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Open Systems

Quantum Dissipation Theory / Master Equation / 
Liouville-von Neumann Equation: model systems
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Green’s function:
Self-energy:

𝐺! 𝐸 = 𝐸𝑆! − 𝐻! + Σ"(𝐸) $%

Σ" 𝐸 = 𝐸𝑆!" − 𝐻!" #𝐺" 𝐸𝑆!" − 𝐻!"

𝐇 = 𝐇𝐒 + 𝐇𝐁 + 𝐇𝐒𝐁



Green’s Function (G)：

• Charge density

• DOS

• Potential

ρ =
i
2π

dE G<(E)⎡
⎣

⎤
⎦∫

D(E) = − 1
π
Im[Gr (E)]

Self-energy (𝚺)：

• Current

• Transmission

∇2V = −4πρ

I = 2e
h

dE
2π
Tr[Σ<(E)G>(E)−Σ>(E)G<(E)]∫

T (E) = Tr ΓL (E)GD
r (E)ΓR (E)GD

† (E)⎡⎣ ⎤⎦

ΣL ΣReH

Environment



ΣL ΣReH

Environment

𝐸𝐼 − 𝐻 𝑔 = 𝐼

Σ!"(𝐸) = 𝐻#!𝑔!"(𝐸)𝐻!#



ΣL ΣReH

Environment



V=0

I = 2e
h

dE
2π
Tr[Σ<(E)G>(E)−Σ>(E)G<(E)]∫

Quantum Transport



V<0

Quantum Transport

I = 2e
h

dE
2π
Tr[Σ<(E)G>(E)−Σ>(E)G<(E)]∫



V<0

Quantum Transport

I = 2e
h

dE
2π
Tr[Σ<(E)G>(E)−Σ>(E)G<(E)]∫

Σ$: level shift, broadening



system 

environment 

• tight-binding Hamiltonian 
• an excess electron is injected onto atom A

isolated 

0.5 fs 1.5 fs 20 fs

periodic  

open 

Wang, Hou, Zheng Phys. Rev. B (2013)
Wang, Zheng, Chen and Yam. J. Chem. Phys. (2015)

Molecules on Surface

electron not conserved



system 

environment 

Molecules on Surface



Photon Green’s Function:

Fourier transform:

absorption emission

Σep(τ ,τ ') = iM D(τ ,τ ')G(τ ,τ ')[ ]M

D>(t, t ') = [Neiω (t−t ') + (N +1)e−iω (t−t ') ]
D<(t, t ') = [Ne−iω (t−t ') + (N +1)eiω (t−t ') ]

Σep
<,>(E) =M NG<,>(E ∓ "ω)+ (N +1)G<,>(E ± !ω)⎡

⎣
⎤
⎦M

External Field
!
A= !a !

"µ !ε
2Nωεc

Fr
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

1/2

be−iωt +b†eiωt( )

Hep =
e
m

µ
µν

∑
!
A ⋅ !p ν dµ

∗dν = Mµν (be
−iωt +b*eiωt )dµ

∗dν
µν

∑



F (ω) = 1
!

dE
2π∫ Tr Σep

< (E)G>(E)−Σep
> (E)G<(E)⎡

⎣
⎤
⎦

Σep
<,>(E) =M NG<,>(E ∓ "ω)+ (N +1)G<,>(E ± !ω)⎡

⎣
⎤
⎦M

hole density at E
1
!

dE
2π∫ TrN MG<(E − !ω)MG>(E)⎡

⎣
⎤
⎦

electron density at E - ħω

Absorption of photon

Absorption flux:

Fa (!ω) =
1
!

dE
2π∫ TrN MG<(E − !ω)MG>(E)−MG>(E − !ω)MG<(E)⎡

⎣
⎤
⎦

Emission

1
!

dE
2π∫ Tr MG>(E − !ω)MG<(E)⎡

⎣
⎤
⎦

External Field



Self-energy:

• electronic structure includes effect from e-p interaction

Gr (E) = ES −H −ΣL
r (E)−ΣR

r (E)−Σep
r (E)!

