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Consider the problem of scattering of electromagnetic waves by a doubly periodic Lipschitz structure. The medium above
the structure is assumed to be homogenous and lossless with a positive dielectric coefficient. Below the structure there
is a perfect conductor with a partially coated dielectric boundary. We first establish the well-posedness of the direct
problem in a proper function space and then obtain a uniqueness result for the inverse problem by extending Isakov’s
method. Copyright © 2009 John Wiley & Sons, Ltd.
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1. Introduction

The scattering theory in periodic structures has many applications in micro-optics, radar imaging and non-destructive testing. We
refer to [1] for historical remarks and details of these applications. In this paper, we will consider the direct and inverse problems for
electromagnetic scattering by a doubly periodic structure with a partially coated dielectric.

Physically, the propagation of time-harmonic electromagnetic waves (with the time variation of the form e~ »>0) in a homo-
geneous isotropic medium in R3 is modeled by the time-harmonic Maxwell equations:

curlE—ikH=0, curlH+ikE=0 (1)

Here, we assume that the medium is lossless, that is, k is a positive wave number given by k=, /euw in terms of the frequency w, the
electric permittivity ¢ and the magnetic permeability i, which are assumed to be positive constants everywhere. Let the scattering
profile be described by the doubly periodic surface

I'={x3=F(x1,x2) | f(x1 +2n1 7, x3 +2ny7) =f(x1,x2) Vn=(n1,n3) € Zz}

of period A=(2x, 2n). Consider the plane wave

incident on I from the top region Q:={x € R3|x3>f(x1,X2)}, where d= (a1, o, — ) =(cos 61 cos 0, cos 0 sin B2, —sin 01) is the inci-
dent wave vector whose direction is specified by 07 and 0, with 0<07 <, 0<0,<2n and the vectors p and g are the polarization

directions satisfying that p=./pt/¢(g xd) and q_Ld.
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In this paper, we assume that the boundary I'=0Q has a Lipschitz dissection '=I'pUXUI’, where I'p and I'; are disjoint,
relatively open subsets of I', having X as their common boundary. Suppose a perfect conductor is below I" with a partially coated
dielectric on I';. The problem of scattering of time-harmonic electromagnetic waves in this model leads to the following problem:

curlcurl E—k*E=0 inQ v
vxE=0 onTp (3)
vxcutlE—iA(vxE)xv=0 on Ty (4)
E=E'+F inQ (5)

where v is the unit normal pointing into Q. Throughout this paper, we assume that 1 is a positive constant and I';j#@.

Let a=(a1,02,0), X' =(x1,X2,0) € R3, n=(n1,n3) € Z2. We require the electric field E(x) to be «-quasi-periodic in the sense that
E(x1,x2,X3)e*i°"X/ are 27 periodic with respect to x1 and xy, respectively. We also need a radiation condition in the x3 direction such
that E(x) can be composed of the incident wave Ef plus bounded outgoing plane waves ES in the form of

Fx= Y EnelnX +5nX3) oo maxf(xg, x2) (6)
nez? X%

where oy = (a1 +n1, 02 +n3,0) € R3, En:(Eﬁ,”, Eﬁ,z), E§,3)) €C3 are constant vectors and

K2 —1an|P)V2 if Jun| <k
a2 —k2)1/2

i(Jo, if |on|>k
with i2 = —1. Furthermore, we assume that pn#0forallne 72. The series expansion in (6) will be considered as the Rayleigh series of
the scattered field and the condition is called the Rayleigh expansion radiation condition. From the fact that divE*(x) =0 it is clear that

Un 'En +ﬂnE,(73) =0

The coefficients Ej, in (6) are also called the Rayleigh sequence.

The direct problem is to compute the scattered field E5 in Q given the incident wave E' and the diffraction grating profile I’
with the corresponding boundary conditions. Since only a finite number of terms in (6) are upward propagating plane waves and
the rest are evanescent modes that decay exponentially with distance from the grating, we use the near-field data rather than the
far-field data to reconstruct the surface. Thus, our inverse problem is to determine the profile I" and the impedance coefficient /
from the knowledge of the incident wave E' and the total tangential electric field v x E on a plane I, ={xeR3|x3 =b} above the
surface.

