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关于原子核的量子效应的模拟方法的介绍

李新征

感谢高老师的邀请！
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Take-home Message.



Apply to:  牛顿力学、热力学、电动力学、量子力学、统计力学、相对论

力学等。 学完之后，我们脑子里面无非是有了一个理论框

架，去描述相关问题（客观、有预测能力）

物理学的核心任务是思维范式的建立！

第一部分：什么是原子核的量子效应？
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 物理学的哲学属性；

 物理学史；

 今天的物理学。
出发点：上面那句话。

今天也会用这个路

子来介绍这个方向



这个情况，同样apply to凝聚态物理
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历史上，我们凝聚态物理的发展，一模一样走的就是这条路！

1900 Drude Model 1907 Einstein Model 1912 Laue X-ray

Quantum Mechanic & Born-
Oppenheimer Approximation

Bloch波、周期性边
界条件、简谐声子

量子气体理论

第一部分：什么是原子核的量子效应？



这个情况，同样apply to凝聚态物理
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上世纪40年代开始，高潮是50、60年代，之后依然延展

量子液体理论

第一部分：什么是原子核的量子效应？



这个情况，同样apply to凝聚态物理
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上世纪50年代开始，70年代喊出来

Emergent Phenomenon

第一部分：什么是原子核的量子效应？

1958 Anderson Localization Mott (1949)-Hubbard (1963) Insulator



这个情况，同样apply to凝聚态物理

7

第一部分：什么是原子核的量子效应？

一个思维范式（很长，但可以说清）



这个情况，同样apply to凝聚态物理
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第一部分：什么是原子核的量子效应？



这个情况，同样apply to凝聚态物理
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Coupled nuclear & electronic DOFs

Franck-Condon principle (1926)：

Clear: Quantum states of vibration contribute to the spectrum.
Unclear: how should the quantum state with nuclei be rigorously expressed?

第一部分：什么是原子核的量子效应？



这个情况，同样apply to凝聚态物理
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Born-Huang Expansion (1954)

M. Born, Nachr. Akad. Wiss. Göttingen, Math.-Phys.

Klasse IIa, Math.-phys.-chem. Abt., S. Art. Nr. 6, 1 (1951)

(The validity limit of the theory of ideal crystals and their

overcoming)

第一部分：什么是原子核的量子效应？



这个情况，同样apply to凝聚态物理
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• A time-dependent many-body wave function of electrons and nuclei:

n-th electronic state wave function with ionic potential defined by 𝑹𝑹

Ψ𝑗𝑗 𝑟𝑟,𝑅𝑅, 𝑡𝑡 = �
𝑛𝑛=1

el

𝜒𝜒𝑛𝑛
𝑗𝑗 𝑅𝑅, 𝑡𝑡 Φ𝑛𝑛 𝑟𝑟,𝑅𝑅

Φ𝑛𝑛 𝑟𝑟,𝑅𝑅

𝜒𝜒𝑛𝑛
𝑗𝑗 𝑅𝑅, 𝑡𝑡 Time-dependent wave packet of nuclei on the n-th electronic state, with

contribution from different vibronic states included.
理想世界。

Born, 1951

Born & Huang, 1954

原子核的量子效应、非绝热效应，取舍

第一部分：什么是原子核的量子效应？
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第二部分：模拟方法、优缺点

Ψ𝑗𝑗 𝑟𝑟,𝑅𝑅, 𝑡𝑡 = �
𝑛𝑛=1

el

𝜒𝜒𝑛𝑛
𝑗𝑗 𝑅𝑅, 𝑡𝑡 Φ𝑛𝑛 𝑟𝑟,𝑅𝑅

绝热层面的核量子效应（统计层面、考

虑动力学）、考虑了非绝热的核量子效

应（统计层面、考虑动力学）

方法：

波函数方法、路径积分方法、半经典方

法等。



 Quantum mechanics: probability, propagator 

𝑡𝑡𝑖𝑖

𝑡𝑡𝑏𝑏

𝑡𝑡𝑖𝑖+1

𝑡𝑡𝑎𝑎

𝑥𝑥𝑎𝑎 𝑥𝑥𝑖𝑖+1 𝑥𝑥𝑖𝑖 𝑥𝑥𝑏𝑏

𝐾𝐾(𝑏𝑏,𝑎𝑎) = lim
𝜀𝜀→0

1
𝐴𝐴��. . .�𝑒𝑒(𝑖𝑖/ℏ)𝑆𝑆[𝑏𝑏,𝑎𝑎]