"
#
$
−1

Current:
elastic part:     Iα

el =
2e
!

dE
2π

fα − fβ( )Tr Γα (E)Gr (E)Γβ (E)Ga (E)!
"

#
$∫

inelastic part: Iα
inel =

2e
!

dE
2π∫ Tr[Γα (E)Gr (E)Γeff (E)Ga (E)]

ΣL ΣReH

Σe−photon

External Field



Workflow

Transport properties
optical properties



ρ(r, t) Runge-Gross! →!!! v(r, t) Schrodinger Eq.! →!!!! Ψ(r1!rN , t)

vext (r, t)
interacting← →### ρ(r, t) non-interacting← →#### vKS (r, t)

true system

Time-dependent Kohn-Sham Theorem

Runge-Gross Theorem

Kohn-Sham system

Time-Dependent Case



EOM for one-electron density matrix:

Time–dependent Kohn-Sham equation:

TDDFT in time domain

𝑖ℏ
𝜕𝜓0
𝜕𝑡

= ℎ12𝜓0 = −
1
2
∇3 + 𝜐455(𝑡) 𝜓0

𝑖ℏ�̇� = [ℎ, 𝜌]



TDDFT in time domain

𝜌 =
𝜌6 𝜌67 𝜌68
𝜌76 𝜌7 𝜌78
𝜌86 𝜌87 𝜌8

 
𝑖ℏ�̇�(𝑡) = [ℎ(𝑡), 𝜌(𝑡)]

𝜌09(𝑡) = 𝑎9:(𝑡)𝑎0(𝑡)

𝑖�̇�%&	(𝑡) =-
'∈#

ℎ%'𝜌'& − 𝜌%'ℎ'& − 𝑖 -
)*!,,

𝑄),%&

𝑄),%& = 𝑖 -
-&∈)

ℎ%-&𝜌-&& − 𝜌%-&ℎ-&&



TDDFT in time domain

𝑄),%& = 𝑖 -
-&∈)

ℎ%-&𝜌-&& − 𝜌%-&ℎ-&&

𝐽' 𝑡 = − =
(!∈'

𝑑
𝑑𝑡
𝜌(!(! 𝑡 = 𝑖=

*∈+

=
(!∈'

ℎ(!*𝜌*(! − 𝜌(!*ℎ*(!

= −=
*∈+

𝑄',** = −Tr 𝑄'(𝑡)



𝝆 =
𝝆𝑳 𝝆𝑳𝑫 𝝆𝑳𝑹
𝝆𝑫𝑳 𝝆𝑫 𝝆𝑫𝑹
𝝆𝑹𝑳 𝝆𝑹𝑫 𝝆𝑹

 𝑯 =
𝒉𝑳 𝒉𝑳𝑫 𝒉𝑳𝑹
𝒉𝑫𝑳 𝒉𝑫 𝒉𝑫𝑹
𝒉𝑹𝑳 𝒉𝑹𝑫 𝒉𝑹

 

𝒊 ̇𝝆𝑫	(𝒕) = 𝒉𝑫 𝒕 , 𝝆𝑫 𝒕 − 𝒊-
𝜶

𝑸𝜶

𝑸𝜶,𝒏𝒎 𝒕 = −%
𝒍∈𝑫

&
)*

*
𝒅𝝉 𝑮𝒏𝒍𝒓 𝒕, 𝝉 𝜮𝜶,𝒍𝒎

, 𝝉, 𝒕 + 𝑮𝒏𝒍
, 𝒕, 𝝉 𝜮𝜶,𝒍𝒎

𝒂 𝝉, 𝒕 + 𝐇. 𝐜.

Time-dependent Quantum Transport



Keldysh Formalism

𝐺(!- 𝑡, 𝑡. ≡ −𝑖 𝑇/ 𝑎(!(𝑡)𝑎-
# (𝑡.)

𝐺(!-
0 𝑡, 𝑡. ≡ −𝑖 𝑎-# (𝑡.)𝑎(!(𝑡)

Σ',*10 𝑡, 𝑡. = =
(!∈'

ℎ*(!(𝑡)𝑔(!
0 (𝑡, 𝜏)ℎ(!1(𝜏)



Time-dependent Quantum Transport

𝐺! 𝑡", 𝑡# = 𝐺$! 𝑡", 𝑡# +&𝑑𝑡%𝑑𝑡& 𝐺$! 𝑡", 𝑡% (
'

𝑉' 𝑡%, 𝑡& 𝐺!(𝑡&, 𝑡#)

𝐺( 𝑡", 𝑡# =&𝑑𝑡%𝑑𝑡& 𝐺!(𝑡", 𝑡%)(
'

Σ'( 𝑡%, 𝑡& 𝐺)(𝑡&, 𝑡#)

𝑉' 𝑡", 𝑡# = Σ$'! (𝑡" − 𝑡#) 𝑒
* ∫!"

