shock-Vortex Interaction

. 1.30

1.27
1.24
1.22
1.19
1.16
1.13
1.11
1.08
1.05

]

. 0.0011

0.0010
0.0009
0.0008
0.0006
0.0005
0.0004
0.0003

0.0001
0.0000

L

Free stream Ma =1.1,
P3 reconstruction (4™ order),
Computational domain:
Pressure [0,2] x [0,1],
100 x 50 elements.

Small isentropic vortex is
superposed to the supersonic
flow.

Artificial viscosity

w THE UNIVERSITY OF




< Ma 3 Oblique Shock

1.5 g IO oo e e et R sEemntettEtrismntiitissEiiinsisiaciintinississiisinsissitintiiiiosiotistiisiniitfistiftistesiifissiisissict
HPRGEH
P HH H P
1 = 4.4 1B | 4.4
: 3.8 3.8
> & 3.2 > 32
: F 26 - 26
05 20 05 o 20
- ] 1.4 1.4
: 0.8 0.8
T
O T T TT TSNS 0 H H
1.5 1 -0.5 0 X 0.5 1 1.5 2 1.5 -1 -0.5 0 X 0.5 1.5 2
1.5
AV_Lap AV_Lap
2.9E-02 P o4k03
2.5E-02 1 [ 8.2E-03
2.1E-02 7.0E-03
> 1.7E-02 > 5.8E-03
1.3E-02 4.6E-03
8.9E-03 05 | 3.4E-03
4.9E-03 : 2.2E-03
9.9E-04 1.0E-03

95 =] -0.5 0 05 1.5 2

Artificial viscosity
Ma =3, P4 reconstruction Ma =3, P* reconstruction

OMWMSAS




; Outline

>Lecture 4.
= Verification and Validation
= Solution based hp-adaptations
= Sample demonstration problems
= Summary




7 Introduction

< Verification: The process of determining that a model
iImplementation accurately represents the developer's
conceptual description of the model and the solution to the
model

< Validation: The process of determining the degree to
which a model is an accurate representation of the real
world from the perspective of the intended uses of the
model. (AIAA G-077-1998) — comparison with
experimental data




< How to Verify Your Code

+ Closure condition of your control volume

[ﬁ [idS = 0
oV,

+» Free-stream preservation (extrapolation
boundary condition everywhere)

R(Q)=0
+» EXxactly preserve a polynomial of a certain
4 degree
«» Accuracy study with grid refinement

_ In(Error,, / Error,,,,)
In(2)

THE UNIVERSITY OF




< Problems with Analytical solutions

~Many cases are included in the 18t International Workshop
on High-Order CFD Methods
(http://zjwang.com/hioctd.html)
= \/ortex propagation
= Ringleb flow
= Subsonic inviscid flow: entropy is constant

>Manufactured solutions

THE UNIVERSITY OF



http://zjwang.com/hiocfd.html

7 Selected Resuits - hp-Adaptations |

>Discretization error reduction
= P-enrichment: smooth flow regions (Weierstrass theorem)
= H-refinement: geometry or flow singularities
= Anisotropic adaptation: shear layers, shocks,...

~Adaptation criteria/error indicators
= Feature-based: simple, ad hoc, less rigorous
= Residual-based: may lead to false refinements

= Adjoint-based: adapt the mesh in regions affecting the output, and
. + estimate the error in the output

THE UNIVERSITY OF
July 15, 2014 104 IQJKANSAS




Adjoint-based adaptive methods

Dynamically distribute computer resources to regions
which are important for predicting engineering outputs

e

Current status of the output-based adaptation methods

; « 2D/3D complex geometry
« Steady/unsteady

* Euler/NS/RANS

« Anisotropic hp-adaptations

‘* [Giles and Pierce,1997; Becker and Rannacher,2001; Venditti and Darmofal, 2002;
Hartmann and ouston,2002; Nielsen et al, 2004; Fidkowski and Darmofal,2007;
Hartmann,2007; Mani and Mavriplis, 2007; Nemec et al, 2008; Park, 2008; Wang and
Mavriplis,2009; Oliver and Darmofal, 2008; Fdikoswski and Roe, 2009; Ceze and

Fdikoswski,2012;...]

THE UNIVERSITY OF
July 15, 2014 105 IQJKANSAS




< Fully Discrete Adjoint

Let R, (Q,) be the residual, J, (Q,) be the output. Let Q be the exact
solution. The solution erroris §Q =Q-Q,. Since R(Q) = R(Q, +5Q) =0,

We have 1
oR R
R h —h5 zO N — —h
(Q )"’th Q 0Q [thj R(Q,)
The output error is
-1
oJ, | OR
5, =J,(Q)-1 (Q)—— 6Q =~ “( “] R(Q,)
"Q, oQ, | 6Q, “
o1 Oy [ ORy -7
=— 0J, =y, R
Denote the adjoint ¥, th[ th] Then 63, =, R(Q,)
B S A
0 ", oQ, " aQ,

