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Review of SSE
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Stochastic Series Expansion
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Structure of the program

1. Initialization of RNG;

2. Initialization of Lattice;

3. Initialization of vertex weight;

4. Initialization of transfer matrix 

and probability;

5. Initialization of configuration 

and operator list;

6. #======Thermalization loop=====

7. for i=1:istp

8. diagonal update();

9. loop update();

10. adjust truncation dimension M;

11. end

12. #======Measurement loop=====

13. for i=1:mstp

14. diagonal update();

15. loop update();

16. measure();

17. end

18. writing data



Initialization of RNG

LCG:

𝑥𝑛 = Mod(𝑎𝑥𝑛−1 + 𝑐, 𝑝)
Seed: 𝑥0



Initialization of lattice

One dimensional chain:

2D?



Initialization of lattice

Square Lattice:

(x0,y0) (x1,y0)

(x0,y1)

triangular?



Initialization of vertex
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Initialization of weight
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All the weight > 0



Initialization of transfer matrix



Initialization of transfer probability



Initialization of transfer probability

𝑃𝑖𝑗 =
𝑎𝑖,𝑗
𝑊𝑖



Operator list

Unit Operators  (Zero-operator)



Diagonal update



Link table
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Link table
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Loop update
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Recovering the configuration



Main Program
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sampling { , …… }
Measure

{𝐸,𝑀, 𝜌𝑠 , 𝜒,
𝑆 𝑄 ,… }

sample
{ , …… }

Measure

{ARPES, NMR
, STM,… }

QMC ↔Quantum Material



sampling

𝜌𝛼,𝛼|𝛼⟩⟨𝛼| ⟨𝛼|=1010

𝜌𝛼,𝛼 = 𝛼 exp −𝛽𝐻 𝛼

lim 𝛽→+∞
= 𝛼 𝜙0 𝛼

2

QMC↔Quantum Computing

𝑄0

𝑄1

𝑄2

𝑄3

Square Heisenberg

4 × 4



Measure



Data Analysis



Data Analysis



Data Analysis



Jackknife



Quantum Magnetism



Ising Model:
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Ferromagnet Paramagnet

Ising Model
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Spin-S Model

𝑚 + 1 𝑆𝑖
+ 𝑚

= 𝑆 𝑆 + 1 −𝑚(𝑚 + 1)

Diagonal Operators

Off-Diagonal Operators
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𝑚 𝑚 + 1
𝑚 = −𝑆,−𝑆 + 1,… , 𝑆 − 1, 𝑆

= 𝑛 + 1 2𝑆 − 𝑛𝑛 = 0, 1, … , 2𝑆 − 1,2𝑆



Inhomogeneous Problem

Impurity: Open boundary:

Site dependent vertex and transfer variables:   e.g.:   weight[type,nb]



Transverse Ising Model

TmMgGaO4 (TMGO)

𝐻 = 𝐽1

𝑖,𝑗

𝑆𝑖
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Extended TFIM:
Paraelectric hexaferrite



Transverse Ising Model
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Transverse Ising Model

𝜏

𝑟

𝜏

𝑟

Swendsen-Wang

cluster method

−𝐵

𝑖

𝑆𝑖
𝑍 ?



Transverse Ising Model
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Quantum Dimer model

PBC

Dimer mapping

T. Schlittler, T. Barthel, G. Misguich, J. Vidal,and R. Mosseri, 

PRL 115, 217202 (2015)



Optical Lattice



Optical lattice



Optical lattice

Feshbach Resonance

Bose-Hubbard Model

𝐻 = −𝑡

𝑖,𝑗

𝑏𝑖
†𝑏𝑗 + ℎ. 𝑐. +

𝑈

2


𝑖

𝑛𝑖(𝑛𝑖−1) − 𝜇

𝑖

𝑛𝑖



SSE

𝑛 + 1 𝑏𝑖
+ 𝑛 = (𝑛 + 1)