𝑑𝑑𝑥𝑥1
𝐴𝐴

𝑑𝑑𝑥𝑥2
𝐴𝐴

. . .
𝑑𝑑𝑥𝑥𝑁𝑁−1
𝐴𝐴

where 𝑆𝑆[𝑏𝑏, 𝑎𝑎] = �
𝑡𝑡𝑎𝑎

𝑡𝑡𝑏𝑏
𝐿𝐿(𝑥̇𝑥, 𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑑𝑑

a

b

𝐾𝐾(𝑥𝑥𝑏𝑏, 𝑡𝑡𝑏𝑏; 𝑥𝑥𝑎𝑎, 𝑡𝑡𝑎𝑎) = �
𝑗𝑗

𝜑𝜑𝑗𝑗(𝑥𝑥𝑏𝑏)𝜑𝜑𝑗𝑗∗(𝑥𝑥𝑎𝑎)𝑒𝑒−(𝑖𝑖/ℏ)𝐸𝐸𝑗𝑗(𝑡𝑡𝑏𝑏−𝑡𝑡𝑎𝑎)Schrodinger:

Physics behind: path-integral

 Path-integral

Suzuki-Trotter 
decomposition
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𝜌𝜌(𝑥𝑥, 𝑥𝑥𝑥;𝑘𝑘𝐵𝐵𝑇𝑇) =
2𝜋𝜋𝜋

𝑚𝑚𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇
�

𝑥𝑥0=𝑥𝑥

𝑥𝑥𝑁𝑁=𝑥𝑥𝑥

exp −
1
𝑘𝑘𝐵𝐵𝑇𝑇

�
𝑖𝑖=0

𝑁𝑁
𝑚𝑚(𝑘𝑘𝐵𝐵𝑇𝑇)2𝑁𝑁

2ℏ
(𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖)2 +

1
𝑁𝑁
𝑉𝑉(𝑥𝑥𝑖𝑖) ∏

𝑖𝑖=1
𝑁𝑁−1

𝑑𝑑𝑥𝑥𝑖𝑖

𝜌𝜌(𝑥𝑥𝑁𝑁 , 𝑥𝑥0; 1/𝑘𝑘𝐵𝐵𝑇𝑇) = �
𝑗𝑗

𝜑𝜑𝑗𝑗(𝑥𝑥𝑁𝑁)𝜑𝜑𝑗𝑗∗(𝑥𝑥0)𝑒𝑒−𝐸𝐸𝑗𝑗/𝑘𝑘𝐵𝐵𝑇𝑇

𝑖𝑖(𝑡𝑡𝑁𝑁 − 𝑡𝑡0)/ℏ 1/𝑘𝑘𝐵𝐵𝑇𝑇

𝐾𝐾(𝑥𝑥𝑁𝑁, 𝑡𝑡𝑁𝑁; 𝑥𝑥0, 𝑡𝑡0) = �
𝑗𝑗

𝜑𝜑𝑗𝑗(𝑥𝑥𝑁𝑁)𝜑𝜑𝑗𝑗∗(𝑥𝑥0)𝑒𝑒−(𝑖𝑖/ℏ)𝐸𝐸𝑗𝑗(𝑡𝑡𝑁𝑁−𝑡𝑡0)

�𝐻𝐻(𝑥𝑥) = −
𝑑𝑑2

𝑑𝑑𝑥𝑥2
+ 𝑉𝑉(𝑥𝑥)

Density matrix of a quantum 
system

Density matrix of a classical 
polymer of N beads (images)

Density matrix

 Path-integral enters
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Density function of a quantum 
system

Density function of a polymer 
of N beads (images)