Scattering of electromagnetic waves by a smooth doubly periodic structure has been studied by many authors using both integral
and variational methods. See, e.g. [2-7] for the results on existence, uniqueness, and numerical approximations of solutions to the
direct problems. The inverse problem in a smooth doubly periodic structure has been considered in [3, 8] for the case when I';=0.
With a lossy medium (i.e. Im (k)>0) above the conductor, Ammari [3] proved a global uniqueness result for the inverse problem with
one incident plane wave. For the case of lossless medium (i.e. Im (k) =0) above the conductor, a local uniqueness result was obtained
by Bao and Zhou in [8] for the inverse problem with one incident plane wave by establishing a lower bound of the first eigenvalue
of the curlcurl operator with the boundary condition (3) in a bounded, smooth convex domain in R3. The stability of the inverse
problem was also studied in [8]. For inverse scattering problems by bounded obstacles, the reader is referred to [9, 10].

The result in [3] was based on the space H(curl, Qo) with the boundary value in the trace space Hgil/z(l") in the case when I')=0
and I is smooth. If I' is Lipschitz, the trace space on I' of H(curl, Qo) was defined in [11] (see also the references there). The validity
of the Hodge decomposition and integration by parts formula were also proved in [11] for non-periodic case. In this paper, we use the
quasi-periodic vector space X(Qp, I') and its tangential trace space Y(I'p) on I'p introduced in [12, 13] to establish the well-posedness
of the direct problem. These spaces will play a crucial role in the study of not only the direct problem but also the inverse problem.
Our main results in this paper extend the results of [3, 12] to the case of a doubly periodic Lipschitz boundary with a partially coated
dielectric. We first propose a variational formulation in a truncated domain by introducing a Dirichlet-to-Neumann map on an artificial
boundary I', and then use the Hodge decomposition to prove the existence of a unique solution to the direct scattering problem
with the help of the Fredholm alternative. We are more interested in the inverse problem. In this paper, we use electric dipoles as
incident waves to detect the unknown doubly periodic structure and establish a uniqueness theorem by employing Isakov’s method
(see [14]). This result seems unsatisfactory in the practical sense since it requires the information on the scattered field associated
with all the electric dipoles lying on I'y,.

The rest of the paper is organized as follows. In Section 2, we introduce some suitable quasi-periodic function spaces needed in the
study of the direct problem and the Dirichlet-to-Neumann map on an artificial boundary I'y, transforming the problem (2)—-(6) into a
boundary value problem in a truncated domain Q. In Section 3, we establish the well-posedness of the direct problem, employing
the variational method together with the Hodge decomposition and the Fredholm alternative. Section 4 is devoted to the uniqueness
of the inverse problem.
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2. Function spaces and the dirichlet-to-neumann map

In this section we introduce some function spaces needed to solve the scattering problem (2)-(5). We will also define the Dirichlet-
to-Neumann map on an artificial boundary to truncate the unbounded domain of the scattering problem. Define

I' = {x3 =f(x1,x2) | 0<xq,x2 <27}
I'py ={x3=0b]0<x1,x2<27}
Q={xe R3 | x3>f(x7,x2),0<x1, X <27}
Qp = {xeQ|x3<b}
We introduce the following scalar quasi-periodic Sobolev space:
H'(©Qp)={ ulx)= 22 Un explilon X + Bpx3)l|ue L2(Qp), Vue (L2(Qp)3, un e C
nez

Denote by H'/2(I'p) the trace space of H'(Qp) on ', with the norm

102y = X Wal2( 1o, fen!2(Ty)
nez

where f = (f, explizn X)) 2(r,) and write H~2(T'y)=(H"?(T',))’, the dual space to H"/2(Ty).

We now introduce some vector spaces. Let

Hcurl, Qp)={Ex)= Y Epexplilun-X' +Bpx3)1|EncC3,  Ec(L?(Qp)?, curlEe(L2(Qp))?

nez?

with the norm
11 cun 00 = IE1 2, +IcurlEl
and let
Ho(curl, Qp) ={EeH(curl,Qp), vx E=0 onTy}
Define
X:=X(Qp, T))={E e Hlcurl,Qp), vx Elg, € LZ(I))}
with the norm

2 _ k2 2
IENY = 1ENHcur 0p) 1V < E”L%(r,)

where L?(l"): {E€(L2(T)3, v-E=00n T7}. For s R define

H(Tp) = {E(x/)= Y Enexplion-x)|EneC3, e3-E=0,

nez?