Diagonal Operators

Off-Diagonal Operators

𝑛 𝑛′

𝑛 𝑛 + 1

𝑛 𝑛′

𝑛 + 1 𝑛

𝑛 + 1 𝑛

𝑛 𝑛 + 1
𝑛 = 0, 1, … , 𝑛𝑀𝑎𝑥

−𝑡 𝑏𝑖
†𝑏𝑗 −𝑡 𝑏𝑖𝑏𝑗

†
𝑛 − 1 𝑏𝑖 𝑛 = 𝑛



Tool Box



Geometry

NJP 12 (2010) 065025

PRL 108, 045305 (2012) Nature 448, 1029  (2007)

Dimension

Crossover:

Honeycomb

Lattice:

Triangular

Lattice:

Kagome

Lattice:

Super

Lattice:

−𝑡 −𝑡′



Multi-Component

Two species Bose-Hubbard model:

𝐻 = −𝑡

𝑖

𝑎𝑖
†𝑎𝑖+1 + 𝑏𝑖

†𝑏𝑖+1 + ℎ. 𝑐. a b

a

b

+𝑈𝑎𝑏

𝑖

𝑛𝑖𝑎𝑛𝑖𝑏 + 𝑈𝑎𝑎

𝑖

𝑛𝑖𝑎(𝑛𝑖𝑎−1) + 𝑈𝑏𝑏

𝑖

𝑛𝑖𝑏(𝑛𝑖𝑏−1)

a b

a b
a

b

−𝒕

𝑼𝒂𝒃

No hopping in vertical bonds !!!!



Cluster (Plaquette) SSE

a

b

−𝒕

𝑼𝒂𝒃

𝒊 𝒋

𝑈𝑎𝑎 ≫ 1 𝑈𝑏𝑏 ≫ 1Hard-core limit:

Larger vertex:

𝑛𝑖
𝑎 𝑛𝑗

𝑎 𝑛𝑗
𝑏 𝑛𝑖

𝑏

Diagonal Operators:

Off-Diagonal Operators:

𝑛𝑖
𝑎 𝑛𝑗

𝑎 𝑛𝑗
𝑏 𝑛𝑖

𝑏

𝑛′ 𝑛′′

𝑛 𝑛 + 1

𝑛 + 1 𝑛

𝑛′ 𝑛′′

𝑛′ 𝑛′′

𝑛 𝑛 − 1

𝑛 − 1 𝑛

𝑛′ 𝑛′′

More updating

choice!



Many-body Interaction

Nature Physics 3, 726 (2007)

Three body interaction: Ring Exchange：

Nature Physics   13, 1195  (2017)



Rydberg Array



Rydberg State

Rydberg state

(large principal 

quantum number 𝑛 > 50)

long lifetime (𝑛3):   

∼ 100𝜇𝑠 @𝑛 ≈ 50

Ground state

Two-Level ensembles:

𝑒 : Rydberg state

𝑔 : Ground state



Rydberg State

Rydberg state

(large principal 

quantum number 𝑛 > 50)

long lifetime (𝑛3):   

∼ 100𝜇𝑠 @𝑛 ≈ 50

Two-Level ensembles:

𝑒 : Rydberg state

𝑔 :

Ground state

Ground state

𝜔𝑝

𝐻 =
ℏ

2
𝜔𝑐 − 𝜔𝑝 |𝑒⟩⟨𝑒| +

ℏΩ

2
𝑒 ⟨𝑔| + ℎ. 𝑐.

Rabi model: Detuning：𝛿 = 𝜔𝑐 − 𝜔𝑝

Energy gap: ℏ𝜔𝑐 Laser frequency: 𝜔𝑝
Rabi frequency:   Ω (proportional to laser power)



Rydberg State

Rydberg state

(large principal 

quantum number 𝑛 > 50)

long lifetime (𝑛3):   

∼ 100𝜇𝑠 @𝑛 ≈ 50

Sr-88 atoms:

𝑒 :

𝑔 :