𝜌𝜌(𝑥𝑥;𝑘𝑘𝐵𝐵𝑇𝑇) =
2𝜋𝜋𝜋

𝑚𝑚𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇
�

𝑥𝑥0=𝑥𝑥

𝑥𝑥𝑁𝑁+1=𝑥𝑥

exp −
1
𝑘𝑘𝐵𝐵𝑇𝑇

�
𝑖𝑖=0

𝑁𝑁−1
𝑚𝑚(𝑘𝑘𝐵𝐵𝑇𝑇)2𝑁𝑁

2ℏ
(𝑥𝑥𝑖𝑖+1 − 𝑥𝑥𝑖𝑖)2 +

1
𝑁𝑁
𝑉𝑉(𝑥𝑥𝑖𝑖) ∏

𝑖𝑖=0
𝑁𝑁−1

𝑑𝑑𝑥𝑥𝑖𝑖

Density function
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X.Z. Li, M. Probert, A. Alavi, and A. Michaelides, Phys. Rev. Lett. 104, 066102 (2010)
D. Chandler and P.G. Wolynes, J. Chem. Phys. 74, 4078 (1981)
B. J. Berne and D. Thirumalai, Ann. Rev. Phys. Chem. 37,401 (1986)
D. Marx and M. Parrinello, Z. Phy. B: Condens. Matter 95, 143 (1994)
M. E. Tuckerman, D. Marx, M. L. Klein, and M. Parrinello, J. Chem. Phys. 104, 5579 (1996) 17
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[1] R. P. Feynman, Phys. Rev. 76, 769 (1949).
[2] R. P. Feynman, Phys. Rev. 90, 1116 (1953).
[3] R. P. Feynman, Phys. Rev. 91, 1291 (1953).
[4] R. P. Feynman, Phys. Rev. 91, 1301 (1953).
[5] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals (McGraw-
Hill Inc., 1965).

• 分子模拟中的早期尝试：

[1] D. Chandler and P. G. Wolynes, J. Chem. Phys. 74, 4078 (1981).
[2] M. Parrinello and A. Rahman, J. Chem. Phys. 80, 860 (1984).
[3] B. J. Berne and D. Thirumalai, Annu. Rev. Phys. Chem. 37, 401 (1986).

分子动力学采样

• 理论框架的搭构：

第二部分：模拟方法、优缺点
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[1] E. L. Pollock and D. M. Ceperley, Phys. Rev. B 30, 2555 (1984).
[2] D. M. Ceperley and E. L. Pollock, Phys. Rev. Lett. 56, 351 (1986).
[3] E. L. Pollock and D. M. Ceperley, Phys. Rev. B 36, 8343 (1987).
[4] D. M. Ceperley, Rev. Mod. Phys. 67, 279 (1995).

共同点：基于力场，无法描述化学键断裂这种有意思的现象

• 与第一性原理电子结构计算的结合：
[1] M. E. Tuckerman, D. Marx, M. L. Klein, and M. Parrinello, J. Chem. Phys. 104, 5579 (1996).
[2] D. Marx and M. Parrinello, J. Chem. Phys. 104, 4077 (1996).
[3] M. E. Tuckerman, D. Marx, M. L. Klein, and M. Parrinello, Science 275, 817 (1997).
[4] M. Benoit, D. Marx, and Parrinello, Nature 392, 258 (1998).
[5] D. Marx, M. E. Tuckerman, J. Hutter, and M. Parrinello, Nature 397, 601 (1999)……..

特点：Car-Parrinello MD（BO-MD的一个近似）

蒙特卡洛采样

第二部分：模拟方法、优缺点
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• Born-Oppenheimer MD的引入与应用：
[1] M. Tachikawa ,et. al, J. Am. Chem. Soc. 127, 11908 (2005).
[2] A. Kaczmarek, et. al. J. Phys. Chem. A 113,
1985 (2009).
[3] X. Z. Li, M. Probert, et al., Phys. Rev. Lett. 104, 066102 (2010).
[4] X. Z. Li, B. Walker, and A. Michaelides, PNAS 108, 6369 (2011).
[5] J. Chen, X. Z. Li*, E. G. Wang*, et al., Nat. Commun. 4, 2064 (2013).

