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This paper is concerned with the direct and inverse time-harmonic electromagnetic scat-
tering problems for a finite number of isotropic point-like obstacles in three dimensions.
In the first part, we show that the representation of scattered fields obtained using the
Foldy physical assumption “on the proportionality of the strength of the scattered wave
on a given scatterer to the external field on it” is the same as the one derived from the
model corresponding to the scattering by Dirac-like refraction indices. Using the reg-
ularization approach known in quantum mechanics, we rigorously deduce the solution
operator (Green’s tensor) of the last model in appropriate weighted spaces. Intermediate
levels of the scattering between the Born and Foldy models are also described. In the
second part, we apply the MUSIC algorithm to the inverse problem of detecting both
the position of point-like scatterers and the scattering coefficients attached to them from
the far-field measurements of finitely many incident plane waves, with an emphasis on
discussing the effect of multiple scattering.
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1. Introduction

We consider the scattering of a time-harmonic electromagnetic plane wave from
an inhomogeneous isotropic medium in R? with electric permittivity € =e(z) >0,
magnetic permeability © = o > 0 and electric conductivity o = o(z). It is supposed
that the inhomogeneous medium occupies a bounded domain such that e(z) = ¢y >0
and o(z) = 0 for x outside of some sufficiently large ball. Assume that the time-
harmonic incident plane waves (with the time-form exp(—iwt)) take the form

E'(z;0,p) = pexp(irz - 0), H'(x;0,p) = (0 x p)exp(irz-0), 0 Lp,

where k = w,/egpg > 0 is the wavenumber corresponding to the background
medium and 6,p € S? := {x : |z| = 1} stand for the propagation and polarization
directions, respectively. Then, the total electric and magnetic fields E, H satisfy the
reduced time-harmonic Maxwell equations

curl E —ikH =0, curl H +ikn(z)E =0, in R (1.1)

where the refractive index n = n(x) is given by

n(z) = — <6(x) 4 i”(x))

€0 w

The scattered fields E* := F — E', H® := H — H' are required to satisfy the Silver—
Miiller radiation condition

lim (H® x x —|z|E®) =0,

|| —o0

uniformly in all directions Z := 5 € S?, leading to the electric and magnetic

far-field patterns E*°(z), H*° (&) given by the asymptotic behavior

s 42 frminvo (1))

=5 o (1)

as x| — oo. It is well known that £°° and H* are both analytic functions defined
on S?, satisfying £ | H*°, and that they are both tangent to S.

In this paper we assume that the inhomogeneous medium consists of a finite
number of components and that the wavelength of incidence is much larger than
the diameter of each component. The inhomogeneous medium in this situation can
be regarded as the collection of a finite number of point-like obstacles centered at
y;,3 = 1,2,..., M. These point-like obstacles are treated as isotropic,* so we can

(1.2)

2In other words, we allow only local interactions between them.
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write the refractive index in the form
M
(n(x) —1) =Y _a;d(z —yy), (1.3)
j=1

where the constant a} € C,j=1,..., M,is the polarizability describing the scatter-
ing coefficient attached to the scatterer located at y;, see (16) in Ref. 13. Eliminating
the magnetic field from (1.1) and making use of (1.3), we find that £ = E* + E*
satisfies the problem

M
curl curl E — x*E — Zaj(S(x —y)E =0, =inR?

= (1.4)

curl E*(z) — ik || E*(x) = o(1), |z| — oo uniformly in all directions
& :=ux/lx] inS?

which models the electromagnetic scattering by M point-like obstacles, where a; :=
w*a);, j=1,..., M. For convenience we set

M
H.E := curlcurl E — k’E — Z a;0(x —y,)E,
= (1.5)

Y = (yjuijng)T € R3

and Y :={y1,y2, ..., Ynm}-

We refer the reader to Ref. 21 for a comprehensive study of the multiple scat-
tering in general and the scattering by point-like scatterers in particular, where
practical motivations of the corresponding models and historical facts are discussed.
Another close reference to our work is Ref. 1 concerning the scattering by point-like
potentials in quantum mechanics, where applications to many different areas and
historical references are provided. In contrast to significant progress made for the
Helmholtz equation, see Refs. 1 and 21, as far as we know, only relatively little
mathematical analysis for the Maxwell equations has been carried out and most of
the literature come from physical and engineering community.'0-13:18:19,25,27,29 yye
refer to Refs. 7 and 6 for a rigorous asymptotic analysis of the multiple electro-
magnetic scattering by a finite number small obstacles, see also Ref. 24 for related
results, using integral equation methods and to Refs. 26 and 14 using the Krein
resolvent formula. A physical overview of the applications related to the model
(1.4) can be found in Ref. 13, see also Ref. 5 where a different but related model is
considered with a discussion on the regularity of the solutions.

The contributions of this paper are twofold. First, we establish a rigorous solv-
ability theory for the scattering problem (1.4). To obtain the scattered waves cor-
responding to plane wave incidences, it is enough to provide the Green’s function
of the system (1.4), see Sec. 2.2.4. This Green’s function, given in Theorem 2.1, is
the kernel of the solution operator of H,(u/) = f in appropriate spaces. A general
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idea to derive such Green’s function in the whole space is to Fourier transform H,
and then Fourier transform back the inverse of the resulting operator. By virtue
of the Dirac-like potentials occurring (1.5), we get a finite rank perturbation of
a multiplication operator in the Fourier variables, which cannot be inverted in
a straightforward way. An idea to overcome this difficulty is to first “regularize”
the obtained operator in the Fourier variables, then use the Weinstein—Aronszajn’s
determinant formula to invert this operator and finally Fourier transform back the
inverted operator. This is known as the regularization approach in the framework
of the solvable models in quantum mechanics, see, for instance, Ref. 1. However,
applying such an approach to the Maxwell system is not trivial, compared to the
acoustic model or the elastic system, mainly due to a higher (and non-integrable)
singularity of the Green’s tensor to the Maxwell equations. To handle this singu-
larity, we adopt an idea of Ref. 13 where the problem (1.2)-(1.4) is studied in the
case of one point-scatterer and a formal computation of the scattering matrix is
shown. This idea consists of decomposing the Green’s tensor into its longitudinal
and transversal parts, see (2.15)-(2.16) and then regularize them in the Fourier
variables, see (2.26). After that, in the Fourier variables, we restrict ourselves to
the tangential fields (which corresponds to taking divergence free sources f) and
invert the obtained operator. As a consequence we derive an explicit form of the
Green’s tensor of the problem (1.4) from which the representation of far fields corre-
sponding to plane incident waves follows, see (2.45). This representation turns out
to be nothing but the scattered field obtained using the Foldy physical assumption
“on the proportionality of the strength of the scattered wave on a given scatterer
y; to the external field on it”, see Sec. 2.1, after adjusting accordingly the scat-
tering strengths, i.e. taking the scattering coefficient g; in the Foldy model as the
coefficients (a; ' — b;)~ with b; appearing in (2.25), cf. (2.11) with (2.45) and
see Remark 2.1. In addition, we retrieve the results in Ref. 13 as a special case,
see Remark 2.2. The representation of the far field takes into account the multiple
scattering between the point scatterers. Based on this model, we then describe the
intermediate scattering models and the Born model as well. The analogue results
for the Lamé system are shown in Ref. 17. It is worth mentioning here the work®
where the point-like model (2.45), for the near fields, is obtained by approximating
scattering from spherical well-separated inclusions. In addition, we should empha-
size that if the inclusions are not spherical then the approximating model describes
the scattering by anisotropic scatterers, since the corresponding polarization tensors
are anisotropic. For such scatterers, our model, which describes isotropic scatterers
due to the type of contrast in (1.3), is not appropriate.

Second, we study the inverse scattering problem consisting of recovering the
point-scatterers as well as the attached scattering coefficients from the far fields
corresponding to finitely many incident plane waves. For this, we use the three
different models given by Born, Foldy and intermediate levels and discuss the effect
of the multiple scattering on the resolution of the reconstructions in terms of the
used wavelength, the distance between the scatterers and the scattering coefficients.
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This study is a continuation of the one provided in Ref. 11 for the acoustic and
elastic cases.

The paper is organized as follows. In Sec. 2.1, we briefly review the model of
Foldy for electromagnetic scattering by point-like obstacles. In Sec. 2.2, we apply the
regularization method to derive the Green’s tensor to the electromagnetic scattering
by Dirac-like refraction indices. Our main results concerning the forward model are
summarized in Theorem 2.1 at the end Sec. 2.2.3. Section 3 is devoted to the studies
of intermediate models and the Born approximation. The inverse problems related
to these models are investigated in Sec. 4. Some technical identities used in our
analysis will be proved in the Appendix.

