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This paper is concerned with the variational approach in weighted Sobolev spaces
to time-harmonic elastic wave scattering by one-dimensional unbounded rough
surfaces. The rough surface is supposed to be the graph of a bounded and uni-
formly Lipschitz continuous function, on which the total elastic displacement
satisfies either the Dirichlet or impedance boundary condition. We establish
uniqueness and existence results at arbitrary frequency for both elastic plane
wave and point source (spherical) wave incidence in the two-dimensional case.
In particular, our approach covers the elastic scattering from periodic structures
(diffraction gratings), and we prove quasiperiodicity of the scattered field when-
ever the incident field is quasiperiodic. Moreover, the diffraction grating problem
is also uniquely solvable in the presented weighted Sobolev spaces for a broad
class of non-quasiperiodic incident waves.

Keywords: non-smooth rough surface; linear elasticity; radiation condition;
variational formulation; weighted Sobolev spaces; Navier equation

AMS Subject Classifications: 74B05; 35J05; 35J20; 35J25; 42B10; 78A45;
74J20; 35J57; 35Q74

1. Introduction

Rough surface scattering problems for acoustic, electromagnetic, and elastic waves have
been of interest to physicists, engineers, and applied mathematicians for many years due to
their wide range of applications in optics, acoustics, radio-wave propagation, seismology,
and radar techniques (see, e.g. [1-6]). Diffraction phenomena for elastic waves propagat-
ing through unbounded interfaces have many applications, particularly in geophysics and
seismology. For instance, the problem of elastic pulse transmission and reflection through
the earth is fundamental to the investigation of earthquakes and the utility of controlled
explosions in search for oil and ore bodies; see, e.g. [1,7-9] and the references therein.
This paper is concerned with uniqueness and existence results in weighted Sobolev
spaces for the two-dimensional problem of time-harmonic scattering of incident elastic
plane and point source waves from unbounded rough surfaces. We suppose the scattering
surface is given by the graph of a bounded and uniformly Lipschitz continuous function,
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on which the total elastic displacement satisfies either the Dirichlet or impedance boundary
condition.

There is already a vast literature on the mathematical analysis of acoustic and elec-
tromagnetic scattering by rough surfaces modeled by the Helmholtz equation. We refer
the reader to [10-12,38] and [13, Chapter 5] for the integral equation method applied
to the Dirichlet boundary value problem with smooth (C1) surfaces in R” (n = 2,3)
and to [14-16] for the scattering by penetrable interfaces and inhomogeneous layers. The
variational approach proposed in [17] by Chandler-Wilde and Monk gives rises to existence
and uniqueness results in non-weighted Sobolev spaces, allowing to treat the scattering
problem due to an inhomogeneous source term whose support lies within a finite distance
above rather general sound-soft surfaces in R"” (n = 2, 3). Moreover, this approach leads
to explicit bounds on solutions in terms of the data and applies to acoustic scattering by
impedance surfaces as well as by inhomogeneous rough layers; see, e.g. [13,18,19].

A rigorous analysis on the two-dimensional elastic scattering of plane waves is given
by Arens [20,21] for smooth (C!-%) rigid surfaces, where the solution is sought in C 2(D)N
C(D) (the region D denotes the unbounded domain above the scattering surface) via
integral equation methods. This generalizes the solvability results in [11,14,15] from the
Helmholtz equation to the Navier equation. Moreover, an upward propagating radiation
condition (UPRC) is proposed in [20] based on the elastic Green’s tensor of the Dirichlet
boundary value problem in a half plane. The UPRC is proved to be equivalent to the so-called
angular spectrum representation for solutions of the Navier equation established in [22]. The
latter has been used to prove well-posedness of the Dirichlet boundary value problem in
non-weighted Sobolev spaces via a variational approach and perturbation arguments for
semi-Fredholm operators (see [22]). A different radiation condition is used in the work of
Duran et al. [23], with an emphasis placed on treating surface waves arising from local
normal stress excitations on the free boundary of a half plane. This new radiation condition
is inspired by the asymptotic behavior of the half-space elastic Green’s tensor with the
Neumann boundary condition. It leads to well-posedness of the Neumann boundary value
problem in suitable weighted Sobolev spaces, but the weights there (see also [24] in the
case of the Helmholtz equation) are different from ours presented in this paper.