Y (1 +1anl?|Enl? <400
nez?

Hi(div, Tp) = {E(x’): 3 Epexplion-x)|EneC3, e3-E=0,
nez?

IENEs v, rpy = 2 (1+|ocn|2)5(|En|2+|En-an|2)<+oo}

nez?

Hi(curl, Tp) = {E(x/): Y Enexplion-x)|EneC3, e3-E=0,

nez?

IENEs(curt,ry = 20 (1410l (Enl® +|En xan|2)<+oo}
nez?
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and write L2(T'p) =H?(I',). Recall that
Hy V2(div, Tp) = fe3 x Elr,, E€H(curl, Qp))

and that the trace mapping from H(curl, Q) to H;Vz(div,l"b) is continuous and surjective. The trace space of X(Qp,I')) on the
complementary part I'p is

Y(Tp)={fe(H™V2(Tp))3|3E e Ho(curl, Q) such thatv x E|r, € LA(T), v x Elrp, =1}
which is a Banach space with the norm

113 5y = PN Bcur ) F 1V X Ny |

E € Ho(curl, Qp), v x E|r, € L2(T)), v x Elrp =f}

An equivalent norm to || ||yrD is given by (see [12, 15])

_ [{f, D)1]
lflllh=sup —————
oex(@,, 1) 1Pllx(0, 1)

where, for E e Hg(curl,Qp) satisfying that v x E|r, eLf(l",) and v x E|r, =f, we have
(f, )1 =/ curIE-CI>—E~curICI)dx—/ vXE-®ds(x), ®eX(QpI)) (7)
Qp I

In particular, Y(I'p) is a Hilbert space and (7) can be considered as a duality between Y(I'p) and its dual space Y(I'p)’. From (7) it can

been seen that ¢ € Y(I'p)’ can be extended as a function &eH;}rI/Z(F) defined on the whole boundary T such that @|r, eLf(F,).

For E(x’)zznezz Enexplian X)) eHr_Vz(div,l"b), define the Dirichlet-to-Neumann map %:Ht_1/2(div,l"b)—> Ht_Vz(curI,l"b) by
(ZE)X")=(e3 x curlE) xe3 on T} ®)
where E(x) is a quasi-periodic solution of the problem
curlcurl E—k2E =0, x3>b
vxE=EK) on Ty

Ex)= Y Epexplilen-X'+Bpx3)), x3>b
nez?
The Dirichlet-to-Neumann map Z is well-defined and can be used to replace the radiation condition (6) on an artificial boundary I'y,.
Let f=—vxE'lr,eY(Tp) and let h=—vxcurlE'|r,+il(vxE') xv|r, eLf(l",). Then the scattering problem (2)-(6) can be
transformed into the following boundary value problem in a truncated domain Qp:

curlcurlE—K2E=0 in Qp 9)
vxE=f on Ip (10
vxcurlE—ilEr=h on T (1m
(curlE)y = Z(e3 xE) on T (12)

where, for any vector function U, Ut =v x (v x U) denotes its tangential component on a surface. The Dirichlet-to-Neumann map %
has the following properties:

(1) Q:Ht_vz(div, Fb)—>Ht_V2(curI,Fb) is continuous and has the following explicit representation (see also [2]):
~ 1 ~ ~ .
PEK)== Y ——[k*En—(otn-En)otn] explictn -x') (13)
nez2 'Pn

where E(x/)zznezz Enexplion-x') and throughout this paper we assume that f3,, 0 for all ne Z2.
(2) Let P:{n:(m,nz)ezzmn is a real number}. Then

~ o~ 1 ~ ~
Re(ZEE) =412 Y. ——[K2[Enl? —|on-Enl?] (14)
neZz\Plﬁ”I
_Re(HEF SEN2 2
Re (#EE) > CrlldiVEIL 12 = CIEIG 12 (15)

where C7 and C; are positive constants and (-, -) denotes the inner product of Lf(l"b).
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@3)