We finish this section by introducing some notations that will be used through-
out the paper. Denote by (-)7 the transpose of a vector or a matrix, and by (-)*
the transpose and conjugate of a matrix. The symbols e;,j = 1,2,3, denote the
Cartesian unit vectors in R3. For a € C, let |a| denote its modulus, and for a € R?,
let |a| denote its Euclidean norm. The notation a - b stands for the inner product
Z?:l ajb; of a = (ay1,az2,as3),b = (b1,ba,b3) € C3. Let X’ be the dual space of
a Hilbert space X; then the set of bounded linear operators from X to Y will be
denoted by L(X,Y).

2. The Forward Problem

We introduce the dyadic Green’s function II, for the Maxwell equations in the
homogeneous isotropic background. It is well known that II,; takes the form (see,
e.g. Chap. 12 in Ref. 22 and Theorem 5.2.1 in Ref. 23)

1
(2, y) = Pw(z,y)I + ?vyqu)m(xvy) eC?, x#y, (2.1)
satisfying
curl, curl, I, (z,y) — k* I, (z,y) = 5(z —y)I, z £y, (2.2)

where the notation I stands for the 3 x 3 identity matrix, ®.(x,y) :=

(47)Lexp(ik|xr—y|)/|z —y| is the fundamental function to the Helmholtz equation,

ie. (A+ k)P, (z,y) = —6(z —y) in R?, and V,V, @, (z,y) is the Hessian matrix

for ®,; defined by

9%
A0y’

Note that curl I, is understood as the application of curl to each column of IT,.. A

simple calculation shows that each column of I1,; satisfies the Silver—Miiller radiation
condition, leading to the far-field matrix I12°(%; y) of I, (x,y) as |x| — oo given by

(VyVy®p(,9))j, 1<, 1<3.

e~ iRty .

A7 (I—jﬁ@l‘), (23)

I (2 y) =

where & ® & := 24T € R3%3.
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2.1. Foldy’s model for the electromagnetic scattering
by point-like obstacles

Following the Foldy method (see Ref. 15 or p. 298 in Ref. 21 for the acoustic case),
we represent the total field as

M
E(z) = E'(z) + Z I, (z,y;)A;j, (2.4)

where A; are unknown constants. The field
M
Ej(z) = E(z) — Mu(w,y;)A; = B (x) + Y _ (2, m) A, (2.5)
=
is regarded as the external field incident on the jth scatterer in the presence of all
the other scatterers. The physical assumption in Foldy method is that the strength

of the scattered wave from the scatterer y; is proportional to the external field on
it. In our case this is given by the assumption that

Aj =g;E;(y;), (2.6)

where g; is called the scattering coefficient of the scatterer y;. Evaluating (2.5)
at y;, we obtain

Ej(y;) = E'(y)) +Zgl (Y, yo) Ei(wr) (2.7)
l#J

and then (2.4) becomes

E(z) )+ Zgj (@, ;) E;(y;)- (2.8)

Following Ref. 15, we call the system (2.7) the fundamental system of multiple
scattering.
The equations in (2.7) can be written as the algebraic linear system

[Clsarxaae[Alsarxt = [BEsnrx, (2.9)

with A := (Ey(y1), Ba(y2) T, ..., Ex(yar)T)T € C3MX1 B .= (Ei(y)7,...,
Ei(yM)T)T c (CSMxl and

I :=T(k)
I —goIl(y1,92)  —gsllc(y1,y3) -+ —gmlle(y1,yar)
—g11(y2, Y1) I =93l (y2,y3) - —gmlle(y2,ynm)

—gillc(yar, 1) —92lle(yar, y2) —gslle(yar,ys) - 1
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Assuming det(T") # 0 and denoting the 3 x 3 blocks of T~ € C3M*3M hy [[—1],;
forl,j=1,2,..., M, we deduce from (2.4) that the scattered field takes the form

E*(z) := E(x) Z 9l (2, ) [L ™ B (1), (2.10)

l,j=1

with the far-field pattern, using (2.3)

M
(4 1 —iKkZ-y; ik 0- o A1 . 9
E=(#) = 4ﬂlZng et (I -t @) |ip, £€8%. (211
5J

The Foldy method provides us explicit formulas (2.10) and (2.11) of the scattered
near and far fields in terms of the point-like obstacles y; and the scattering coeffi-
cients g;, under the hypothesis of the invertibility of I and the assumption (2.6).
In the rest of this section, we will rigorously derive (2.10) and (2.11) from the
model (1.4), establishing a relation between the Foldy method and the regularized
approach, see Remark 2.1. Our argument, in this sense, provides a theoretical justi-
fication of Foldy’s fundamental system (2.7)—(2.8) for idealized point-like obstacles.
The invertibility of T' will be discussed in Sec. 4.2.

2.2. The electromagnetic scattering by Dirac-like refraction indices

The purpose of this section is to derive the Green’s tensor to the solution operator
of H, (see (1.5)) using the regularization approach. As mentioned in Sec. 1, we first
Fourier transform the operator H, in Sec. 2.2.1, and then apply the Weinstein—
Aronszajn’s determinant formula to invert the “regularized” operator by choosing
appropriate coupling coefficients in the Fourier variables, see Sec. 2.2.2. The inverted
operator will be Fourier transformed back to the origin space variables in Sec. 2.2.3.
Finally, in Sec. 2.2.4 we deduce the scattered near and far fields for the scattering
problem (1.4) from the Green’s tensor.

2.2.1. The model in the Fourier variables

Define the Fourier transform F : L2(R?)? — L2?(R?)3 by

(FAE) = f(&) = (2m) "2 lim fl@)e™™™8dz, €= (61,6,6)" R’

R—o00 |z|<R

Its inverse transform is given by

(Fl)w) o= ()% i | g(€)e™de.

For u = (u1,usz,us3)’ € L?(R3)3, a simple calculation shows

Fleurlewlu) = (EPT- €@ &u = [EPA-E@&a, £=¢/[¢,
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where @ := Fu = (1, 12,%3) . Define
M (&) = [EPI-E@€) — kT = (g - k)T - @ € € RPS,

It is easy to check that the inverse matrix of M, takes the form
MO = e (1- @€ (212)
e e ) |

and that (cf. (2.2))

elK‘I‘

S ) = (T4 50 ) S

pE =1I,.(z,0), x#0. (2.13)

Following Ref. 13, we decompose M 1(£) into the sum

1 R

Mr:l(f) = Tﬁ(f) +LK(§>7 T, = W(I - §®§>7

(2.14)
Lii=——éwé,

where T, and L,, denote the transverse and longitudinal parts with respect to &,
respectively. Accordingly, the dyadic Green’s function II,;(z,0) admits the decom-
position

Ii(2,0) = I (2) + 17 (2), a #0,

with (see Part IT in Ref. 13 or the Appendix)

M (2) = (2m) 2 F (€)= g (215)
117 (2) == (2m) 2 F T (€)]
-3t@&  erll

_ 1o (P(irle)I + Qixlz))i ® 3], (2.16)

drr?|z)® 47|z

where P(t) =1—1/t +1/t*, and Q(t) = —1+ 3/t — 3/t*.
To Fourier transform the operator H,, we set H,(f) := FH,F(f) for f =
(f1, f2, f3) T € L3(R3)3. Obviously, there holds

[F(curlcurl — k?)F 1 f = M. (6)f

and formally

3
(Fo(z —y)F &) = (Folx —y)) H)&) = D_(f ey (¢
m=1
where ¢3! (§) == ¢y, (§)em € C3 m = 1 2,3 with ¢y, (€) == (2m)~3/2e~": €. Here

we used the inner product {f, §) = Jps f( €)d¢ for f,§ € L*(R3)3. Therefore,
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by the definitions of H,, and H,, in the Fourier variables we obtain

H.(f)(€) = Z an oo (£), (2.17)

which is a finite rank perturbation of the multiplication operator M (&).

