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Open Quantum System

“ > Environment/Bath

Hg H; Hp

» The energy spectrum of the system is much sparser than the heat bath.
» Usually, the coupling between the system and the bath is weak.



Perturbation Treatment of Open Quantum System

“ > Environment/Bath

Hg H; Hp

system-bath coupling strength «

Weak coupling a < 1 Strong coupling a > 1

H, is perturbation Vs € H is perturbation
Redfield/Lindblad equation Fermi’s Golden Rule/Marcus theory
I'increases with « and T ' dreases with « and T

exp(—fHs) in eigen basis exp[—f (Hg — V5)] in local basis



Weak system-bath coupling
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Redfield equation (Born-Markovian approximation)
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Lindblad equation (Born-Markovian approximation + secular approximation)
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Strong system-bath coupling

Circuit-QED (Josephson parametric amplifier)

Nature (London) 434, 625(2005);
Scientific Reports 6, 31875 (2016).



Strong system-bath coupling

NIBA master equation
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Beyond weak system-bath coupling: exact methods

Hierarchy equation of motion (HEOM)
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H.-D. Meyer, U. Manthe, and L. Cederbaum, Chem. Phys. Lett. 165, 73 (1990).
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Beyond weak system-bath coupling: PTRE

Polaron transformed Redfield equation (PTRE)

» Give correct result from weak to strong coupling regimes
» Both static and dynamic problems

» Both equilibrium and non-equilibrium systems

» Low computational costs, applicable for large system

» Convenient for analytical analysis
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2. Polaron frame method

 Polaron transformation



Spin-Boson Model
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A
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—qo/2 qo/2

A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher,
A. Garg, and W. Zwerger, Rev. Mod. Phys. 59, 1 (1987).
U. Weiss, Quantum Dissipative Systems (World Scientific,
Singapore, 2008).



Spectral density

The system-environment coupling is characterized by the spectral density
function J(w)

J(w):gz Ok 0 (w— wg)
k

mrEWg

Usually we assume the J(w) has a power-law form with an exponential cutoff w,

(0<s< 1, sub-Ohmic
J(w) = Wawswi_se_“’/“c 1s=1, Ohmic
s> 1, super-Ohmic

— s=0.5




Important parameters for spin-boson model

S =
1.0—— —
- ()
a: system coupling strength 0-8¢
o 0.6 . .

W, bath cutoff frequency. g 04:_ Delocalized Localized

Determine how fast the ;

bath can follow the motion 02

of the system °80 o5 10 15 20

(04

A: bare tunnelling matrix element Q.J. Tong, J.H. An, H. G. Luo, and C. H. Oh, Phys.

Rev. B 84 174301 (2011).
T:. temperature
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Polaron transformation

Polaron: a quasiparticle describing an electron moving in
a dielectric crystal where the atoms move from their equilibrium positions

to effectively screen the charge of an electron

. Landau, Uber die Bewegung der Elektronen in Kristallgitter. Phys.

L.D
Z. Sowjetunion 3, 644 (1933).
T.D. Lee, F. E. Low, and D. Pines, Phys. Rev. 90, 297 (1953).



Polaron Transformation

Spin-boson model

€ A .
Htot — §O_z + Eo-x + 0, Ek:(gkblt + gkbk) + Ek:wkb};bk

Polaron transformation

f: the variational parameter
fx = 0, the displacement is zero;
fx = 9k, is called full polaron transformation.




Polaron transformation

Hiy = U H, U = e 7 Zk(w_k fk & >Htot€—az > <w_k O{i bk)
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Polaron transformed system-bath coupling

Hypy = —az - Zwkb* br, + Z (1fel® = gufi — g5 fx)
A , ;
+§ (cos Boy + sin Boy,) + 0, Z [(gk — fr) by + h.c.}
k

> Including transvers system-bath coupling (o, and g, terms)

» Including high order phonon terms

B? B
COSB = 1—?+I—|—

B? B°
sinB = B -— + + .-

3! 5!