THE UNIVERSITY OF
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* The x-mom of the lift adjoint
 Fully discrete adjoint
 Highly-oscillating adjoint solution

THE UNIVERSITY OF

KANSAS

July 15, 2014 108




< Dual Consistency

A residual from a differential schemes at SP j of cell |
R(Q): | =V- f(Q ) +_ Z Zaj f I[Fn]fl

| feoV,

15 With fully discrete approach

| j ~ a_\] .
_ZZ 8Qk ,j an J k =1.., NDOF
To be dual consistent,
) NQ' -8
o 80 oQ

THE UNIVERSITY OF

July 15, 2014 109




< Discrete Adjoint for the GPR in the Integral For |
NQ)' gy -
B 6Q
~Approximate w; using the basis L; from the primal solution
: space :;ng&“

>Directly discretizing the continuous adjoint egn

v oJ
_ZZ an J‘ ] j a_(gk

] > The difference between vi; and v

‘/7i,j = ; “Ji,j W

July 15, 2014 110




NACA 0012 at M, = 0.4, ¢ = 5°

* The x-mom of the lift adjoint
 Fully discrete adjoint
« Discrete adjoint in the integral form

e

The inconsistent adjoint Dual consistent adjoint

THE UNIVERSITY OF

KANSAS
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< The Adjoint-hased Error Estimation

>Qutput error est.. adjoint solution weighted primal residual
63,(Q1) =3,(Q,) = 3,(Qu) = ()" R.(Q)
»Adjoint-based local error indicator
7 =|)" R,(Q)]
~Multi-p residual-based error indicator 7 =|R,(Q}')

arr_cell_log err_cell_log

’5‘3 _8‘3

65 107

7.7 -13.1

8.8 -16.5

-10.0 170

1.1 203

-12.8 227

-13.4 w 251

-14.8 -27.5

g -15.7 X ol e 209

Local residual distribution Adjoint-based error indicator

THE UNIVERSITY OF
QU KANSAS




o
Accuracy Test of the Adjoint-based Error Est. =~
|

NACA 0012 at M, = 0.5, a = 2°

e The lift as the output J e _ —(w,)' R (Q)
. The effectivity of the error est. " J,(Q,)-J,.(Q,)
. Cells Tu(Qu) — Tn(@) —(n)TRA(QF) 5
280 5.850¢-3 ~1.103e-3 1.88
1120 -2.638e-3 -4.002e-3 1.52
4480 -8.736e-4 -9.995e-4 1.14
17920 -1.933e-4 -1.988e-4 1.03

THE UNIVERSITY OF
KU KANSAS
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I

2)

< Subsonic Flow Over a NAGA 0012 Rirfoil B

»~1so/aniso H-adaptation Adaptation strategies

~Fixed fraction f = 0.1 * Hanging nodes
. . No-hanging nodes
»Inviscid, M, = 0.5, a = 2° [ =tte a T Terirte]

¢ >3rd order scheme - lift adjoint

» drag adjoint

YAV
ISASOIRK

>
Vs ——
>

A LT AR
7 B AYAVAWAN

SN

AP

Initial mesh Initial solution
July 15, 2014 114 IQJM§K§




Y,

I

2)

< Subsonic Flow Over a NAGA 0012 Rirfoil B

»~1so/aniso H-adaptation Adaptation strategies

~Fixed fraction f = 0.1 * Hanging nodes
. . No-hanging nodes
»Inviscid, M, = 0.5, a = 2° [ =tte a T Terirte]

>3rd order scheme - lift adjoint
« drag adjoint

:',!}

V;VAVAV

A~ YAYAVAN

iamr

AR

Initial mesh The a_dapted solution

THE UNIVERSITY OF
July 15, 2014 115 IQJKANSAS




e

................

Jot-l

July 15, 2014

sqrt_dof

= Uniform refinement
£ iso-hanging

7 iISso-no-hanging

B aniso-nohanging

— — A& — — iso-hanging-corr
- — ¥ — = iso-nohanging-corr
- — » — = ahiso-nohanging-err

THE UNIVERSITY OF




T T T 1) 1) T

= Uniform refinement

A Drag adj(iso, hanging)

2 Drag adj(iso, no hanging
B> Drag adj (aniso, ho hang

T

—

<
L)

—
I T TTITI

O P . bbb d 4 b L

sqrt_dof

THE UNIVERSITY OF
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Tu

p1-dual
—t e 2-dual
—— p3-dual
= = = p1-dual-in
w—wige= = p2-dual-in
p3-dual-in

SQRT(DOFs)
Primal sol error

100 150200

— ? n\ I M) a—m——= |
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. . Lo
50 100 150200
SQRT(DOFs)
Output error
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' Initial mesh
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< Laminar Flow over NACA-0012 [ «=1°, Re=2000
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>High-order grid generation, highly clustered curved meshes
near wall

»Error estimates and solution-based hp-adaptations
¢ >Low memory efficient solver
»Shock capturing — to preserve accuracy in smooth regions,

convergent and parameter-free