~ ~ 1 ~ ~
Im (ZE,E) =471> Y —[k?|En|? — |oan -En|21=0 (16)
neP Pn

The representation (13) of # can be computed directly from its definition (8), and the properties (14)-(16) can be easily obtained
using this representation. Furthermore, there exists a C>0 such that for every n>0 and E € H(curl, Qp), we have (see [2])

Iy Ell v,y SChlleurl Ell 2q,) + (14 1/MEN 2] (17)
It is well-known (see [7]) that the free-space quasi-periodic Green function of R3 is given by

1 1
Gl y)=—— > ——explion &' —y)+if,lx3—y3)) (18)
8n nez? Iﬁn

3. The direct problem
In this section, we will prove the following result on the well-posedness of the direct problem (9)-(12).

Theorem 3.1
If fe Y(FD),heL?(l",) and I';#4, then there exists a unique solution E€X(Qy, I')) to the problem (9)-(12). Furthermore, we have

EIZ<CLIfIIZ hil? ®
HEN <CUllyqrp) + 1AN2 )] "

where C is a positive constant depending only on b.

Proof
We first prove the uniqueness of the solution. To this end, let f=0, h=0. Multiplying both sides of (9) by E and using integration by
parts (in the distribution sense), we have

/ |curIE|2—k2|E|2dx—iif |ET|2ds—/ Rlez x E)-(e3 x E)ds=0 (20)
Qp Ty Iy
We now take the imaginary part of the above equation and use (16) to find that

i | |Er)2ds=0
I

which implies that Er =v x (v x E)=0 on I'}. This together with the boundary condition (4) gives v x curlE=0 on I';. From the proof of

the representation formula in Proposition 3.3 of [7] and integration by parts in Lipschitzdomains, we have the following representation:

E(x):curlx/ v(y)XE(y)G(x,y)ds(y)—l—/ v(y) x curl E(y)G(x, y) ds(y)
r r

—Vy /r v(y)-E(y)G(x, y) ds(y)

:/ v(y)xcurIE(y)G(x,y)ds(y)—VX/ v(y)-E(y)G(x-y)ds(y)
I'p I'p

for any x € Q, where use has been made of the fact that vx E=0on I" and v x curlE=0 on I';. From this representation it follows that
E is regular across I'}. This together with the unique continuation principle (see [9, 16]) implies that E=0 in Q.
We now prove the existence of solutions. To this end, we introduce the following subspace of X(Q, I')):

X ={EH(curl, Qp)|vx Elr, =0, vxE|r, €LZ(I))} CX(Qp )

Then the problem (9)-(12) is equivalent to the variational formulation: find E € X(Qy, I')) such that v x E|r, =f and

aE,p)= | h-grds VeeX @1
I

where a(-,-):X x X— C is a bilinear form defined by

aw, )= | [curlw-curlg—k?w-@ldx—i WT.aTds—/ Ae3 xw)-(e3 x @) ds
Qp Iy I'y

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 147-156
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for any w, p € X. Since f € Y(I'p), then by the definition of Y(I'p) there exists a Ue Ho(curl, Q) such that v x Ulr, =f vx Ulr, el? @)
and vx U|r, =0. Let w=E—U. Then weX and the problem (21) is equivalent to the problem: find weX such that

aw, @)= (h,¢7)r,—a(U, 9):=B(p) YpeX (22)

where (-, -)1; denotes the L%(FI) scalar product. The proof is broken down into the following steps.
Step 1: To establish the Hodge decomposition:

X=Xo@®VS (23)
where S={peH'(Q), p=0 on I'} and
Xo = {woeX|alwg, Vp)=0 V¥peS}
= {wpeX|divwg=0, wp-e3=%(e3xwp) on Iy}

Here, for E=) ;2 Enexplion-x), the operator & : H; 1/z(dlvl"b)—>H_V2(l"b) is defined by