• 与其它分子模拟手段的结合：
[1] A. Perez and O. A. von Lilienfeld, J. Chem. Theory Comput. 7, 2358 (2011).
[2] R. Ramirez and C. P. Herrero, J. Chem. Phys. 133, 144511 (2010).
[3] Y. X. Feng, J. Chen, D. Alfe, X. Z. Li*, and E. G. Wang*, J. Chem. Phys. 142,
064506 (2015)

第二部分：模拟方法、优缺点
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• 动力学信息，Initial Value Representation（我

周四上午报告，曾嘉熙）

第二部分：模拟方法、优缺点
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• 瞬子方法（方为，复旦大学；朱禹丞，

北京大学）

• 包含量子交换的路径积分方法（杨数、

王聪、何染尘，北京大学）

第二部分：模拟方法、优缺点



23
• 曾嘉熙，北京大学

第二部分：模拟方法、优缺点
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Take-home Message.



Question: is there a unified picture?

Impact of quantum nuclear effects on H-bond strength? 

 In 1950s, Ubbelohde effect (replace H with D) in H-bonded crystals.

 Liquids: water structure no consensus, and liquid HF is strengthened. 

 Clusters: (HF)n with n > 4, strengthened, otherwise, weakened, (H2O)n always 
weakened.

25

第三部分：相关例子，感受研究
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第三部分：相关例子，感受研究



(HF)2

(HF)4

(HF)5

Why? Quantitative

X.Z Li etal. Proc. Natl. Acad. Sci. USA 108, 6369 (2011) 27

第三部分：相关例子，感受研究



Isotope Substitution New Experiment  (Inelastic electron 

tunneling spectroscopy, IETS):

Jing Guo, Jingtao Lü, Yexin Feng, Ji Chen, …, Xin-

Zheng Li*, Enge Wang*, Ying Jiang*, Science 352, 321

(2016)

 Flexible monomer with anharmonic potential

must be used if one want to use force-field

method in PIMD simulations 28

第三部分：相关例子，感受研究



DNA base pair

Wei Fang, Ji Chen, Mariana Rossi, Yexin Feng, Xin-Zheng Li*, and

Angelos Michaelides*, J. Phys. Chem. Lett. 7, 2125 (2016)

29

第三部分：相关例子，感受研究



The quantum nature of high pressure hydrogen

Alkali metal:
atomic solid

Molecular solid

1). Wigner & Huntington, JCP(1935): Under high pressure (25 GPa), will H2 become bcc solid?

2). Ashcroft , JPCM (2000): There will be a low-T liquid phase whose origin is due to QNEs. 30

第三部分：相关例子，感受研究



Isaac Silvera, PNAS 107, 12743 (2010)

A. Alavi, M. Parrinello, and D. Frenkel, Science 
269, 1252 (1995)

S. A. Bonev, E. Schwegler, T. Ogitu, G. Galli, 
Nature 431, 669 (2004)
……

The quantum nature of high pressure hydrogen

31

第三部分：相关例子，感受研究



2) Configuration space explored

3) Nuclear Quantum Effects (NQEs)

1) Electronic structure

4) Hysteresis effect

 How do we tackle this problem:

The quantum nature of high pressure hydrogen

32

第三部分：相关例子，感受研究



The quantum nature of high pressure hydrogen

33

第三部分：相关例子，感受研究



The quantum nature of high pressure hydrogen

Superconducting

J. M. McMahon and D. M. Ceperley, Phys. Rev. B.

84, 144515 (2011)

P. Cudazzo, et al., Phys. Rev. Lett. 100, 257001

(2008)

Ji Chen, Xin-Zheng Li*, Qianfan Zhang, Matthew I. J. Probert, Chris J.

Pickard, Richard J. Needs, Angelos Michaelides, and Enge Wang*, Nat.

Commun. 4, 2064 (2013) 34

第三部分：相关例子，感受研究



Tunneling of hydrogen & water molecules

1/T

ln
 k

Low THigh T

Path-Integral based method like Instanton: Allows the
determination of the chemical reaction rate using the Euclidean
action of the polymer, instead of the classical free-energy.