2.2.2. The regularization of the model in the Fourier variables
Since it is not easy to prove the existence of H, ~1in a straightforward way, in
particular the functions Oy =1, M, are not square integrable, we will regu-

larize the operator fIN. To make the computations rigorous, we introduce the cut-off
function

L if [g] <1/,
Xe(§) = ] for some 0 < e < 1
0 if [§] > 1/e,

and define the regularized operator (cf. (2.17))

N ) M 3
Heo = Z Z_: RO (2.18)
ey (€) = xe(§)¥y: (6),

where ko := k + ia with a > 0. The essence of the regularization approach in
quantum mechanics (see Ref. 1) is to choose the coupling constants a;(e) in a
suitable way such that (H )" has a reasonable limit as € tends to zero in appro-
priate spaces. Let us first recall the Weinstein—Aronszajn determinant formula from
Lemma B.5 of Ref. 1, which is our main tool for analyzing the inverse of H oo

Lemma 2.1. Let H be a (complex) separable Hilbert space with a scalar product
(-,-). Let A be a closed operator in H and ®;, ¥; € H, j=1,...,M'. Then
-1

A+Z N0,z

M/
=(A-2)7" = Y L@ (A=) ep)(A-2) 71, (219)

=1
for z in the resolvent of A such that det[T'(z)] # 0, with the entries of T'(z) given by
[D(2)]jgr = g + (A= 2) 710, @), (2.20)

Note that in Lemma 2.1, the notation [F(z)];;/ denotes the (j,j’)th entry of the
matrix [['(z)] 71, and [ |* stands for the adjoint operator of [ |. To apply Lemma 2.1,
we take

o= LAR)?,  A(f) = [€PA-EEf(E), M :=3M, z=r?
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and @; := @5, ¥; = —a;P] for j=1,...,3M, with a; and @] defined as follows:
a;j(e) = aye) if j e {31—1,31—2,3l},
gaz’ll if j =301-2,
5= ps? ifj=31-1, (2.21)
9016;13 if j =31,

for some | € {1,2,...,M}. The multiplication operator A is closed with a dense
domain

D(4) = {f(€) € L*[®R®)’ : [(P(A - £ @ ) f(€) € LR},

in L?(R3)? hence HY_, with € > 0, > 0, is also closed with the same domain. For
a complex-valued number  + ic, one can observe that det(M,_(§)) # 0 for all
€ € R3, so that (M, )~ 1(&) always exists. Further, it holds that

(M) ™" = (M)
where R, := k — i denotes the conjugate of k.. Simple calculations show that
(A— 271 = —a;(M,,,) 1o,
80+ (A= 2) 7" Wy, @) = a50a; '6;,50 — (Ma,) "5/, 5)].

Therefore, by Lemma 2.1, we arrive at an explicit expression of the inverse of H o

given by
B R R 3M X )
(H;a)_lf = (Mﬂa)_lf + Z [FE(H&)}j_,]l’<fa XEFEJE1>XEF/£1)7 o > 07 (222)
J.j'=1
with

Te(ka) = [a; 050 — (M, ) @5, 53] X FY) = M1oS, (223

J JJ'=1
provided that det[T'¢(kq)] # 0.
In order to get H ;al for the complex wavenumber k., we need to remove the

cut-off function in (2.22) by evaluating the limits of I'c(kq) and (f, XEFEJ;)a)XeF,.Ej)
as € — 0. This will be done in the subsequent lemmas.

Lemma 2.2. The coupling coefficients a;(€) appearing in (2.18) can be chosen in
such a way that the limit T'p y (ko) := lim 0 Tc(ka) ezists and takes the form

(7' —o)I  —I (y1,92) - Tl (y1,ym)

—I,, (Y2, 1) (ay' —bo)I - —TL. (yo,ynmr)
Lpy(ka) = ) ) , _ . (2.24)

—ILe, (yar,y1)  —1le, (Ynr,y2) - (aX41—bM)I
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where a;s are the coefficients involved in (1.4) and B := (b1, ba, ..., byr) with
Bj +ira B (v3/v2)?
by 1= b;(B), %, a) = == ﬂfif”vi T oz 0 G ER(225)

If in addition we assume that a; € R, then [I'py (ko) = 'py(—Fa).
Proof. The proof will be carried out in the following three cases of j,j' €
{1,....3M}.

Case 1: |5/ — j| =1, and j,j" € {31 — 2,31 — 1,30} for some I € {1,...,M}.
Assume first that j = 31 — 2, 5/ =31 — 1 for some [ = 1,..., M. Then, we have
B = Xy e1, D5 = Xy, ea. Since @y, (€) @y, (€) = (2m) 2, there holds

<(Mﬁa)7l¢§'a (I)S'/> = (277)73«/\/1%)71)(6617 Xe€2)

= (27)73 _161~62 =
~ (2n) Amgmmn ] eadt = 0,

where the last identity follows from the fact that [(M,_ )(€) te1] - ez is odd in &,
see (2.12). By symmetry, we have also (M, ) ' ®5,, ®5) = 0. The other cases of
j# j and j,j’ € {3l — 2,31l — 1,31} can be proved analogously. This means that
the off-diagonal terms of each diagonal-by 3 x 3-block of I'g y vanish.

Case 2: j =j' € {31 — 2,31 — 1,31} for some [ € {1,2,...,M}.
In this case, we introduce the regularization parameters (3;,7; € R and define

U= U(€a Ra ﬁh ’Yl)
1 / [ 45 (4 3x3
= T (§)=——— + L, (§) =—————|d¢ € C**°. (2.26)
(27)% Jig1<1/e 87+ [€]? v+ €
Employing spherical coordinate systems, we can readily deduce from the definitions
of Ty, and L, that the diagonal terms of U(e, ko, 81, V1) coincide with each other,

which we denote by Uj(e). Moreover, there holds the asymptotic behavior Uj(e) ~
O(e73) as e — 0. Now we define the coupling coefficient a;(¢) appearing in (2.18) as

ai(e) == (a; "+ Ui(e))™, 1=1,2,..., M, (2.27)

which converges to a; as € — 07. In view of (2.14), we see using the inverse Fourier
transformation that

Ule, Kas Bis ) — ﬁ /|§|<1/E(M~a)_1(§)d§]

lim
e—0

1

U(€ Ko B1,m) — @) /§<1/e (Tso (€) + L, (f))dfl

= lim
e—0

| B 7} }
— —lim (O 4 L () L |d
3M%PAQKP*Q@+M””Q@ﬁ+m4f

= b, (2.28)
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where the constant b; = b;(kq, 01, V) is given in (2.25), see Ref. 13 or the Appendix
for the details. Therefore, by (2.21) we get
m}[a;l(e) — (M) 105, @) =a; ' — by, j=31—2,31—1,3. (2:29)

To sum up Cases 1 and 2, we conclude that the Ith diagonal-by 3 x 3-block of the
matrix I'p y := lim¢_,¢ I'c(w) takes the form (al_l —b)L.
Case 3: j € {31—2,31— 1,31}, 7/ € {3 — 2,3l — 1,30’} for some [,I' € {1,..., M}
such that [ —1"| > 1, i.e. the element [I'g y]; ;- lies in the off-diagonal-by 3 x 3-block
of FB,Y'

Without loss of generality we assume j = 31 — 2,5’ = 3I' — 2. Define the 3 x 3
matrix T, := (5, P51, P55) = Xedy,I. A short computation shows

(M) X0, To) = /w (M) by G

1

T e o )

which, by the inverse Fourier transformation, converges to Il,._ (yr,y1) as € — 0.
Combining Cases 1-3 finally yields the matrix (2.24). |

To be consistent with the definitions of @; and XEFu(,j), we introduce the
functions

(27)73/2e ey if j = 3] — 2,
D;(€) =1 (2m) 3 2e Ve, ifj =311, FY = (M) ®;(€), (2:30)
(2m)73/2e ey if j =3I,

forl=1,..., M. Before carrying out the convergence analysis of (f[ €)=t we intro-
duce the tangential subspace

X :={fe(L*R*)P:¢-f(¢) =0, ae. in R?}
and define the operator

g fi=MDF+ Y Moy ka)lHf FUVED, fex. (2.31)
§3'=1

Lemma 2.3. Let the coefficients aj(e) and b; be gwen as in Lemma 2.2 such that
det[T' g,y (ka)] # 0. Then we have the convergence (HS)™' — g, as e — 0 in the
space L(X,X").

Proof. It is seen from (2.12) and (2.23) that

(f,xFU)Yy = P % 2.32
» Xe na>_ f7|£‘2_l€%¥ ) (3)
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since (f, (€ ®€) ®%) =0 for f € X. Define the bilinear form L¢, : X x X — C by

3M A @6 e
+ > [Pe(ka)l5 <f, = > <|£2 - Ka,g> <oo, (2.33)

for any f,§€ X. Then, using (2.22) and (2.32), we deduce

(H) ' f.9)=Li(f9), f.ge X
Hence (HE)™' € L(X,X’). Analogously, we obtain 8.. € L(X, X’) because of the
quadratic form

3M
Lo(f.9) = (e f.0)xx = (MM F.0) + D oy (sa)l (F, FY )V (ED, )
§4'=1
3M
_ . D ®; >
<|§2 fg> szl[r”(“‘“” < el - —i><f|2—na’g
< 00, (2.34)

for any f,j€ X and a > 0. The convergence (HE) ™! — g,. as € — 0 follows from
(2.33), (2.34), Lemma 2.2 and the fact that

ol = L

2.2.3. Back to the original space variables

®; — @ |

€% — w2

P,

m d§—>0 as € — 0. O

Having established the convergence of the inverse of the “regularized” operator H p
we are now in a position to Fourier transform back the limiting operator g, to the
original space variables, and then analyze the convergence of the resulting operator
as a — 0 using limiting absorption principle.