We investigate the variational approach in appropriate weighted Sobolev spaces for both
the Dirichlet and impedance boundary value problems, where the time-harmonic incident
elastic plane pressure and shear waves as well as incident elastic point source waves are
all covered. Our methods are closest to the recently developed variational approach of
Chandler-Wilde and Elschner [25] to acoustic scattering by rough surfaces. The well-
posedness there is established by using the results of [17] in the non-weighted setting
and a perturbation argument. In this paper, the solvability of the impedance boundary value
problem in the standard Sobolev space is established by investigating an auxiliary Dirichlet
boundary value problem with an inhomogeneous source term; see Section 3.2. This novel
idea for treating the impedance boundary value problem comes from [22,26] where the a
priori estimates for solutions of the Helmholtz equation in unbounded periodic and non-
periodic structures have been established via Rellich-type identities. It also provides a
shorter and simpler proof of the well-posedness of acoustic scattering from impedance
rough surfaces in standard Sobolev spaces (see [13, Chapter 3.4]) at arbitrary wavenumber.

The grating diffraction problem can be viewed as a special case of scattering by a
rough surface. Existing solvability results for diffraction gratings (periodic structures) in
the literature all rest on the essential assumption of quasiperiodicity of solutions. Such an
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assumption leads to an outgoing Rayleigh expansion of the scattered field and has consider-
ably simplified the mathematical analysis of periodic scattering problems. We refer to [27]
for uniqueness and existence proofs via integral equation methods and to [28,29] for the
variational approach applied to boundary value problems of the first, second, third, or fourth
kind as well as to transmission problems with non-smooth interfaces in R" (n = 2, 3). As
a consequence of the solvability in weighted spaces, we provide a theoretical justification
of the quasiperiodicity of solutions for elastic diffraction grating problems, whenever the
incident wave is quasiperiodic; see Section 4.1. In addition, our weighted Sobolev space
for rough surface scattering problems can be regarded as the solution space for the unique
solvability of diffraction of non-quasiperiodic incident waves from periodic structures,
including incident elastic point-source waves generated by the free space elastic Green’s
tensor and a linear combination of incident plane pressure and shear waves.

The paper is organized as follows. In Section 2, we rigorously formulate the Dirichlet
and impedance boundary value problems in weighted Sobolev spaces and propose their
equivalent variational formulations. As in [25], the radiation condition is to be under-
stood as a bounded linear functional on a weighted Sobolev space. We adopt the idea of
[25, Remark 5.4] to formulate the boundary value problems as equivalent variational
equations in a straightforward way. The right-hand sides of these equations are given
explicitly in terms of the incident elastic plane waves, and they actually take a form
analogously to that arising from diffraction grating problems; cf. Section 2.4 and [28,29].
In Section 3, we prove existence and uniqueness of solutions to the equivalent variational
problems, following the perturbation argument of [25] that relies on commutator estimates
for the Dirichlet-to-Neumann map. Section 4 concerns applications of our solvability results
to the elastic scattering from periodic structures (diffraction gratings) as well as to the
scattering of elastic point source (spherical) waves.

Section 5 is devoted to the proof of the crucial commutator estimates of Section 3.
In contrast to the Helmholtz case [25] where a square-root symbol with two singularities
is involved, we have to investigate properties of a non-smooth symbol in the form of a
2-by-2 matrix with four singularities. Therefore, additional arguments are needed in order
to generalize the results of [25] to the case of elastic scattering; see Section 5 for the details.
These commutator estimates play an essential rule not only in verifying the main Theorems
2.2 and 3.1, but also in establishing equivalent variational formulations in the weighted
spaces (see Lemma 2.5). In particular, Lemma 5.4 (i) provides a proof of [22, Lemma 1] in
the non-weighted Sobolev spaces.

We further note that the commutator estimates and the solvability results obtained in
this paper can be extended to three-dimensional elastic rough surface scattering problems.
Consequently, the Dirichlet and impedance problems for incident spherical and cylindrical
elastic waves in three-dimension can be treated analogously.

We end up this section by introducing some notation to be used later. Denote by () "
the transpose of a vector or a matrix. For a € C, let || denote its modulus, and for a € C2,
let |a| denote its Euclidean norm. For a matrix M = (m;;) € C?*2, ||M|| denotes the norm
defined by [|M|| := max;_ ; [m;;|. The symbol a - b stands for the inner product a1 b + axb>
ofa = (ay, az)T, b = (b1, 172)—r € C2. Standard L2-based scalar Sobolev spaces defined
in a domain €2 or on a surface I are denoted by H*(2) or H*(I") for s € R. Throughout
the paper, the branch cut of a complex square root is always chosen such that its imaginary
part is non-negative. Unless otherwise stated, we always use ¢, C to denote generic positive
constants which may vary from line to line.
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2. Boundary value problems and equivalent variational formulations
2.1. The basic model

We precisely formulate the scattering problems as follows. Let D C R? be an unbounded
connected open set such that for some constants f_ < f4 it holds that

U, cDCUyp, Uyp :={x=(1,x):x> fi} 2.1

As in our previous paper [22], the boundary I' := 9D of D is supposed to be the graph of
a uniformly Lipschitz continuous function f, i.e.