Consider the thermal averages of H,

x-direction
k = (cosB)g.
Laguerre polynomial L, (x)
exp (—B >k wkb;gbk) n N
= Ir ZB CcOS B L, (%) _ ch (—
= n 1 exct [ — AL
_ exp[ Z Coth(BwIC)] nZ:%)\ Ln(ﬁ)—l_/\ p( 1_)\>
y-direction
<sin B>ﬁB =0
z-direction

<Z (90— )] +h.c.}> iy

k



Polaron transformed system-bath coupling

~ B € T 1 2 * *
Hioy = 50;: -+ Zwkzbkbk -+ Z w—k (|fk:| — kS — gk;fk)
k k
A
+§ (cos Boy +sin Boy,) + o, Z {(gk — fx) bz + h.c.}

k
=Ho+H;=Hg+ Hg + H;

€ KA 1 5 .
Hg = io_z + 70-33 + zk: W_k (‘fk’ _gkfk _gkfk)
_ A
HI — Jxvx + Jyvy + Uzvz Vx = E (COSB — /i) ,
A
Vy = ESiDB,
V., = Z {(gk — fr) b}; + h.C.} :
k

In this arrangement, (H;)y,, = 0, thus can be considered as a perturbation.



Variational polaron transformation (Equilibtrium)

In order to fix the variational parameters f;,, we minimize the upper bound
of the free energy given by the Gibbs-Bogoliubov-Feynman inequality

F <Fy+ (Hr)pg, = Ap

R. P. Feynman, Statistical Mechanics. A set of lectures
(Addison Wesley, Longman, 1998)

F is the free energy of the total system H,,,, F, is the free energy of
only the free Hamiltonian H,.

1 - -
F = ——InTr e_BHtot}
15 !
1 ]
Fop = ——InTr e_ﬁHO]
/8 L
G_BHO
(Hi)m, = Tr| Hi] =0

A



To minimize the upper bound of free energy, the following equation needs to be solved

dAp _
1
where € (wg) = [1 + /iA; coth (%) tanh (%)]
k

A:\/GQ—I—KJZAQ

¢(w) is a function of k, and k is also a function of é(w), thus the
above equation must be solved self-consistently.

R. Silbey and R. A. Harris, J. Chem. Phys. 80, 2615 (1984).



Spectral density  J (w) = 4w Z g0 (w — wy)

o= |- [T 5T e eon (7))

—1
§ (wi) = [1 + /fﬁ: coth (6(; ) tanh (62A>]

1.w, KAoraKk 1, = ¢&w) =0, f =0.

Bath is too slow to follow the motion of system, the
polaron effect almost vanishes.

2.w, >Aora> 1, =¢(w) =1, fi, = gk.

Full polaron limit, which applies for fast bath or strong
system-bath coupling.
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2. Polaron frame method

« Polaron Transformed Redfield Equation (PTRE)



Polaron Transformed Redfield Equation (PTRE)

Full polaron (f;, = g) transformed Hamiltonian

A
Hs = %O‘Z + %O‘m
HB = Zwkb};bkz
k
H = o,V, —|—<7yVy

PTRE is derived in the eigen representation of Hg

Hg|+) = £/ € + k2A2|+) = £A|+)

) = cosgle) +sing lg),
.0 0
—) = sm§|e>—cosi\g>.

tanf = KA /e



In the interaction picture, A(t) = et 4e~tHot the density matrix of
total open system p;,:(t) satisfies

d [ R
—prot (£) = =i | H1 (£). prot ()] (1)

Formally integration

t
01 () = 1ot 0) ~ i [ ds [FH1 (5) jan ) @)
0

Take (2) into (1),
with the fact Trg|H;(t), pro:(0)] = 0 and Born approximation

prot(s) = ps(s) @ pp

- %ﬁs . _/Ot 15To [gf (1), {]:]I (5),ps(s) ®,OBH



%ﬁs 0 _/Ot I5To {I:I[ (1), [[:[I (5),ps(s) ®ﬂBH

Markov approximation: 1) ps(s) — ps(t);
2)s >t —s;

3 [ - [

Born-Markov master equation:

— is ()= [ dsTun [ (). [ (0 5).5s(0) @ pa]|

Transform back to the Schrodinger picture:

dpjt(t) = —i|Hg, ps(t)] — /OOO dsTrp { {HI, {I:[I(—S%PS(t) ® PBH}




Hi (1) = &, (1) Va () + 6, () ¥, (8
!

—i[Hg, ps(t Z / ds(V;V;( Bloi,o;(—s)ps(t)] + H.c.