Recalling the formula

3
Z mj,j/aj/bj = (al,ag,ag)M(bl,bg,bg)T, M = (mj,] )?Jl 1 € C3X3
J,3'=1

we can rewrite the second term on the right-hand side of (2.31) as

31

Z S oy (ka)li b (f FO )V ED

J=31—2j5'=3l'"-2

=@z,m(£)[F§,1y(f€a)h,z'/ (O, (8)]7 f(2)dt, (2.35)

R3
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where [F;}Y(ma)]u/, I,/ = 1,...,M, denote the 3 x 3 blocks of the matrix
[FB,y(Ha)]_l, and

Oia (€) = (D, D FEY) = ML exp(—i€ - yi) (2m) /2
= F(ILe, (- — y1))(&) (2.36)
If f € (L%(R?))? such that div f = 0, then f € X and

/R B s (O F(O)de = (2m) 7 | ML HO)F() explis - yr)de

= (2m)73/2 /}R3 % exp(i& -y )dg

=0 7 (g ) o )

(o3

= Qu, * flyr). (2.37)

Here and thereafter x denotes convolution, and recall that @, is the fundamental
solution to the Helmholtz equation, i.e. (A + k?)®,, = —§ in R3. In addition, using
the Fourier transform,

MHEF©) = FEO/EP — K2) = F(@r,, % )(E). (2.38)

Hence, taking the inverse Fourier transform in (2.31) and using (2.35), (2.36), (2.37)
and (2.38), we arrive at

M
Gkof = f_l(gnaf) =Qu, * () + Z I (- — yl)[rg}y(’ia)]l,l’@m * fyr).
LI=1

(2.39)

In what follows we will analyze the convergence of G, as a — 07 in appropriate
spaces. For o > 1, introduce the Agmon-type weighted spaces

LZ = {f |1+ |21 fll(r2me)): < oo},
Xo = L2(div) := {f : [|[(1 + |2[*)7/2 fll z2(rayys < oo, div f =0},
Zy = H2,(R®) i= {f : [|(1+ [2[*) /20 f|| (r2meys < o0, |8] < 2},

with 0°f := 901952003 f, where |3] := 1 + B2 + B3, 3; = 0,1,2. We denote the

T2 ~I3

dual space of X, by X! . Define the expression
M
G = Pux f()+ Y Tl =)y (W)w®ux flyr), fE€Xo  (240)
1LIr=1

Our aim is to prove that the limiting operator of G, as « — 07, is in £(X,, X7).
We claim that G, f € X.. To see this we first observe that ®,,x f € H2_(R?) C X/,
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for f € X,. Then it suffices to prove that the second term on the right-hand side
of (2.40) also belongs to X/, i.e.

M
T.(f.9) = /RS > (e —y) [Tl ()i ®s * fyr) | g(a)de < 00 Vg € X,
LI=1

(2.41)

By the imbedding of H2  into the continuous space in R3, we know ®,, x f € C(R3).
Then the terms @, * f(y;/) are well defined. Below we interpret (2.41) as a linear
functional over X, with respect to g. Let g € X, N C§°(R3\Y), recalling that
Y = Ull\il{yl} By integration by parts and the fact that div g = 0, we obtain

M

To(f,9) = > Mk (0w ®e* flyr) - B g(m)- (2.42)
=1

in analogy with (2.37). Hence, G, f defines a linear and continuous functional on
Xy NCP(R3\Y). Since X, N C§(R3\Y) is dense in X,, see Lemma 2.4 below,
it has a unique extension to X, as a continuous linear functional. Hence
G € L( Xy, X1).

Lemma 2.4. The set X, NC§(R3\Y) is dense in X,.

Proof. It is enough to consider Y = {yo} and M = 1. Let Qr(yo) and Q(yo) be
the balls centered at yo with radius R and e, respectively. For f € X, and R > ¢, set
fR.e as the restriction of f to Qr\Qe, i.e. fr. = f|QR\Q€' Then fr. € L?*(Qp\Q:)3
and div fre = 0 in Qp\Qe. It is known, see, for instance, Theorem 1.1 in Ref. 9,
that there exists a sequence {fr.en}nen C C(Qr\Qe) such that

div fren =0, |[[fren — fRellL2(@p\0.) — 0, 7 — oc.

Each element fg., can be extended to R® by zero in R3\(Qz\(Q), so that
div fren = 0 in R3. We still denote by fR.e,n this extension. It is clear that

{fr.emtnen C Xo N C°(R*\{yo}). Now,
1f = frenllZz@a) = 1fre = fRenl T2 0man) + IFIZ2@nan) + 11172 0.

where the spaces L2 (R3\Qg), L2(R3\Qg) and L2(R*\Qr) are defined similarly as
L, replacing R® by one of the related domains. For any 1 > 0, we can choose ¢
sufficiently small and R, n sufficiently large such that

”f”%g(ﬂe) <1%/3, ||f||%g(R3\QR) <n?/3, [ fr,e — fR,E,’ﬂ”ig(QR\QE) <1°/3.
Summing up, we deduce that ||f — fr.cnllz2®s) < 7. The proof is thus complete.
O

The last step to derive the solution operator of our original problem is to take
the limit Im %, — 0. This is the object of the next lemma.
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Lemma 2.5. The operator G, converges to G in the operator norm of L(X,, X.)
as Im ko — 0, i.e. a — 0.

Proof. Combining (2.39), (2.40) and (2.16), we have

1Gra — Grllex..x1) = HfﬁUP_l 1Gro (f) = Gu(H)llx,

= sup  sup [(Ge.(f) — Gu(f),9)x7 x|

I fllx,=1llgllx,=1

< sup  sup {[{(Pw, — Px)* f,9)x7 . x,|
Ifllx,=1llgllx,=1

+ ‘Tna(fhg) - Tﬁ(f7g)|}

Inserting (2.42) into (2.41), we find
M

T (f29) = Tulf9) = D (Pl (0w (e % f = Piox () - (B, % 9) (02)

1.I'=1
+ 05y (8)ow (B * ) () - (P, + g — Pk g) (1)
+ M5y (ka) = Ty (0)]1r @, * fyr) - @y > g(ur)].

Remark that @, x f = R(kq)f, where R(k,) = (A — k2)" : L2 — Z, is the
resolvent of the Laplace operator. By Lemma 2.2 and the continuous injection of
Z, into C(R3), we see

Teo (f:9) = Ti(f, 9)| < Cll(Pr, — i) * fllz, [ Pro * 9l 2,
H®p * fllz, [(Pro — Px) *gllz,]
+ o)1y * fllz, [ ®r * 9|z,
where C is a constant and o(1) — 0 as @ — 07. Therefore,
1Gr. — Grllz(x,.x2) < |R(ka) — R(K) || 2(x,,2,)[1 + CllR(ka)ll 222, 2,)
+CIR(K) | c(z2,2,)] + O(l)HR(K)”Qﬁ(LE,ZU)'
Since ||R(kq) — R(K/)Hﬁ(L(%,ZG) — 0 as a — 0 (see Ref. 28), we finish the proof of

the convergence G, — Gx. O

From (2.40), we can formulate the Green’s tensor corresponding to the operator
G Xy — X! as
M

E%,Y(xa y) =P, (IE, y)I + Z I, (IE, yl)[]-—\é}y(/i)}l,l/q)m (yl’ ) y)
L'=1

We summarize our findings in the following theorem.

Theorem 2.1. Suppose that the coupling constants a;(e) are given by (2.27), with
Bi,m€eR forl=1,2,....M. Let Tpy and F,.gi) be defined by (2.24) and (2.30),
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respectively. Then we have the following:

(i) The operator (HE)™Y converges in the norm of L(X,X') to the operator 9.
as € — 0, where g, € L(X,X') is given by (2.31). That is, for o > 0 such
that det[I' gy (ko )] # 0,

3M 3
O, = (M) 37 Pv(ma)l (o FOED,
J:3'=1
where [].—‘B7y(lia)]j_j/ denotes the (j,7')th entry of the matriz L'y (ka)]~t.

(ii) The operator G, := fﬁlgﬂa converges to G, in the operator norm of

L(Xs, X)) as Im ko — 0, where

M
Guf =Cux fO)+ D Ta(- — )5y (W) ®u* flur),  f € Xo.
LI'=1
(iii) We take G, to be the solution operator, from X, to X., to the problem
curlcurl G, f — Kk2G. f — ZJM:1 a;0(x —y;)Guf = f. The Green’s tensor cor-
responding to G, is given by
M

Epy(@y) =0z, )T+ Y Wa(z,y) L5l (K)o @ulyr,y).  (2.43)
1L,I'=1

Here [Fg}y(/ﬁ)}l,l/ denote the 3 x 3 blocks of the matriz [Upy (k)] 1.