Ground state

𝜔𝑝

5𝑠61𝑠3𝑆1, 𝑚𝐽 = 0

5𝑠5𝑝3𝑃0 (𝑐𝑙𝑜𝑐𝑘 𝑠𝑡𝑎𝑡𝑒)

UV laser:      𝜔𝑐 = 317𝑛𝑚



Two-photon process

Rydberg state

(large principal 

quantum number 𝑛 > 50) Rb-87 atoms:

𝑒

Ground state

Ω1
|43𝑆1/2, 𝑚𝐽 = −1/2⟩

𝜔1 = 780𝑛𝑚 𝜔2 = 480𝑛𝑚

Ω2

Intermediate state

𝑔

𝑖
Δ 𝑒

𝑖 |5𝑃3/2, 𝐹 = 3,𝑚𝐽 = −3⟩

𝑔 |5𝑆1/2, 𝐹 = 2,𝑚𝐽 = −2⟩

Ω =
Ω1Ω2
2Δ

𝛿

Adiabatic  Elimination

Large Δ



Dipole-dipole Interaction

Vvdw =
𝐶6
𝑅6

Strong long range interaction:

VEDDI =
𝐶3
𝑅3

𝐶6 ∝ 𝑛11



Dipole-dipole Interaction

Quantum Many body Hamiltonian:

𝐻 =
ℏ

2
𝛿

𝑖

𝑛𝑖 +
ℏΩ

2


𝑖

𝜎𝑖
𝑥 +

𝑖,𝑗

𝑉𝑖𝑗𝑛𝑖𝑛𝑗

𝑛 = |𝑒⟩⟨𝑒| =
𝜎𝑧 + 1

2
𝜎𝑥 = |𝑒⟩⟨𝑔| + |𝑔⟩⟨𝑒|

Blockade radius:

ℏΩ ≪ 𝐶6/𝑅𝑏
6

𝑉𝑖𝑗 =
𝐶6

(𝑅𝑖 − 𝑅𝑗)
6

𝑅𝑏 =
𝐶6
ℏΩ

1/6

∼ 5𝜇𝑚



Rydberg atom in optical lattice



Optical Tweezer



Optical Tweezer



SLM



3D SLM



Rydberg Array

Pascal Scholl, et. al Nature 595, 233 (2021)

𝛿

Ω

|g⟩

|e⟩

𝐻 =

𝑖𝑗

𝐽𝑖𝑗𝑆𝑖
𝑍𝑆𝑗

𝑍 − Ω

𝑖

𝑆𝑖
𝑥 + 𝛿

𝑖

𝑆𝑖
𝑧

𝐻 =

𝑖𝑗

𝐶6

𝑟𝑖𝑗
6 𝑛𝑖𝑛𝑗 −

Ω

2


𝑖

𝜎𝑖
𝑥 +

𝛿

2


𝑖

𝜎𝑖
𝑧

𝑛𝑖 → (𝑆𝑖
𝑍 + 1)/2

Laser 

power

Laser 

frequency
SLM



Trapped Ion

𝐻 =

𝑖𝑗

𝐽𝑖𝑗𝑆𝑖
𝑍𝑆𝑗

𝑍 − Ω

𝑖

𝑆𝑖
𝑥 + 𝛿

𝑖

𝑆𝑖
𝑧



D-Wave



SSE for Rydberg Array



Rydberg Array in a Cavity?

𝐻 =

𝑖𝑗

𝐶6

𝑟𝑖𝑗
6 𝑛𝑖𝑛𝑗 − 𝑔

𝑖

𝜎𝑖
𝑥 𝑎† + 𝑎 +

𝛿

2


𝑖

𝜎𝑖
𝑧 +𝜔𝑎†𝑎

𝑛

𝑛 − 1

0 1

0 1
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Parallel Tempering 

Why we need the Parallel Tempering: Barren Plateaus:



Parallel Tempering 



Parallel Tempering 

Bond-order-wave phase and quantum phase transitions in the 
one-dimensional extended Hubbard model
Pinaki Sengupta, Anders W. Sandvik, and David K. Campbell
Phys. Rev. B 65, 155113 (2002)