1,]=%,Y

dps(t) _
dt

Bath correlation functions:

VaVa(=s)p = (") (cosh[@(s)] ~ 1
(Vy,Vy(=s))p = (%)2 sinh [@ (s)]
VaVy(=s))p = (V,Va(=s))p=0




Pauli operators in the eigen representation

o= - )
™+ = [+,
ro=

The system operators can be written as

o, (t) = sinfr, —cosd (7'+eiAt + T_e_iAt) = Z cFe Wity
1=z,%
g, (t) = it etM —jr_e M = Z cge_iwitn
1=z,%
=) PTRE
dpg(t .
pdt< ) — ilHeps@®] = S S FATy () [ mips(6)] + He.

k=x,y1,j=z2,%

'y (w) = /OOO dse™*(V,Vi.(—s)) B

C. Wang, J. Ren and J. Cao, Scientific Reports 5, 11787 (2015).
DZX, C. Wang, Y. Zhao, and J. S. Cao, New J. Phys. 18, 023003 (2016).



Some remarks

v" For Ohmic and sub-Ohmic spectral density, k = 0, renormalized
tunneling is 0. Always giving strong coupling limit result.

v Super-Ohmic spectral density, e.g. s = 3

J () = mawdw 2ew/we
Q(r) = /OO deEj;) [(2n (w) 4+ 1) cos (wT) — isinwT]
0 s
_ (14wt Relhi(gr T F)] 0 2iwer
- v T (Buwe)? (14 w2r?)?

Tri-gamma function

0.2 - S —
107" Q 100



PTRE---weak coupling limit

a>1 mmmp k= {(cosB)=x1
cosh[Q (T)] — 1~ 0
sinh [Q (7)] = Q (T) x «

dps(t) _
dt

—i[Hg, ps(t) Z cycyF i) [T, Tips(t)] + H.c.
1,]==*

‘ Redfield equation in eigen basis

Cost = M) () + 1) (A (A) pg -
%pg_ = —iApsT —y(A)(n(A) + %) (k5™ —ps™)

v(A) = J(QA) sinf o« «




PTRE---strong coupling limit

a>1 mmp = (cosB)<1, 6~0

Eigen basis returns to local basis

mm) Rate equation in local basis Q" (s) = Q (—s)

d ee ee gg
gg ee gg

kA2 [ .
Fermi’'s Golden Rule rate ~(¢) = (7> / dse'’ (eQ(S) — 1)



Steady states (long time limit — equilibrium)
Fermi's Golden Rule

-——

Redfield

1 —exp(BVe? + r2A?)
14 exp(BVeE + k2A2)
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3. Applications of polaron frame

 Non-canonical distribution



Applications --- 1. Non-canonical Equilibrium State

non-canonical equilibrium distribution
e_/BHS

Weak system-bath coupling Ps = Tr [e—PHs]

Strong system-bath coupling —deformation of energy shell

2
—Bnw —Bnw+0(n*)
(& (&
N\
Z ' Z
n,
1 N (E + 5) / ) 04<? 0.06
i |
0.3
g S—G—@—a— 5 0000
= = 0.0 155 160 |
.'=Ei=_;=_ - mw, +(n—kn* Yo =E+8 ’ n
-:“i!"- . me, +(n—kn*)o=E
p — 0.1}
ll'l{\'J + R Y ———= < - -]
mw, +nw=E+5 %z—*— —+—non—canonical
_ “I = - © - canonical
“h 0 . S——0—P—0—0—O—0—0—
n 0 15 20

H. Dong, S. Yang, X. F. Liu, and C. P. Sun, Phys. Rev. A 76, 044104 (2007).
DZX, S. W. Li, X. F. Liu, and C. P. Sun, Phys. Rev. E 90, 062125 (2014).



Perturbative theory in the polaron frame

Equilibrium state Trp[e—PHror]

g = —
p TI'S_|_B[€_BH75075]

Kubo identity

- B
e—ﬂHtot ~ —BHO [1_/ dﬁleﬂlHoHIe—ﬁlHo

/ / dB'dB" e’ Hof e~ (8'=B")Ho ff, ¢=B" Ho

Second order perturbation:

~(0) e BHS
Ps = 70
ZS
A Z(2)
ﬁ,<5’2) — . S G_IBHS.