1
Z2E))== Y (e3 x op)-Enexplion-x) Vxelp
nez? ﬁ”

By the Poincaré inequality and the property of Z it follows that for any p€S,

Rea(Vp, VP K21 VPII} g, >ClIPI g (24)

that is, a(-, -) is coercive on S. On the other hand, by the properties of # and the trace theorem we know that for any weX thereis a
constant C independent of w and & such that

law, VOISCIWIIx ISl g, YE€S (25)

that is, a(w, V&) is a bounded linear functional on S. Thus, by the Lax-Milgram Theorem we know that for any weX there exists a
unique p €S such that

a(Vp, V&) =alw, V&) VYées

Let wog =w — Vp. Then by the definition of Xy we have wg € Xp. Now let wg € Xo N VS. Then wy = Vp for some p € S, and by the definition
of Xp it follows that

a(Vp,Vé)=alwy, V&) =0 VEeS

This together with (24) implies that p=0 and wg =0, which means that XoNVS=#. Thus, the Hodge decomposition (23) holds.
We now prove the second characterization of Xp. If a(wg, Vp)=0 for all p€S, then

—kZ/ wo -vr)dx—/ Rlez xwp)-(e3 x Vp)ds=0 VpeS
Qp Ty
where we have made use of the fact that, since p=0 on I', we have (Vp)r =0 on I'. This together with the divergence theorem gives
1
/ (divwo)ﬁdx—i—/ { —2Divrb [Z(wg x e3) x e3] —wg-e3 } pds=0 VpeS
Q Gy Lk
where Divr, denotes the surface divergence operator on I'y, which implies that
divwg =0 inQy
L.
Wp-e3 = kszIVrb(g@(63 X W()) X 63) on Fb
A direct calculation gives that for E(x Znezz Enexplion-x)eH; 1/2(d|v I'p),

1
Divr, (Z(E) xe3)=—k> Y —(e3 x an)-Enexpliozn-x) e H™V2(Ip)
nez? Pn

Thus, wg-e3=%(e3 x wg) on I'p. This completes the proof of Step 1.
Step 2: For any &€ S,B(VE)=—al(U, V¢) so, by (25) we have
IBOVOISCIUIlx Il q,) VEES (26)

_____________________________________________________________________________________________________________________|]
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for some constant C>0, that is, B(V{) is a bounded linear functional defined on S. Thus by (24) and the Lax-Milgram Theorem there
exists a unique p €S such that a(Vp, V&) =B(V¢) for all £€S. Further, it follows by (26) that

1pll41 (0, <C IV Ix (27)

By (23) we may assume that w=wo+Vp, ¢=¢q+VE with wg, o Xg and p, €S, Thus, the variational form (22) becomes the
problem: find wg € Xg such that

alwg, o) =B(pg) YpoeXo (28)

where B(gg):=B(pg) —a(Vp, ¢q).
Step 3: Let M be a positive constant to be determined later and let

[curlwg - curl g +Mwo -3 | dx—ixl/ Wor - @g, ds
I

ar(wo, @) 2/
o

b

- R(e3 x wp)-(e3 x pg)ds
Iy

as(wo, @) = —(M+k2)/ wo - Podx
Qp

Then a(wo, pg) =a1(wo, pg) +ax(wo, pq) for wo, @g € Xo. By (15) and (17) it follows that
—Re (%(e3 x wp), e3 x Wp)

(T'p)

>Cq||div(e3 x w, 2
1lldiv(es o)IIHr 12 (Ty)

2
—Clles x WO”H*VZ
t

2
1
. 2 2 2 2
2Cy || div(e3 x WO)”H;VZ(rb) =G lleurlwollfzg,) =3 (1 + E) Iwoll i,
where Cy,C; and C3 are three positive constants and 7>0 is arbitrary. Thus, we have
2 2
Rea1 (WOI WO) > ||CUT| WO||L2(Qb)+M”W0”L2(Qb)
2 2 2 2
—Canlleurlwo 175, ) —C3(1+1/ 0 Iwol 75 g
= (1=Gn)leurlwo |, +M—C3(1+1/)%)Iwo I}
L2(%y) L2(Qp)

Choose 7 sufficiently small and M sufficiently large so that

Reas (wo, wo)>Collcurlwoll s g (29)
for some constant Cp>0. Since Imaq(-,-)=—A||vx Wollfz(F ) we obtain from (29) and the definition of X that
t