!# ∆$(.)0. − 1

time meshs: ~200-600 points
Ke et al. J. Chem. Phys 132, 234105 (2010)



Time-dependent Quantum Transport

Ke et al. J. Chem. Phys 132, 234105 (2010)



TDDFT-NEGF

𝑖 ̇𝜌+ 	(𝑡) = ℎ+ 𝑡 , 𝜌+ 𝑡 − 𝑖=
'

𝜑' 𝑡 − 𝜑'#(𝑡)

auxiliary density matrix:

self energies:

Λ' 𝜖 : line width function

incomingoutgoing



TDDFT-NEGF

equation of motions of auxiliary density matrix:

𝑖�̇�' 𝜖, 𝑡 = ℎ 𝑡 − 𝜖 − ∆'(𝑡) 𝜑' 𝜖, 𝑡

+ 𝑓' 𝜖 − 𝜌 Λ' 𝜖 +=
'.

R𝑑𝜖. 𝜑','.(𝜖, 𝜖., 𝑡)

𝑖�̇�','. 𝜖, 𝜖., 𝑡 = − 𝜖 + ∆' 𝑡 − 𝜖′ − ∆'.(𝑡)  𝜑','.(𝜖, 𝜖., 𝑡)

+Λ'. 𝜖′  𝜑' 𝜖, 𝑡 − 𝜑'# 𝜖′, 𝑡 Λ' 𝜖

solve: 𝜌, 𝜑), 𝜑),)2



Wide Band Approximation

Padé expansion of Fermi-Dirac distribution: 



𝜖./
±  relates to kth Padé poles and time-dependent external bias voltage

𝜑' 𝑡 = 𝑖 𝜌 𝑡 − 1/2 Λ' +=
(

2

𝜑'((𝑡)

𝜑'( 𝑡 = −𝑖 R
$3

3
𝑑𝜏 𝐺4(𝑡, 𝜏)Σ'(# (𝜏, 𝑡)

Σ'(# 𝜏, 𝑡 =
2
𝛽
𝜂(𝑒5 ∫1

2 7!3
± (94);94Λ'

𝑖�̇�'( 𝑡 = −
2𝑖𝜂(
𝛽

Λ' − 𝜖'(# 𝑡 − ℎ 𝑡 + 𝑖Λ 𝜑'( 𝑡

equation of motion for the auxiliary density matrix:

with initial condition:

0 = −
2𝑖𝜂(
𝛽

Λ' − 𝜖'(# 0 − ℎ 0 + 𝑖Λ 𝜑'( 0

Wide Band Approximation



Wide Band Approximation



1 ' 1 ' 1 ' 1 ' 1
'
{[ ( , ) ( , ; ) ( , ) ( , ; )] . .}( )
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D
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h
z

h
µ

± » ± +
- + - -å

Zheng, Chen, Mo, Koo, Tian, Yam & Yan, JCP 133, 114101 (2010)

Lorentzian Decomposition 

Lorentzian Decomposition



i ϕαk = hD (t)− iγαk −Δα (t)#$ %&ϕαk (t)

+i σ D (t)Aαk
> +σ D (t)Aαk

<#
$

%
&

+ ϕαk ,α 'k '(t)
k '=1

Nk

∑
α '

∑
1st-tier
auxiliary matrix

i ϕαk ,α !k ! = − iγαk +Δα (t)− iγα !k ! − Δα !(t)$% &'ϕαk ,α !k !(t)

+i Aα !k !
> − Aα !k !