0 2
z{ { Zém}

C. K. Lee, J.S. Cao, and J. Gong, Phys. Rev. E 86, 021109 (2012).
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foe (a)
1.0 °~..%
0.87 .o‘
‘0
0.6 ., —System
e, -:[nteraction
0.4_ ‘n,‘.. .
0.2 -’.-"--.-..,._......
OO 0.1 0.2
p1: eigen frame Y
p,: polaron frame ' | .
JPRTY L ot i

—System
-+ |nteraction

0 5 10 15
kT

Angle rotated from the diagonal frame of g to eigen state of Hg or H;.

C. K. Lee, J.S. Cao, and J. Gong, Phys. Rev. E 86, 021109 (2012).



original frame

05 1 15 2 25 3 35
We

full polaron frame

05 1 15 2 25 3 35
We

variational polaron frame

Relative errors

Pert: 2nd order perturbative theory
in the polaron frame

Pl. path integral integral

C. K. Lee, J. Moix, and J. Cao, J.
Chem. Phys. 136, 204120 (2012).
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3. Applications of polaron frame

« Quantum heat engine



Application --- 2. Three-level heat engine

H. E. D. Scovil and E. O. Schulz-DuBois, PRL 2, 262 (1959).

E. Geva and R. Kosloff, JCP 104, 7681 (1996);PRL 108, 070604 (2012)
E. Boukobza, and D. Tannor, PRA 74, 063822 (2006).

M. O. Scully, et al., PNAS 108 (37), 15097 (2011).

J. RoRRnagel, et al., PRL 112, 030602 (2014).

H. T. Quan,et al., PRE 76, 031105 (2007).

Light-harvesting complex



Energy transfer in photosystem: beyond weak coupling

~

Primary
electron
acceptor

Electron transfer

Photon

Reaction- center

|

\

sReactic 74|,
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B \
A
\% 5 \
\
4 1 initial site: 1
of energ Antenna @ T st
ay pigment 3 Initial site: 6
molecules 0 50 100 150
Photosystem A (cm™)

Copynght ® Pearson Education, Inc., publishing as Benjamin Cummings

Beyond weak system-bath
coupling regime

J. Cao and R. J. Silbey, JPC A, 113, 13825 (2009)
J. Wu, et al., NJP, 12, 105012 (2010)



Three-level light harvesting system based on QHE model

Hs = ex[1) (1] + e2[2)(2] + % (I1){2] 4 [2){1])

phonon
0 Iy and trap baths (weak)
pump 4
J = 2) trap
N ) - Hi:p,t — Zwikagkaik + (gikajkm) <Z| -+ H.C.)
m—) ¢ k
0)

phonon bath (intermediate or strong)

Hy =Y Jwrblbi + ([1(1] = [2)(2]) D (fub], + Hee)
k

k

DZX, C. Wang, Y. Zhao, and J. S. Cao, New J. Phys. 18, 023003 (2016).



Time evolution and steady state efficiency

Master equation

dp (1) _
dt

_i[Ho P (I)]

+£p[ps O]+ L[p,(t)] — | weak coupling, Lindblad operator

+L[p, ()] —> | strong coupling, polaron approach

Steady state energy flux
J,=Tr,[H,L[p,(=)]]
J =Tr[H L [p,(=)]]
J, =Tr[H L [p(==)]]

Energy transfer efficiency




Maser as Three-level heat engine

Energy transfer in LH system

phonon
TC TC jv
€ ‘\|1> pump ‘@I
1 \6\_\ 2> M> trap
2
I work Jp mm—p 7
i 0 —
’ - T, [0) work
P P
~1 e_ﬁhq ,_1 — e—ﬁc(el—ez)
F, P,
€ TC _ i <[ Tc Tt
B>F| my My = <1-7, ! ‘Jp_( T )T -T.

H. E. D. Scovil and E. O. Schulz-DuBois, PRL 2, 262 (1959). Heat pump efficiency



Steady state flux and efficiency

flux

002 ‘ ‘ ‘ x10_3

%)

%0.015

X

)

T

>

© 0.01}

(0]

c

L

0.005/ |

0 1 2 a 3 4 5
r ] 1

L JY
jp =Y, [n,py —(n, + l)pn]:_ TP(np + l)m[plz]

C JY,
J =&Y, [ntPOO —(n,+1)py, ]:_ TY(nt + 1)9{[:012]

coherence

DZX, C. Wang, Y. Zhao, and J. S. Cao, New J. Phys. 18, 023003 (2016).