2.2.4. The scattering theory by Dirac-like refraction indices

In classical scattering theory, (2.43) describes the electromagnetic total field
by the Dirac-like refraction indices supported by the collection of points ¥ =
{y1,92,...,ym} corresponding to the incident point source located at y. We are
also interested in the case of plane wave incidence. By making use of (2.3) in (2.43),
we obtain

M
Ulw,0) = "I+ Y | ol y) 5l ()™ L,
LI'=1

with 6 := —g and U(xz,0) = 4mlim), e‘m|y|\y|5§,y(x,y). In particular,
multiplying the previous identity by the polarization direction p € S*(p L 6) gives
the total field

M

E(x,0,p) = E'(x,0,p) + > We(z,u)[C5,y (0)lw B (. 0,p),  (2.44)
LI'=1
corresponding to a plane wave incidence E'(x, 0, p)=pexp(ikz-0) with E(x,0,p) :=
U(z,0) - p. The far field corresponding to the scattered field is then given by
M

00 (4 1 N AN e i
E>(z;0,p) = yp Z exp(—ikZ-y)I—-2® x)[FB}Y(m)]lyl/E (yrr,0,p). (2.45)
LU=1
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Remark 2.1. The representations (2.44) and (2.45) in the Foldy method are noth-
ing but the ones in (2.10) and (2.11) respectively, if we take as the scattering
coefficients ¢;, [ = 1,..., M, the following parameters (al_l b)) Li=1,...,M,
where a;, [ = 1,..., M, are the coefficients modeling the Dirac-like refraction indices
in (1.4) and b;, I = 1,..., M, are the parameters appearing in the regularization
method, see (2.25).

Remark 2.2. (1) We remark that the Green’s tensor (2.43) can be replaced by
. M
E%,Y(xv y) = (z,y) + Z 1L (z, yl)[rg}Y(H)}l’l/HN (v, y), (2.46)
1LI'=1
whenever the solution operator G, acts on the space H2(div) defined as
Ho(div) = {f : (1 + [2[*) 20 f[|(12(rs))s < 00, |a] <2, div f = 0}.

To make this observation more rigorous, we define II,, : H2(div) — H~2(R?) as
follows:

Hm(f) = <Hl-t('7y)7 f(y)>'H_2(R3),H§(div)(R3)7

which makes sense since Il,(z,-) € H 2(R*®) (but not in L?(R®)). Note that
. (z,y) ~ O(1/|x — y|?) as |z — y| — 0 and H2(div) C H?*(R3) for o > 1. Now, if
[ € Cso(div)(R3) := {f € (C§°(R3))3, div f = 0}, then

IL:(f) = (W (5 y)s F(¥)) -2 .72 (aiv)
= (@uls9), F0) = 5 (VOu(,), V- f0)
= <®H('7y)v f(y)> =&, * f.

Arguing the same as in Lemma 2.4, we can show that Cg°(div)(R3)"-®") —
H2(div) (see, e.g. Ref. 9). Hence, there holds II.(f) = ®. x f, Vf € H2(div),
implying that the actions of (2.43) and (2.46) on H2(div) are the same.

(2) If we choose, as in Ref. 13, the regularization parameters [; sufficiently large
(compared to the fixed wavenumber &), then the coefficient b; in Lemma 2.2 takes
the form

. ; X 3
by = by (B ) = 0 0/ +0<§j)7 Sl (2an

Additionally, suppose that there exists only one point-like scatterer located at
the origin (i.e. M = 1,y; = O). Then by neglecting the term O(x/f;) in (2.47), the
identity (2.46) becomes

E%,Y(x’ y) = Hﬂ(x? y) + tHK (x? O)HK (Oa y)7
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where ¢ is given by (see (2.25) in Lemma 2.2)

t=(a7' = b))t = !
! ! a7t — (B +ir)(6m) L +3(6mk2) -1 2-3/2
The number ¢ is exactly the one characterizing the scattering T matriz in Ref. 13
(cf. Sec. III, A (33) and (19) in Ref. 13), remarking that in Ref. 13, 3/1/2 is taken
as 3, i.e. 1/\/5 is absorbed in (3, and our coefficient a; corresponds to the number
k?ap there. The additional sign (—) appearing in the formula is due to the fact

inlz—yl

B,y €R.

that they used “negative” fundamental solutions, i.e. @ (z,y) := b instead
of the positive one we used here, i.e. @ (z,y) := %

(3) The Green’s function in (2.43) (or (2.46)) is modeled by the parameters a;, 5
and ;. The physical meaning of these parameters is discussed in Ref. 13.

Remark 2.3. The far field corresponding to scattered field given in (2.45) satisfies
the reciprocity relation, i.e. po- E*(&;0,p1) = p1 - E®(—0; —&,p2), for the polar-
ization directions p;,ps € S? such that p; L0 and ps L%, see, for instance, Ref. 12.
It holds true since I‘E}Y (k) is symmetric and independent of & and 6 which follows
directly from (2.24).

3. The Born Approximation and the Intermediate Models
3.1. Born approximation

In the Born approximation, we only need to replace E;(y;) by the value E(y;) of
the incident field in (2.7). Therefore, E(z) can be represented as

E(z) +ZgJ (, y;) E* (y;), (3.1)

and the far-field pattern of the scattered field is given by
oo N 15(0 z) A A 5 2
E>(z) 47r Zgj YilI-2®a)p, e8§°. (3.2)

The Born (weak) approximation neglects the multiple scattering between the point-
like obstacles. Hence (3.1) is a good approximation only if the distance between y;
and y; (I # 7) is relatively large with the wavelength.

3.2. Intermediate levels of approrimations

Between the Born and Foldy models, we can define the kth (k € N) level of the
total field E*) as follows:
M

E® () = Bl(x) + Y gillu(z,57) B (y)), (3.3)

j=1



Math. Models Methods Appl. Sci. 2014.24:863-899. Downloaded from www.worldscientific.com
by WEIERSTRASS INST FOR APPLIED on 02/03/15. For personal use only

882 D. P. Challa, G. Hu €& M. Sini

where the value EJ(»k) (y;) can be computed recursively via

M
k i k .
EF () = Elyy) + Y ole(yoo) B (), j=12,...,M,  (34)

1=
%

with the zeroth level approximations E](O) (y;) given by EJ(.O) (yj) == E'(y;), j =

1,2,...,M. Thus B is just the Born approximation (3.1). When k& = +o0, we

define EJ(-OO)(yj) as

M

EX) (yy) = E'(y) + 3 9ill(yy w) B (), 5= 1,2, M.
=1
I

Then, we see that, for k = +o00, the total field in (3.3) coincides with the total field
n (2.8), i.e. the Foldy regime. The kth level approximation E®) only takes into
account k time interactions between the scatterers, and thus is considered as the
intermediate level.

Remark that the system (3.4) is nothing but the (k + 1)th iteration of the Foldy
algebraic system (2.7). From (3.3), we write the following form of the scattered field
in kth level:

M
E® (@) = gi(w, ) B (9)- (3.5)
j=1
To write (3.5) and the corresponding far fields in a more useful form, we define
the vector A®) € C3M with components EJ(-k) (y;) arranged elementwise as in the
pattern of A in (2.9). Define I € C3Mx3M 49 an identity matrix, then the 3 x 3
diagonal blocks of I, I;; are I, and the non-diagonal blocks are zero matrices. Set
M :=T'—LP then (3.4) can be written in a compact form as A®¥) = ™% (~M)'E!
for k=0,1,....

Define the matrix Cj, € C3M*3M by ¢y .= S°F (=M for k = 0,1, .. .. Denote
the 3 x 3 blocks of Cj, € C3M*3M by [Cy],; for 1,5 =1,2,..., M. With this setting
we deduce from (3.4),(3.5) that the scattered field in kth intermediate level takes
the form

E(ks Z 951l (, y;) Ck]JlE (y1) (3.6)

l,j=1

and so the far-field pattern of the scattered field in the kth intermediate level is

M
) (4 1 —iKT- 1K - - ~ A
EFe0)(3) = 4”l§ :1gj vie (T — i @ 2)[Cylup, #€S%  (3.7)
5J

bIn the case that the norm of M is less than one, the inverse of I' can be approximated by the
truncated Neumann series.
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It is again worth mention to remind that (3.3)-(3.4) is already stated and used by
Watson, see the formulas (3.1), (3.4) and (3.9) of Ref. 27.

4. The Inverse Problems for the Born, Foldy
and Intermediate Models

From (3.2), (2.11) and (3.7), we can write the far-field pattern corresponding to
scattered field in various models as

M
0o (4. 1 —iKkTY; ,1K0- A AN T
E>=(2;0,p) = Elzlgje Yie"™ (I — z @ &)[T]up, (4.1)
J=
with
I Born approximation,
T:=<{T! Foldy method, (4.2)

(). kth intermediate level.