<( )ϕαk (t)

−iϕα !k !
† (t) Aαk

> − Aαk
<( )

2nd -tier 
auxiliary matrix

i σ D = hD ,σ D
!" #$− i Qα (t)

α=L,R
∑ Qα (t) = i ϕαk (t)−ϕαk

† (t)"
#

$
%

k=1

Nk

∑

Self-energy: Lorentzian expansion
Fermi function: Padé expansionZheng et. al. JCP 133, 114101 (2010)

Lorentzian Decomposition



'
, , '2 2 2 2

1 ' 1 ' '

( )
( ) ( )

d dN
d d

d d
d d dd d

N

dW Wa a a
h h¢

==

L ´ L L
-W -W

=
+ +ååÚ

Ú Ú

Wang, Zheng, Chen and Yam.  J. Chem. Phys. (2015)

Squared-Lorentzian decomposition

maintain the positivity of 
spectral function 

Lorentzian Decomposition



Complex Absorbing Potential

𝑟%: define the size of absorbing region



Environment

System

Open System

Particle

Energy

i ρD (t) = [hD (t),ρD (t)]− i Qα
α

∑ (t)

Iα (t) = −Tr[Qα (t)]

Time

CNT Molecular Electronics



Yam, Mo, Wang, Li, Chen, Zheng, Matsuda, Tahir-Kheli & Goddard (2008)

Dynamic Admittance



Switch-on time: ~ 10 fs

Dynamic Admittance

Yam, Mo, Wang, Li, Chen, Zheng, Matsuda, Tahir-Kheli & Goddard (2008)



Switch-on time: ~ 10 fs

Equivalent Circuit

Yam, Mo, Wang, Li, Chen, Zheng, Matsuda, Tahir-Kheli & Goddard (2008)



• six-ring oligothiophene (T6) as donor and C60 as acceptor
• simulation region is sandwiched between semi-infinite T6 and 

C60 molecular units

How insert

e-, E

……

Simulation Region (D)
Environment

Moving Region (M)

e-, E

Surface SL Surface SR

X
Y

T6-1 T6-2 T6-3 C60-1 C60-2 C60-3
Environment

T6 PCBM C60P3HT-6
poly-3-hexylthiophene [6,6]-phenyl-C61 butyric acid methyl 

ester 

Organic Solar Cell: Model

Absorption 



• six-ring oligothiophene (T6) as donor and C60 as acceptor
• simulation region is sandwiched between semi-infinite T6 and 

C60 molecular units

e-, E

……

Simulation Region (D)
Environment

Moving Region (M)

e-, E

Surface SL Surface SR

X
Y

T6-1 T6-2 T6-3 C60-1 C60-2 C60-3
Environment

Absorption 

Organic Solar Cell: Model



• six-ring oligothiophene (T6) as donor and C60 as acceptor
• simulation region is sandwiched between semi-infinite T6 and 

C60 molecular units
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Organic Solar Cell: Model



Dynamics of induced Mulliken charge in real space

• Red: induced electron
• Blue: induced hole
• External field applied on T6-2 only.
• The ground state Mulliken charge 

is deducted to illustrate charge 
dynamics due to the excitation. 

• The induced Mulliken charge is 
integrated within a 0.4 fs time 
interval to properly display the the 
excitation effect.

Light-induced charge carrier dynamics



Light-induced Charge Dynamics in Blend 

• Identical dynamics 
of the electron and 
hole in the donor 
region; 

• Same oscillations of 
the electron and 
hole: excitonic 
nature of the 
transport of optical 
excitation.

• Hole transfer from 
T6 to C60 is mostly 
suppressed



 

Fourier transform (FT) of Δ𝑛%& for T6-2, donor region (all three T6 molecular units), C60-2, and acceptor region 
(all three C60 molecular units) with moving (blue) and clamped ions (orange), respectively.

Wavenumber Region Moving/Clamped Attribution
2500 cm-1 T6-2 Both Electronic couplings between neighboring T6-units
1800 cm-1 T6-2 Clamped ions Electronic couplings between neighboring T6-units
1600 cm-1 Donor Moving ions The C=C stretching vibrational mode
1000 cm-1 C60-2 Both Electronic couplings between neighboring C60-units
1600 cm-1 C60-2, Acceptor Moving ions Vibronic-enhanced charge transfer

Light-induced Charge Dynamics in Blend 
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Well-ordered: Molecular structures are exactly same and highly 
ordered along the transport direction
LDOS: Occupied and unoccupied states span the entire simulation 
region

Induced Charge Dynamics in ordered T6 



• Occupation oscillations over the entire 
simulation region and time interval;
• More pronounced oscillation in the 

case of clamped ions;