Steady state flux and efficiency

1 efficiency
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I I J

T 1)
2) 2)
R 4
weak coupling ‘ strong coupling
n=1 n<l Nn=e /¢

|1> 1 ( \\\‘:7‘?&

j;ffi E\Z;eﬁ
: Y

Energy is conserved Classical kinetic model




Temperature and coupling strength dependence

0.0050 0.0075 0.0100 0.0125 0.0150

0.1

:
Bvl(1/J]

Output flux (power) and efficiency compete with each other.
To avoid their minimums, the optimal regime is intermediate
coupling and temperature

10



Aharonov-Bohm effect with dephasing in nonequilibrium transport

\\~/

Tz
TN
P AN
t o — O0— 0= 1
3 ; €1 €2 3 |

Gauge invariant phase ¢ = @21 + P32 + P13 mod 2

Waiting time probability P12 (¢)

\ AN A\ 4
\\~1// A 4 A4
t=1o = o <t<t (;) t =1t %
© e Y e ammme Y% e
- A . AN S EAN TE
Pl — 00— P — 00— O0—1 P l— 00— 0—i
- : - (R Lo H

G. Engelhardt and J.S. Cao, Phys. Rev. B 99, 075436 (2019)
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3. Applications of polaron frame

 Heat transfer



Applications --- 3. Non Equilibrium Heat Transport

Hole transport layer

| [
— Transparent anode |

Nature Phys. 7, 857 (2011) Nature Photonics 7, 13 (2013)

PRL 113, 047201 (2014) Nature Nanotech 8, 377 (2013)



Heat transfer: non-equilibrium spin-boson model

Weak coupling: Redfield

€ A
H= o0,+50;+0. Z Z(gkmb;g,v + gz,vbk,’v) + Hp

2 2
v=L,R k
D. Segal, et al. PRL 94, 034301 (2005)
J. Ren, et al. PRL 104,170601(2010)

Strong coupling: NIBA (non-interacting blip approximation)

H=UHU = gaz + (cos Bo, +sin Boy,) + Hp

D. Segal, et al. PRB 73, 205415 (2006)
T. Chen, et al. PRB 87, 144303 (2013)



Weak coupling: NIBA and Redfield Strong coupling: turnover of flux

are not coincident

-3

N x 10
0.06 (a) ] —— w —
i o 7t + Redfield —10
0.05} ol sl | £
! o - ! £ \
—_— d/ — 5 1 -/—'Ci 10 3
(0] 0.04 + , — g : =
§' i o ] TE 4+ -
! 1 2 3
CIE) 0.03 | o - s | 10 [C1n§)_1 10
- . = 3. r
~— o) ~ 1
=002 ,lf  extended-NIBA
0.01L Q’/ Redfield| | 1
0.00 K R 0 200 400 600 800 1000
1 2 1
I (meV) E lom ]

T. Chen, et al. PRB 87, 144303 (2013) L. Nicolin, et al. JCP 135, 164106 (2011)



Unified approach: Non-equilibrium PTRE

€ A .
H=—-0,+ —0,+o0; Z Z(gk,vb;;,v =+ gk,vbk,v) + Hp

v=L.R k

2 2

Polaron transformation

. A
H=U'HU = %O‘Z + %am + (cos B — K)o, +sin Bo, + Hp

B=2i Y Z(Z’Z“ bl — i’zbk,v)

s = exp|— Z /OO dw Jy, (w) coth(ﬂ’;w)]

C. Wang, J. Ren and J. Cao, Scientific Reports 5, 11787 (2015).



Unified approach: Non-equilibrium PTRE

A

l=x,y w,w'=0,+A

%’35 = —i[Hs, ps]+ Y > Tuw)[B(w)ps, Ai(w)] +He.