The above-mentioned far-field patterns are vectors. We define the following scalar
far field, denoted by E°°(Z), which will be useful in the statement and the justifi-
cation of the MUSIC algorithm, see, for instance, Refs. 11 and 16:

M
) 1 o T
.. oal S —ikdy; k0 5L
E>(%;0,p) := 13— -E>(%) = yp E gje” "EYie g [T p. (4.3)
l,j=1
Here, &+ € S? is any orthogonal direction to the observational direction # € S2.

Since p is any direction in S? perpendicular to 6, it has two orthogonal components
called horizontal and vertical polarization directions denoted by p” and pv, respec-
tively. So, p := 6+ = 6+ /|6L| with 6+ := ¢; p/ + co p¥ for arbitrary constants ¢; and
co. To give the explicit forms of p* and p?, we recall the Euclidean basis {e1, e, e3}
where e; := (1,0,0)7,e2 := (0,1,0)" and e3 := (0,0,1)", write 0 := (0,,0,,0,)"
and set 7% := 62 4 62. Let R3 be the rotation map transforming 6 to ez. Then in
the basis {e1, e2,e3}, R3 = R3(0) is given by the matrix

05 + 9202 _oatoy(l - oz) —0$7’2
1
Ry =5 |—0u0,(1—0:)  67+656.  —0,r|. (4.4)
O Oyr® 0.r?

It satisfies R R3 = I and R3f = ez. Correspondingly, we write p" = RJ e
and p¥ := RJ ea. These two directions represent the horizontal and the vertical
directions of the polarized direction and they are given by

1
ph = 9tn = T_z(ej +620.,0,0,0. — 1), —1%0,) ",

) (4.5)
pY = 0t = (020, (0- — 1),62 +6260.,—1r°0,)".

Hence, p can be written in terms of # and then we can write E* as a function of
Z and 6 only.
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Our concern in this section is to study the following inverse problem.

Inverse Problem: Given the far-field pattern E‘”(ﬁc,&) for several incident and
observation directions 6 and &, find the locations y1,ys,...,yn and the scattering

coefficients g1,92, .-, 9M-

In the next sections, we deal with the mentioned models, (4.2)-(4.3), providing
a detailed study of the resolution of the reconstruction depending on the distance
between the scatterers, the frequency used and the scattering coefficients.

4.1. MUSIC algorithm for the Maxwell system

The MUSIC algorithm is a method to determine the locations y;,j5 =1,2,..., M,
of the scatterers from the measured far-field pattern E>(&,6) for a finite set of
incidence and observation directions, i.e. 2,0 € {6;,7 = 1,..., N} C S?. We refer
the reader to Refs. 2 and 20 for more information about this algorithm and to
Refs. 4 and 3 for its stability and resolution analysis. We follow the way presented
in Refs. 11 and 20. We assume that the number of scatterers is not larger than the
number of incident and observation directions, in particular N > 3M. We define
the response matrix F € CN*N by Fy, := E>(f,6,). Then by making use of (4.3),
the response matrix F' can be factorized as

F=H*TH, (4.6)

with the matrices T € C3M>*3M and H € C3M*N are given by

T:=gT, g:= Diag(g11, goI, ..., gmI) (4.7)
and
Gf-ei"el'yl @-emez'-’/l .. (9]{76“0”'741
blentiv  gleintave | plointn:
H =
gf_eiNGryM 05—67;“92@1\1 S QJNGWGN'?/M

In order to determine the locations y;, we consider a grid of sampling points z € R3

in a region containing the scatterers y1,ys, ..., yas. For each point z, we define the
vectors ¢¢ € CM by
A = (07 - €)™ 07 (B - ep)e 02 F L (O - e )e 0N )T

Ym=1,23. (4.8)

MUSIC characterization of the scatterers. Recall that MUSIC is essentially
based on characterizing the range of the response matrix F', forming projections
onto its null space, and computing its singular value decomposition. Under the
assumption that the matrix T in the factorization (4.6) of F' is non-singular,
the standard linear algebraic argument yields that, R(H*) and R(F') coincide for
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N >3M, if the matrix H has maximal rank 3M . So, let us discuss the invertibility
of the matrix 7. From the definition of 7" in (4.7), its invertibility depends only on
the non-singularity of T.

e In case of the Born approximation, it is clear that 7T is invertible as T =1 from
the definition (4.2).

e In case of the Foldy method, from (4.2), we have T = I'"!. So, the invertibility
of T depends on the existence of T'~1. It can be observed that I' can be factorized
as I = I'g with

1
g_ll _Hm(ylayQ) _Hn(ylvyS) e _Hm(yhyM)
1
_ _Hm(y%yl) —1I —Hn(y27y3) _HK(yQ’yM)
I':= g2
1
—o(ym,y1)  —Te(yary2)  —e(ynm,ys) - g_MI

Then T is invertible when T is invertible and 7' = I'~!. Let us assume it holds
and postpone this issue to Sec. 4.2.

e In case of the approximation by intermediate level k, we have T = C, =
Zfzo(—lf/l)l. One can observe that the norm of M less than half is a sufficient
condition for the invertibility of T" in every level of scattering.

Hence, under the assumption of the non-singularity of 1, we can state the
MUSIC related theorem for the electromagnetic wave scattering by point-like scat-
terers as follows.

Theorem 4.1. Let {0 : s € N} C S? be a countable set of directions such that
any analytic function on S? that vanishes in 05 for all s € N vanishes identically.
Let K be a compact subset of R containing {y; : j = 1,...,M}. Then there exists
Ny € N such that for any N > Ny the following characterization holds for every
zeK:

ze€{y1,...,ym} < ¢ € R(H"), for some m=1,2,3. (4.9)
Furthermore; the ranges of H* and F coincide and thus

ze€{yl,...,ym}t & ¢ € R(F) & Pyt =0, for somem=1,2,3, (4.10)

where P : CN — R(F)Lt = N(F*) is the orthogonal projection onto the null space

N(F*) of F*.

Proof. One can prove this theorem in the lines of the proof of Theorem 4.1 in
Ref. 20 concerning the Born approximation for the acoustic model and more closely
Theorem 3.1 and Theorem 3.2 in Ref. 11 concerning the acoustic and elastic wave
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scattering, respectively, related to the Born, Foldy and the intermediate models, by
proving the maximal rank property of the matrix H and using the test vector ¢7'.
O

Remark 4.1. We can observe in (4.3) that either horizontal polarized directions p”
or vertical polarized directions p¥ are sufficient for the reconstruction. In addition,
either the horizontal observation directions or the vertical observation directions
are also sufficient for the reconstruction.

4.2. Invertibility of the matriz T'
To discuss the invertibility of I', we distinguish two situations.

Diagonally dominant condition. As mentioned in Ref. 11, concerning acous-
tic and elastic cases, when the scatterers are relatively far away from each other
comparing to the scattering coefficients, then the invertibility condition of I is the
diagonally dominant condition and it is given by

M
1
S oMy u)lh < = Yi=1,2,...,M. (4.11)
= |91
il
Here || - ||1 is the 1-norm and it is defined for a matrix L = [Ly,,] € CNXM as

[|L[[1 := max;<m<nm Zivzl | L.

Non-diagonally dominant condition. Using the form (2.1), we can write
T, (z,y) explicitly as

I (x,y) = D (z,9) + %W[—RQR @R+ (1—irr) 3R R—T)], (4.12)
where R=2 —y,r = |z —y| and R = L We remark that the entries of IL;(y;, u1),
j.l = 1,..., M, are analytic in terms of the variables njim = (¥; — Yi)m, J,l =
1,...,M and m = 1,2,3 for nji,,, € R\{0}. Remark also that the determinant of T,
det(T), is given by the products and sums of gj_1 and the entries of Il (y;,y:) for
4,0 =1,..., M. Then det(T) is analytic in terms of the 3%_1)
for j,l =1,..., M with 7 < I, m = 1,2, 3. Fix the wavenumber s and the scattering
coefficients g;, for j = 1,..., M, we deduce then that except for few distributions of
the scatterers, 41, . .., yar, the matrix T is invertible. The wavenumbers « for which
[ is not invertible are called resonances, see Ref. 1 for a study of these resonances

real variables 7,

concerning the acoustic case.