2
la1 (wo, wo)| =Cllwo

for some constant C>0. Thus, by the Lax-Milgram Theorem, a1 (-, -) defines a bijective operator on Xy. On the other hand, it is seen
from Corollary 3.49 of [13] and the definition of Xj that Xg is compactly imbedded in (LZ(Qb))3, so as(-,-) defines a compact operator
on Xp. Consequently, a(-, -) defines an operator that can be split into a bijective operator plus a compact operator on Xg. Then a
standard argument implies that the Fredholm alternative can be used to prove the existence of solutions to the problem (28) if we
can prove the uniqueness of solutions to the problem (28). In fact, if a(wg, @) =0 for all ¢y € Xp, then by the Hodge decomposition of
X (see (23)) we have a(wg, ¢) =0 for all ¢ e)N(, which, together with (22) and the uniqueness of the direct problem, implies that wg =0.
This proves the uniqueness of solutions to the problem (28). Hence, the problem (28) has a unique solution wg € Xg C X satisfying that

Iwollx <Clhll 2y +1Ulx)

for some generic positive constant C, where use has been made of the fact that, by (26), (27) and the boundedness of a(U, ¢g) we
have

Bloo)l < CUAI 2y + 1Pkt (o) + IUIX) I polx

< CUIAl 2y + UL 9o lx

]
Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 147-156
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for any ¢q € Xp and some generic positive constant C. Consequently, E=U+wg+ VpeX(€y, I')) is a unique solution of the problem
(9)-(12) with the estimate

IElx < (1UlLx -+ Iwollx + 1 VpILx)
< Cllhllzgy + V1) (30)

with some generic positive constant C. From the definition of Y(I'p) it follows that for every ¢>0 there is a U, € Hp(curl, Qp) such that
vx Uglrp =Ff, v Uglr, €L2(T')), v Uglr, =0 and

IUelix<Iflly(rp) +e
Since the unique solution of the problem (9)-(12) is independent of the choice of U, the estimate (30) implies that
IENX<CUhl 2y + Ifllvarg) +6) - Ye>0
Since ¢ is arbitrary, we have
IENX<CUIANL 20y +Fllvorp)

where C is a positive constant depending only on b. This completes the proof of Theorem 3.1. a

4. The inverse problem

For P, y € R3 let us define the electric dipole

E}i,n :=E"(x,y)=curlxcurlx[PG(x,y), Xy

where G(x,y) is the free-space quasi-periodic Green function defined in (18), and let us denote by Vp={E)i,n lyeTl'p} the set of all
incident waves. Then we have the following uniqueness result on the inverse scattering problem.

Theorem 4.1
Let I';#% and let P; (i=1,2,3)eR3 be three linearly independent vectors. Assume that v x Ei Y, =v ><E§(x;y)|rb for all incident

waves E)i,n € U,-321 Vp,. Then
f1(x1,x2)=F(x1,x2) for any (x1,x2) € RZ and M=

Here, Ef(x;y) (j=1,2) is the unique quasi-periodic scattered solution of the Maxwell equations in Q;:={x € R3|x3 >fj(x1,x2)} with E)i,n
being the incident wave.

The following denseness result plays a center role in the proof of Theorem 4.1.

Lemma 4.2
Let I';## and let P; (i=1,2,3) be three linearly independent vectors. Let zg = (201, 202, Z03) € Qq satisfy that zo3> ||| 0. Then for every
compact set K C R3\Q there exists a sequence yn eI’y such that E)',’,‘] (x) converges to E'Zg(x) uniformly in X(K, T)).

Proof
Note first that both E)i,n (x)(yeTIy) and Eiz’(‘) (x) propagate downward and satisfy the Rayleigh expansion (6) with —f,, in R3\Q. A similar
argument as in the proof of Theorem 3.1 can be used to show the existence of a unique solution to the scattering problem in the
region below the doubly periodic structure with the impedance coefficient —/ and the Dirichlet-to-Neumann map on the artificial
boundary I'_j, below the structure.