Quantum tunneling can be addressed in an ab
initio manner. 35

第三部分：相关例子，感受研究



Tunneling of hydrogen & water molecules
 Experimental Technique: Field Emission Microscopy (FEM), Laser Optical Diffraction

(LOD), Scanning Tunneling Microscopy (STM), and Helium Spin Echo (HeSE).

 Different transition curves has been reported, but why are they different is unclear.

1/T

ln
 k

Low THigh T

 For example, on Ru(0001), a gradual transition from

Arrhenius behavior to a T-independent regime has been

reported. However, on Ni(100) and Cu(100), diffusion

rates suddenly become T independent below a certain T,

indicating a sharp classical-to-quantum transition.

Arrhenius

36
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Tunneling of hydrogen & water molecules

Wei Fang, Jeremy O. Richardson*, Ji Chen, Xin-Zheng Li*, and
Angelos Michaelides*, Phys. Rev. Lett. 119, 126001 (2017) 37

第三部分：相关例子，感受研究



Tunneling of hydrogen & water molecules

Yexin Feng, Ji Chen, Wei Fang, Enge Wang, Angelos Michaelides*, and

Xin-Zheng Li*, J. Phys. Chem. Lett. 8, 6009 (2017)

38
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Tunneling of hydrogen & water molecules

Pd(111)

Wei Fang, Ji Chen, Philipp Pedevilla, Xin-Zheng Li*, Jeremy

O. Richardson*, and Angelos Michaelides*, Nat. Commun.

11, 1689 (2020)

39
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Tunneling splitting of water clusters R. G. Dickinson, , R. T. Dillon, and F. Rasetti, Phys. Rev. 34, 

582 (1929) (Caltech)

𝜓𝜓+ = (|𝜓𝜓𝐿𝐿 > +|𝜓𝜓𝑅𝑅 >)/√2
𝜓𝜓− = (|𝜓𝜓𝐿𝐿 > −|𝜓𝜓𝑅𝑅 >)/√2

40
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Tunneling splitting of water clusters

Expt.
Our result
Avoird et al.

Yu-Cheng Zhu, Shuo Yang, Jia-Xi Zeng, Wei Fang, Ling Jiang, Dong H. 

Zhang,* and Xin-Zheng Li*, J. Am. Chem. Soc. 144, 21356 (2022)

Hückel model

41

第三部分：相关例子，感受研究
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第四部分: Take-home message
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Enge WangMatthias Scheffler

Ji Chen (PKU)Angelos Michaelides

Acknowledgement

Yexin Feng (HNU)

Thank you ! ! !

Wei Fang (FDU) Qijun Ye (PKU)
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Part III: Quantum Nature of Hydrogen Bond
New Experiment  (Inelastic tunneling spectroscopy, IETS):
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Part III: Quantum Nature of Hydrogen Bond
New Experiment  (Inelastic tunneling spectroscopy, IETS):















Part II: Low-T metallic liquid hydrogen

Parameters in the Allen-Dynes equation

Consistent with:
J. M. McMahon and D. M. Ceperley, Phys. Rev. B. 84, 144515 (2011)
P. Cudazzo, et al., Phys. Rev. Lett. 100, 257001 (2008)



C. L. Guillaume et al., Nat. Phys. 7, 211 (2011)

Part III: NQEs on the melting of lithium

E. R. Hernandez, et al., Phys. Rev. 
Lett. 104, 185701 (2010)



Part III: NQEs on the melting of lithium

A. M. J. Schaeffer et al., Phys. Rev. Lett. 109, 185702 (2012)
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Part III: NQEs on the melting of lithium

Y. X. Feng et al., J. Chem. Phys. 142, 064506 (2015)



Part III: NQEs on the melting of lithium

Yucheng Zhu, Shuo Yang, Jiaxi Zeng, Wei Fang, Ling Jiang, Donghui 

Zhang, and Xin-Zheng Li, J. Chem. Phys. 158, 220901 (2023)
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