4.3. Recovering the scattering coefficients g;

In this section we discuss how one can recover the scattering coefficients g; attached
to the scatterers y; for j = 1,..., M for the given far-field pattern, i.e. response
matrix F. Recall that F' has the factorization F' = H*TH where H and T are
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defined as in Sec. 4.1. As the matrix H is of maximal rank 3M and N > 3M
the matrix HH* € C3M*3M g invertible. Let us denote this inverse by Ir;. Once
we locate the scatterers yi1,ya,...,yn by using MUSIC algorithm for the given
far-field patterns, we can recover the matrix 7 € C3M*3M a5 T = [y HFH Iy,
I H is the pseudo-inverse of H* from whose entries we can deduce the values of
gj, 3 =1,...,M.© We explain how this procedure of recovering g, ..., gy is going
to work in each model.

e In the Born approximation we have T' = g, and hence the diagonal entries of T’
give g1,...,9M-

o In the Foldy method we have T'=I'"!, and hence the reciprocals of the diagonal
entries of 77! produce ¢1,...,gum-

e In the intermediate level, k, approximation we have T' = g Zfzo(—lf/[)l. We have
already seen how one can recover the scattering coefficients for £ = 0 (Born) and
for k = oo (Foldy). In the case k = 1, we have T' =g — gM. As we know that g
is a diagonal matrix and the 3 x 3 diagonal blocks of M are zero, the diagonal
entries of T are equal to the scattering coefficients of the M scatterers. But for
intermediate level approximation k > 1, it is difficult to recover the scattering
coefficients due to the complicated structure of the matrices (—M), for [ =2, ...,
and hence of T'. For this reason, as in the acoustic and elastic cases of Ref. 11,
we restrict ourselves to the special case of two point-like obstacles y1,y2 with
the corresponding scattering coefficients gy, g2. In this case using the symmetry
relation of the fundamental matrix II, (z, y), i.e. . (7,y) = [, (y, )] ", we have
the explicit form of (—M)! for [ = 0,1,2,..., as follows:

rt: L
97 93 0L (y1, y2) 0
toe o , 1 € 2NU {0},
- i 0 97 95 10, (y1, 92)
M) =
( ) [ FTI HTIHl( )
0 91° g % (Y1, 12
i b . leaN-—1.
917 927 T (1, 92) 0
(4.13)

Here, O is the zero matrix of order 3. The matrix (—M)l is either diagonal or

anti-diagonal by blocks of the size 3 x 3. This structure is not valid anymore for
the case of more than two scatterers. From this structure, we obtain the explicit

©We can recover the scattering coefficients a;-, ey agw associated to Dirac model from the relations
gj = (a;1 — bj)*1 and a; = HQ(I;- for j =1,..., M, see (1.4) and Remark 2.1. As three unknown
parameters a;,3;,7; are appearing in the equations g; = (a;1 - bj)*l, see (2.25), in order to
get the scattering coefficients a; two wavenumbers k1 and k2 can be used as follows. As ajs are
real, first we compare the imaginary parts of the equation g; = (a;1 - bj)_1 to obtain 3;. Then

we compare the real parts of the equation g; = (a;1 - bj)_1 for the wavenumbers k1 and k2 to
obtain v; and aj, from which we can recover the scattering coefficients a;..
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form of T' = ng:O(—M)l in the kth order scattering as follows:

e The diagonal entries of T~

glI 0
3 k= 07
L 0 ggI
9 29192 (1, v2) 291921_[2[ 1, 12)
, k € 2N,
Zglggﬂm Yyy2) 92 29192112 (1,92)
T={T e '
0 Z G (yr,y2) Y g g T (g, )
=0 , ke2N—-1,
Z G TR (1) g2 Z 919511 (y1, 2)
— 1 71
—1I —Ix(y1,92)
g1 1 , k = oo.
I (yhy?) —I
I 92
(4.14)

From the explicit form of T', we observe the following points.

The diagonal entries of T" give g1 and g in the Born approximation, i.e. k£ = 0.

Substituting the non-diagonal entries in the diagonal entries gives the scattering
coefficients in every even level scattering k, i.e. k& € 2N. Indeed, define g :=
Zil Gt gb T2 =1 (y1,2) then the non-diagonal entries of T are equal to §. Also
the diagonal entries 711 and Tha of T are equal to g1 (1 + I (y1,y2)g) and g2(1 +
I, (y1,y2)g) respectively. Now, with the knowledge of the scatterers y; and ys
from the MUSIC algorithm and by substituting the value of ¢ in the diagonal
entries, we can evaluate g1, go.

Substituting the diagonal entries in the non-diagonal entries gives the scat-
tering coefficients in every odd level scattering k, i.e. £ € 2N — 1. Indeed,

o k—1 o k—1
define by = g1>5,7% 9165107 (y1,92) and by = g2>3, 7% 9165112 (y1,2) then
the diagonal entries 717 and The of T are equal to 51 and 52 respectively.
Also the non-diagonal entries T2 and T5; of T are the same and are equal to
gllu)gﬂ,{(yl, y2) = gglv)lHR(yl, y2). Now again with the knowledge of the scatterers
y1 and ys from the MUSIC algorithm and by substituting the diagonal entries in
the non-diagonal entries of T', we can evaluate g1, ga.

I give g; and go in the method of Foldy, i.e. k = oo.



Math. Models Methods Appl. Sci. 2014.24:863-899. Downloaded from www.worldscientific.com
by WEIERSTRASS INST FOR APPLIED on 02/03/15. For personal use only

Multiple scattering of electromagnetic waves by finitely many point-like obstacles 889

4.3.1. Numerical results and discussions

For the convenience of visualization, we show the results for the scatterers in
XY-plane. For our calculations, we consider 50 incident and observational directions
and the point-like scatterers attached to same scattering coefficients located at the
points y; = (0,0,0), y2 = (0,0.5,0), y3 = (0.5,0,0), y4 = (0.5,0.5,0), y5 = (1, 1,0),
ye = (1,—1,0), y7 = (—=1,-1,0), ys = (—1,1,0), yo = (1, —1.5,0), y10 = (1.5,0.5,0)
and y11 = (—1.5,1,0). Let dgr, stands for the degree of Gauss—Legendre polyno-
mial. We used the 2dZ,; (= 50) incident and the observational directions obtained
from the Gauss-Legendre polynomial of degree dgr, (= 5), i.e. if we denote the
zeros of the Gauss—Legendre polynomial of degree by GLy, for £k =1,...,dg, then
the azimuth and the zenith angles 6 and ¢ are given by

¢ =cos '(GLy), k=1,...,dcL,

/I j=0,1,...,2dgL — 1.

dar’

Combinations of these spherical coordinates will allow us to find the incident and the

observational directions given by (cos @ sin ¢, sin 0 sin ¢, cos ¢). These directions are

shown in Fig. 1. To show numerically that horizontal, p*, or vertical, p¥, polarization

direction is enough for the reconstruction, we used the directions p and p¥ as per
the definition (4.5).

Since MUSIC algorithm is an exact method, the reconstruction is very accurate

in the absence of noise in measured data, for Born, Foldy and intermediate models.

1 el
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Fig. 1. The incident and observational directions.
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To analyze the effect of the noise level on the resolution of the algorithm, different
noise levels are used. To distinguish the differences between the Born approxima-
tion and the Foldy model, we used different scattering coefficients, noise levels and
distance between the scatterers.

Figures 2 and 3 are related to the six scatterers located at the points y1, yo,
ys, Ys, y7 and yg of each having scattering coefficient 1 for each with 1% random
noise in the measured far-field pattern. Figure 2 shows the pseudo-spectrum of
the mentioned six scatterers for the wavenumber x = 27 whereas Fig. 3 shows the
pseudo-spectrum for the wavenumber x = 7, i.e. minimum distance between the
scatterers is half of the wavelength and quarter of the wavelength respectively. We
observe that due to the higher wavenumber, Fig. 2 has the better reconstruction
comparing to Fig. 3 with respect to p" and p¥ respectively. Also, we can observe
that the scatterers satisfy largely the condition (4.11) and the reconstruction looks

Pseudo-norm-Bom Pseudo-norm-Foldy

305 30~

Pseudo-norm-Bom Pseudo-norm-Foldy

305 30~

Fig. 2. Born (a), (c) and Foldy (b), (d)-based reconstructions with 1% noise, g; = 1 and k = 27
for six scatterers. Left part (a), (b) — p”, right part (c), (d) — pv.
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Pseudo-norm-Bom Pseudo-norm-Foldy

S o S0+

Pzeudo-norm-Born Fseudo-norm-Foldy

Fig. 3. Born (a), (c) and Foldy (b), (d)-based reconstructions with 1% noise, g;j = 1 and k = =
for six scatterers. Left part (a), (b) — p”, right part (c), (d) — pv.

similar in both the Born approximation and the Foldy model. Hence, if the scatter-
ers are well separated with low scattering coefficients there is not much difference
in the reconstruction between the Born approximation and the Foldy model.

Now, we present an example where the scatterers do not satisfy the condition
(4.11). Figure 4 shows the pseudo-spectrum of the six scatterers again located
at y1, y2, Us, Y6, y7 and ys of each having scattering coefficient 10 for k = 27
with 6% random noise in the measured far-field patterns with respect to the Born
approximation and the Foldy method. Compared to Figs. 2 and 3, we see in Fig. 4
how the reconstruction deteriorates due to the effect of multiple scattering created
by the close obstacles. In this case, we can see the differences between the Born
approximation and the Foldy model.