Now, for y e T'y, define the function H}"f(x)e Y(I'p) x L%(l",) by

V() x £} (x) on I'p
H5(x) = ) .
v(x) x curle)',”(x)—H)VE;," x)7 onTy

To prove the lemma it is enough to show that Span{H5’| yeTlp,i=1,2,3} is dense in Y(I'p) xL%(F,). To this end, for f xheB*:=
Y(FD)/ X L?(F,) we are going to prove that f =0,h=0 under the assumption that (H}e’,fx h)g g+ =0 forany yeI'y,i=1,2,3. Recalling

that the dual relation between Y(I'p) and Y(I'p)’ is defined by (7) and the duality between L%(F,) and L?(l",) is the L2 scalar product,
we have

O=/ v(x) x curlycurl x[P;G(x, y)1-f(x) ds(x)
I'p

+ [ {v(x) x curl xcurlxcurl x[P;G(x, y)]+ii(curl xcurl x [P;G(x, y)]) T} - h(x) ds(x)
I

_____________________________________________________________________________________________________________________|]
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Since fe Y(I'p), there is an extension fe H;jrl/z(l") of f defined on I satisfying that 7|1—, eL?(l",). Thus we write the above equation as

0= / v(x) x curl yeurl xPiG(x, y) - F(x) ds(x) — [ v(x) x curl yeurl xPG(x, ) - F(x) ds(x)
Iy Iy

+ | {v(x) x curlxcurlycurl xP;G(x, y) +iA(curl xcurl xP;G(x, y)) 7} - h(x) ds(x)
I

Making use of the vector identity
{curlxcurlx[PG(x, y)I} - h(x) = {curlycurl, [h(x)G(x, )1} - P
we obtain by a direct calculation that for any yeI'y, and for i=1,2,3
k2E(y)-P;=0

where

1 ~ ~
E(y) = 2 {curlycurlyﬁG(x,y)f(x) X v(x) ds(x)—curlycurly-/rl G(x, y)f(x) x v(x) ds(x)

—I—kzcurly/ G(X,y)h(x)><v(x)ds(x)—i—i)vcurlycurly/ G(x,y)h(x)ds(x)}
Iy I

Since P; (i=1,2,3) are three linearly independent vectors in R3, it follows that £(y)=0 on I'y,. Furthermore, we have
curlcurl E—k*E =0 ye IRR3\F
vXE=0 yely

By the uniqueness of the exterior Dirichlet problem for the upward radiating solution and the analytic continuation of the solution
of the Maxwell equations, it is found that E(y)=0 for y3>f(yq,y>). When y— T, the following jump relations hold on T

VX ET—vxET =0 onIp
iJEf —iEf =—ilh onT;
vxcurlEY —vxcurlE~ =ith on T}

where the superscripts + and — indicate the limit obtained from Q and R3\Q, respectively. It should be remarked that, since fe

Hc_u1rl/2(r)’ the first integral over I in the definition of E(y) is well-defined with a H=V2() density (see [17]) and the corresponding jump

conditions are interpreted in the sense of L2 limit. Thus, combining these jump relations and using the fact that vx ET =v x curlEt =0
we obtain that

curlcurl E—k2E=0  y3<fly1,y2)
vxET =0 onI)p
vxcurIE_—H/lE; =0 onlIy

Noting that the unite normal v points into Q, the application of the uniqueness to the above problem yields that E(y) =0 for y3 <f(x7, x2).
Thus,

f=[curlElr, =0, h=—[vxElr,=0
where [-Ir, stands for the jump across I'4 of a function with A=D, /. The proof of Lemma 4.2 is then completed. a

Proof of Theorem 4.1.