P,(w) are the projection operators in the eigen basis

A

&x(y)(_8> — Z P:c(y) <w>6iws

w=0,£A

Transition rates

KA 2 ~ tws
7) /0 dse'?(cosh|Q(s)] — 1)

L) = (507 [ dsetssinhlQe)

Faz ((U) — (

Q(s) = Qr(s) + Qr(s)




Heat currents: Full Counting Statistics

Current is defined by the rate of energy (particles, etc) To(t) = _<de (75)>
change of the corresponding heat bath. v dt

Q. (t,0) = /0 t J,(t"dt' = H,(0) — H,(t)

Characteristic function: y = {x,} are the auxiliary counting fields

Z(x = {xu},t) = Tr[ef 2n XuHu(0) o =122 Xu Hu (1) 5 )]
— Trle? 2w XuHuO) =122, xuHu(0) Up(0)]
= Tr[U™X()p(0) U (1))
= Tr[p*(1)].

UX(t) — ei > XMHM/QU(t)e_i > xuHu/2

M. Esposito, U. Harbola, and S. Mukamel, Rev. Mod. Phys. 81, 1665 (2009).



Steady state current Ty (00) = tlim .
— 00

1
Cumulant generating function G(x) = lim - In Z(x)

t—oo

—) jU(OO) — 6,<Z-XU>G(X)|X:0

Total density matrix with counting field satisfies the Liouville equation:

X = i (O H(E) — iH; (1) (1)

HX(t) = et 2u XMHM/2HI<t)€_i 2op XuHp /2

A phase factor containing y is added to the bath operator:

B By=2i 31 D(Zrtetmxens/nl Rty
v=L.R k kv




Non-equilibrium PTRE with counting field

%ﬁg = —illls, o+ Y Y AN (@) + I (W)IR(W)PEPw)

=2,y w,w'=0,+A
—[0F (W) P(w) P (w)ps + Hee]}

Transition rates

Do) = (50 [ dse coshiQ(rs = )] - 1)
Do) = (50 [ dse sinblQlos - 1)

Q(s —x) = Qr(s) + Qr(s — x)



Steady state heat flux
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8T —00 qu(’%A) + qby(_’%A)



0
Negative differential thermal conductance (NDTC) NDTC = é?A—jT

0 .
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400| 400
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Marcus approximation:
High T, strong coupling,
short time

C. Wang, J. Ren and J. Cao, Scientific Reports 5, 11787 (2015)



Variational non-equilibrium PTRE

Variational equilibrium polaron transformation F' < Fjj + <HI>HO = Ap

Fy = —% InTr [e_BHO]

—1
— fk:gkf(wk)v f(wk): [1—|— ’ikAAQ coth (B(; )tanh (62/&)]

Non-equilibrium state: what is 8 of the system?

exp(—BrH — BrHR — BI__]I>
Tr |exp(—BLHy, — BrHRr — BH))]

ar, + QR
arTr, + arTr

_ —1
T [1 + /ij coth (5; ) tanh (5;)]

canonical state ansatz PNESS —

Effective temperature B =
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C. Y. Hsieh, J. J. Liu, C. R Duan, and J. Cao, to be published



Outline

* Quantum coherent transport in disordered systems



Application --- 4. One dimensional diffusion

Boson bath

Hs =) ealn)(nl+ > Jmnlm){n]

n m=#£n
= grnln)(n|(b], + bur)
k.,n

Diffusion constant D

]l ————
D = hm 2—(R2 = hm —Z 12 pnn (t)



1D Diffusion: Haken-Strobl-Reneiker model

n

I' is the strength of
the local markovian

w

noise
a
o
2
1
0
0.001 0.01 0.1 1 10
[7])
coherent band-like transport (Redfield rate) incoherent hopping (FGR rate)
2
Deon, = 2I'L Dincoh = 2kET X 1/F

Moix, Khasin, and Cao, New J. Phys. 15, 085010 (2013)



PTRE with secular approximation

dpyy

dpuu
dt

Z Rw/ v 1/’/01/ v/ (t)
()

— <_iw’/ﬂ T RIU/aMV>ﬁ/H/<t>7 v 7é M.

10

i

oT=10
oT=2
oT=1

C. K. Lee, J. M. Moix, and J. Cao, JCP 142, 164103 (2015)



Outline

1. Back ground
2. Polaron frame method
» Polaron transformation
« Polaron Transformed Redfield Equation (PTRE)
3. Applications of polaron frame
* Non-canonical distribution
* Quantum heat engine
* Heat transfer
* Quantum coherent transport in disordered systems

4. Summary



Summary

» Unified theory valid from weak to strong system-bath coupling
» consistent with numerically exact methods

> Applicable for both static and dynamic, equilibrium and non-
equilibrium systems