As a conclusion, we have seen that if the condition (4.11) is satisfied largely, then
the effect of the multiple scattering is quite low and the reconstruction is similar in
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Pseudo-norm-Born

Pseudo-norm-Foldy

FPseudo-norm-Borm

Fig. 4. Born (a), (b), (e), (f) and Foldy (c), (d), (g), (h)-based reconstructions with 6% noise,
g; = 10 and k = 27 for six scatterers. Upper part (a)—(d) — p™, lower part (e)—(h) — p¥.
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Fseudo-norm-F oldy

Fig. 4. (Continued)

Pseudo-norm-Intermediatelevel3 Pseudo-norm-Intermediatelevel-12

Pseudo-norm-Intermediatelevel-3 Pseudo-norm-Intermediatelevel- 12

40 - : : A0~

Fig. 5. Reconstruction of three scatterers with 1% noise, g; = 7 and x = 7. 3rd level (a), (c) and
12th level (b), (d) approximations. Left part (a), (b) — p”, right part (c), (d) — p?.
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both Born and Foldy but above the condition (4.11) the use of the Born approxima-
tion gives better reconstruction than the use of the Foldy method. However in the
latter case, Born approximation is not valid as the scatterers are relatively close.

We have similar kind of difference between the intermediate level approximations
as the level k increases with respect to the condition (4.11). We can observe this in
Fig. 5 which shows the numerical reconstruction of the three scatterers, based on
3rd and 12th level approximations, located at ys, y4 and y9 and having scattering
coefficient 7 with £ = 7 and of 1% random noise in the measured far-field pattern.
Finally, let us remind that the reconstruction depends on the choice of the signal
and noise subspaces of the multiscale response matrix, see, for instance, Ref. 11 for
a discussion on this issue concerning the acoustic and elastic cases.

Appendix
For the reader’s convenience we show the proofs of (2.15), (2.16) and (2.28).

Proofs of (2.16) and (2.15). The Green’s tensor II,;(z,0) can be written as

euc|x|

I, (z,0) = yEp ‘{P(m\x|)1—|—Q(m|x|)a:®x} (A1)

where the functions P and Q are defined in Sec. 2.2.
In the following we will only prove (2.16), since (2.15) follows automatically from
(2.16), (2.13) and (A.1). By the definitions of T}, and the inverse Fourier transform,

(2m) "2 2FH(TW())

1 1 , 1 .
= i&-x I_ it
PE /RS Rl S o /RS Tt B e
eif@|x| 1 / 1 .
=—I- —vam 7elf-md
] @ e (PP
ein|a:| 1

1 1
- I- zVax e
Tl @Rz Y R3<m2—s|2 |£2> «

etrlel 1 1 1
= I- VoV [ F 5 | - F ' =—— ) )
dmlz|” (2m)3/2k2 ( <§I2) <§|2 - f@))

in|z|

Employing (2r)~%/2F~ (\5\2—52)(95) = TaTar We get

) 0e) = et - v, (125

4|z 4rr? x|
ik|x| 1 1
e
=(I V Va 2 Ve—
T+ Ve Vel o ~ Tz Vo Ve T
1 1
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Simple calculations show

1 1
VoVer— = ——{I-32® %} (A.2)
| 2f?
With the help of (A.1), we finally obtain

1 1 o A\ i€x
@ L e L@
I-3t@i el

 4mk2|z]3 0 4rz]

{P(ir|z))I + Q(ik|x|)Z ® &}
The identity (2.16) is thus proven. m|

Proof of (2.28). We first compute the integral (2m)~% [o, T.(£)f(3,€)dE with
f(B8,8) = s Again using the definition of 7};, we find

B2+IE "
B I<62 _62 .
- [r@+ 0] 1o
= [ﬁ(l—é@@— ﬁ(l-é@é) F(B, k).

Recalling that 11X (z) = (27?)_3/2]-"_1[52EK2 (I—£®E)], we have

(2m) PRF L) £(8,€)] = [ (2) — Wi (2))£ (8, k).
It is easy to see
[I—Si"@i" I—3§c®§c} 32 I-3z®e

Ani2|eP —Ax@|zP | B2+ k2 Awk2|zP

Using the previous identity, it follows from the expression of I1Z (x) that

1-3i®% {emlﬂﬂl

(2m) PPF T £(8,6)] = [P(ir|z)I + Q(ik|z)E @ ]

4mr?|x|? 47 ||
e~ Bl o 32
- W[P(—ﬂlwlﬂ + Q(—plz)z ® x]} B
(A.3)

Now, by the inverse Fourier transformation and the expressions for P and @,

—1 = (2m)7%? lim F! T
o L, IO, = (20> tiw 7L 15, )0
B+ik 3
T T6r BPAr? L (A4)

Indeed, recall that P(z) =1-1+ L Q(z)=-1+2 -3

22"
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=Bl

e Consider the term ﬂQ(MM) Tl Q(—p|z|) =: Ag, then

47|z

Ao = elrle] [_ 3 3 ] e Al {_ 3 3

- Bla - Ba?]
Using Taylor series, we obtain the following after few computations:
el 3 3 1 3
_ — +
8rlz|  Amk2|z|3

4|z iklz|  K2|x)? 47|z

+o(|z)),

4rr|x] ik|x| + K2|x|?

e~ Al 3 3] 1 3 oz
Blal  Baf?] — 8mlz|  4Amp?|zf? '

By substituting the above expressions in Ag, we obtain

3 1 1

o [ ] o)

__ 3 1 . =7
~ 4rk2(zf? (B, k) +o(|z]); f(B, k) := CEER

4|z

Ag =
(A.5)

e Consider the term Zi:l‘ i P(ik|z]) — 47r|$| P(—pB|x|) =: Ap, then

ir|z| 1 1 —Blz| 1 1

e e

Ap = 1-— - — 14—+ — .
"7 anla] [ ir|z| szz] drrlz| [ "Bl T PP
Again by using the Taylor series, we obtain the following after few computations,

eilel 1 1] ik 1 1
47|z ~ 6m  8mlx|  4Awk?|axf?
e Bzl - 1 N 1 B 5+ 1 N 1
47|z Blz|  Blz2| 61 Smlz|  4wp|x)3

By substituting the above expressions in Ap, we obtain

B+i 1 71 1
e { ﬂz] ollel)

CB+in 1 1
o 6m Ark?faf® f(B. k)

Gathering (A.3), (A.5) and (A.6) will produce

+ o(|z)),

iklz| k2|2

+o(|x]).

Ap =

+ o(|z|). (A.6)

I-31®z2
4mrr?|x|?

B+ik., 3¢@i-1 1
+{ 67 + drr?|z® f(B, k)
_ BH+ik
T 6w

(27) " 2FTL(€) f(5,6)] =

}f(ﬂ, %) + ol |z])

f(B, )L+ o(|z).
Hence, (A.4) holds.
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It remains to check the relation

L/ L (f)idf——iI 5 — /\/5 (A7)
(2m)3 Jgs T+ €4 6mR2 TEavE )
From the definition of L, we see
1 _ 74
—  F L. ————
er e |G [
_ 1 Y site
= o fo g O e

- 1 1 N ) itw
‘@ﬁ#““éﬂﬂ27u%4e &«

In view of (A.2),

1 1 1 1 I1-3i®%
V.V, ([ F ! 5 = —=V.V. = - :
(27)3/2K2 ( [|§2} (x)) K2 4rr|x] 4mr?|x|?

To evaluate the first term on the right-hand side of (A.8), we need the integral
identity

/-_iLyu@:/m/%/j_ﬁiﬁmwmmmwwwﬂ
gs 74+ €] o Jo Jo YHIEH

 |¢] sin(je] |a]) o717l cos(3e])
=14 - > d¢|=2rF— 7
TA G T

b

with 4 = v/v/2, where the last equality follows from the Fourier sine transform of
the odd function #3/(y* + t*). It then follows that

€ } L1 el eos(lal)
e @ Ve

-1
(2m)3/252

C4nr2 "
1
4R2

V.V, F! [

{g(lzDT + |2 ¢ (|l2)2 @ £},

where g(t) = {e 7 [cos(7t) + Ft(cos(Ft) + sin(Ft))]}/t3. After elementary calcula-
tions, we obtain

4 -31®7

_ Ae M sin(dlz)

27mK2| x| T,
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and arguing similarly to the justification of (A.4), we obtain

L Lm0 e = o oL @
— w(§)——=d¢ = lim ——— w(&) | (z
(2m)% Jps 7+ jol—0 (2m)3/2 7+ [€]
__ 7
6mr2
This proves (A.7). Finally, combining (A.7) and (A.4) yields (2.28). |
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