Theorem 4.1 can be proved by contradiction. Suppose f1 #f>. Without loss of generality we may choose zg =(zg1,292,293) €I'1 such
that z03>(201,202) and zo +e3e¢ lies above the surface I'y and I'; for any &>0, where I'; ={x3 =f;(x1,x2) | 0<x1, x2<2n} with j=1,2.
From the assumption that vx E; (xy)Ir, :vxE%(x;y)h-b for all incident waves E)i,n eU?:1 Vp,, it follows by the uniqueness of the

exterior Dirichlet problem and the analytic continuation that E5 (x;y) =E§(x;y) in Q1 NQy. From Theorem 3.1 and Lemma 4.2 it is easy
to see that for any ¢>0

B (xzo+e3e)=E5(x;z0+e3e) in Q1NQy
However, since zg €I', we have
; S [y —
slino||v><E1 (xzo +638)||L?(1—1)—+OO

]
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which contradicts the fact that

lim ||vx E5(x;zg+e3¢ <400
a—)O” 2 zo+ 3)”L?(F1) +

— H H H H S _FS — FS i S _ S S —
Consequently, fi =f;, that is, I'1 coincides with I';. Hence, we have E1,yn _Ez,yn =Ej, in Q and v><E1,y’1 _v><E21yn, vxcurIELyn =
vxcurl Ei}’n on I'. We claim that I'1pNI'y; must be empty since, otherwise, a similar argument as above deduces that the total
electric field vanishes in Q, which is impossible.
Finally, it is seen from the boundary condition
S sq (N S _ P—
—I—Eyn)—lﬂj(Eyn—l—Eyn)T—O on Iy, j=1,2

in
v x curl (EJ/n

that (14 —}Lz)(E}i,: +E5n)T:O, which implies that 11 = /5. The proof of Theorem 4.1 is thus completed.

Acknowledgements

This work was partly supported by the Chinese Academy of Sciences through the Hundred Talents Program and by the NNSF of China
under grant No. 10671201.

References

1. Petit R (ed.). Electromagnetic Theory of Gratings. Springer: Berlin, 1980.
2. Abboud T. Formulation variationnelle des équations de Maxwell dans un réseau bipéiodique de R3. Comptes Rendus de I'Académie Des Sciences
1993; 317:245-248.
. Ammari H. Uniqueness theorems for an inverse problems in a doubly periodic structure. Inverse Problems 1995; 11:823-833.
. Bao G. Variational approximation of Maxwell’s equations in biperiodic structures. SIAM Journal on Applied Mathematics 1997; 57:364-381.
5. Dobson D. A variational method for electromagnetic diffraction in biperiodic structures. Mathematical Modelling and Numerical Analysis 1994;
28:419-439.
6. Dobson D, Friedman A. The time-harmonic Maxwell equations in a doubly periodic structure. Journal of Mathematical Analysis and Applications
1992; 166:507-528.
7. Nédélec JC, Starling F. Integral equation method in a quasi-periodic diffraction problem for the time-harmonic Maxwell equations. SIAM Journal
on Mathematical Analysis 1991; 22:1679-1701.
8. Bao G, Zhou Z. An inverse problem for scattering by a doubly periodic structure. Transactions of the American Mathematical Society 1998; 350:
4089-4103.
9. Colton D, Kress R. Inverse Acoustic and Electromagnetic Scattering Theory (2nd edn). Springer: Berlin, 1998.
10. Kress R. Uniqueness in inverse obstacle scattering for electromagnetic waves. Proceedings of the URSI General Assembly, Maastricht, 2002. Available
from: http://www.num.math.uni-goettingen.de/kress/researchlist.ntml.
11. Buffa A, Costabel M, Sheen D. On traces for H(curl Q) in Lipschitz domains. Journal of Mathematical Analysis and Applications 2002; 276:847-867.
12. Cakoni F, Colton D, Monk P. The electromagnetic inverse scattering problem for partially coated Lipschitz domains. Proceedings of the Royal
Society of Edinburgh 2004; 134A:661-682.
13. Monk P. Finite Element Method for Maxwell’s Equations. Oxford University Press: Oxford, 2003.
14. Kirsch A, Kress R. Uniqueness in inverse obstacle scattering. Inverse Problems 1993; 9:285-299.
15. Chen Z, Du Q, Zou J. Finite element methods with matching and nonmatching meshes for Maxwell’s equations with discontinuous coefficients.
SIAM Journal on Numerical Analysis 2000; 37:1542-1570.
16. Leis R. Initial Boundary Value Problems in Mathematical Physics. Wiley: Chichester, 1986.
17. Mclean W. Strongly Elliptic Systems and Boundary Integral Equations. Cambridge University Press: Cambridge, 2000.

A w

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 147-156