• 0 - 20 fs: identical oscillations 
for both cases;

• 20 - 150 fs: vibrational motions
set in, wash out the oscillation
periodicity in the case of
moving ions;

• Occupation oscillations over
the entire simulation region
and time interval;

• More pronounced oscillation in 
the case of clamped ions;

Induced Charge Dynamics in ordered T6 



Disordered T6 Stacks

T6:C60 Blend

Well Ordered T6 StacksClamped Moving
• Vibrational mode 

(C=C) modulates 
the electronic 
couplings between 
the donor units by 
detuning the 
electronic states

• In disordered 
systems: the 
coupling of 
electrons to selected 
vibrational modes 
may promote 
coherent charge 
transport

Light-induced Charge Dynamics in Blend 



Constructive Interference

Destructive Interference

Interference and Molecular Transport 



Tight-binding Hamiltonian: 
H = ε

µ

∑ dµ
†dµ + γdµ

†dυ
µ ,υ=µ±1
∑ + εkα

kα

∑ ckα
† ckα + (Vkαµckα

† dµ +H .c.)
α ,kα ,µ
∑

𝜸 = 𝟐𝒆𝑽

𝒕 ≥ 𝟎 = 𝟎. 𝟎𝟏𝑽

Model



Transient Current

Chen, Zhang, Koo, Tian, Yam, Chen, Ratner JPCL (2014)



Transient Current – meta



Transient Current – meta
𝑸𝜶,𝒏𝒎 𝒕

= −%
𝒍∈𝑫

&
)*

*
𝒅𝝉1

2

𝑮𝒏𝒍𝒓 𝒕, 𝝉 𝜮𝜶,𝒍𝒎
, 𝝉, 𝒕

+ 𝑮𝒏𝒍
, 𝒕, 𝝉 𝜮𝜶,𝒍𝒎𝒂 𝝉, 𝒕 + 𝐇. 𝐜.



Interference



Transient Current – para case



Buttiker probe - Decoherence



Decoherence



Charge flow results in coherent peaks in 2-D electronic spectra 

𝑬𝒚 𝑬𝒚 𝑬𝒙

𝑬𝒙 𝑬𝒙 𝑬𝒚

𝜇!

1

2

3

4

𝜇"
1.2eV0.8eV

𝜇!

1

2

3

4

𝜇"
1.2eV0.8eV

|4⟩ ⟨3|
|4⟩ ⟨4|

:
|2⟩ ⟨2|
|2⟩ ⟨1|
|1⟩ ⟨1|

|2⟩ ⟨1|
|2⟩ ⟨2|

:
|4⟩ ⟨4|
|4⟩ ⟨3|
|3⟩ ⟨3|

Photoinduced Charge Transfer



• Equations of motion
𝑖ℏ�̇�(𝑡)

= ℎ 𝑡 , 𝜎 𝑡 − =
'>?,@

𝜑' 𝑡 − 𝜑'
A 𝑡 − 𝜑BC 𝑡 − 𝜑BC

A 𝑡

• Electron-Phonon Interaction (EPI) Self-Energy

ΣBC 𝑡, 𝜏 ≈ 𝑖ℏ=
D

𝛾D𝑑E,D 𝑡, 𝜏 𝐺++ 𝑡, 𝜏 𝛾D

𝜑BC 𝑡 ≡ 𝑖ℏR
$3

9
𝑑𝜏 [𝐺+0 𝑡, 𝜏 ΣBCF 𝜏, 𝑡 − 𝐺+F 𝑡, 𝜏 ΣBC0 𝜏, 𝑡 ]

J. Chem. Phys. 2013. 138, 164121

Phonon-Assisted Charge Transfer



𝑬𝒚 𝑬𝒚 𝑬𝒙

|2⟩ ⟨1|
|2⟩ ⟨2|

:
|4⟩ ⟨4|
|4⟩ ⟨3|
|3⟩ ⟨3|

3

4

2

1

𝜇"
𝜇! 1.2eV
0.8e
V

• Energy transmission between phonon and excited electrons 

𝜔$ = 0.4eV/ℏ No Phonon
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Pulse Frequency and System-Electrode Coupling 
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Thank you for your attention