I={xeR®:x= f(x1),x €R}, (2.2)
and there is a constant L. > 0 such that
|f(x1) — f(x2)| < Lixy —x2|, forall xp,x €R. (2.3)

Such a geometric assumption on I' is weaker than the condition used in [20,21] but stronger
than thatin [17,25]. Our a priori estimates of solutions derived in Section 3 always depend on
the global Lipschitz constant L. Assume the region D is filled with an isotropic homogeneous
elastic medium characterized by the Lamé constants A, w satisfying u > 0, A+pu > 0. Let
u'" be a time-harmonic elastic plane wave (with time variation of the form exp(—iwt), @ >
0) incident on the rough surface I' from above. The incident wave is assumed to be a
linear combination of plane pressure and shear waves having the same incident angle 6 €
(—m/2,7/2),1ie. _ . .
ulh = Cluzpn + Czulsn, cj c (C’ ] = 1’ 2’ (2.4)

where

ui,” = éexp(ikpé - x), 6 := (sin@, — cos 0), kp:=w/y2u+A,

ul' == o+ exp(iksé .x), 0F:=(cosh,sin®), ks:= YNITS

Note that k, and k; are called the compressional and shear wave numbers, respectively.
The case of incident elastic point source (spherical) waves will be treated in Section 4.2,
following the approach for plane wave incidence.

We look for the total elastic displacement u = (u1, uz)T such that the Navier equation

(A*+0Hu=0 in D, A*:=puA+ (+w)graddiv, (2.5)

together with one of the following boundary conditions on I':

Dirichlet boundary condition : u = 0, (2.6)
impedance boundary condition : Tu —inu =0, n >0, 2.7
holds in a distributional sense, and that the scattered field ¢ := u — u'" satisfies an

appropriate radiation condition as x, — 400. Note that in (2.5), we have assumed for
simplicity that the mass density of the elastic medium in D is equal to one. The operator T
in (2.7) stands for the stress vector or traction having the form

ny (1uy — 32141)) on T

2.8
ny (Ouy — d1u3) (2.8)

Tu =2uoqu +Andivu+ u (

where n = (11, n2) " denotes the unit normal pointing into the exterior of D.
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2.2. Weighted Sobolev spaces

Forh > f* :=sup, p{f(x1)},let T := {x = (x1,x2) : xp = h} and §), := D\U},. Our
variational formulation will be posed on the infinite strip Sp,; see Figure 1. Let Fv denote
the Fourier transform of v defined by

Fu() = (2n)—‘/2/ exp(—it E)v(r)dt, £ € R,
R
with the inverse transform given by
Flw@) =(2n)—1/2/ exp(it E)w(€)de, teR.
R

We first introduce weighted Sobolev spaces. For o € R,/ € N and adomain G C R, define
the Hilbert spaces

L2(G) = (1 +x12)_g/2 L(G), HLG):= (1 +x12>_g/2 H(G),

equipped with the corresponding canonical norm and scalar product. The space V}, , is then
defined as the closure of {u[s, : u € C{°(D)} in the norm

) 1/2

) dx) . (29

NG
v = lullgesy = | [ |(147) w
h

From time to time, we employ the following equivalent norm to || - ||y, ,:

12
Q

ull = (/ (1+x%) (|u|2+|Vu|2)dx> . ue Vi, (2.10)

Sh

Moreover, we introduce

2
+ ‘V (1 +x%>g/ u

s 2 —0/2 s
HE(T)) = (1~|—x1) H'(Ty), o0€R,

where H*(I';) is identified with the Sobolev space H®(R) with norm

E 12
ol = ([ (1+8) Fora)

The weighted space H g (R) will be endowed with the norm

2\0/2
ol =11 (1+x2)" vGenllas . @.11)

y Xo=h

Sh

W U S

. T T o

Figure 1. Geometrical setting of the scattering problem.
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Obviously, the restriction of the incident plane wave u'" givenin (2.4)to S, (h > f71)
belongs to the space HQI(S;,)2 for all o < —1/2. Below we collect some properties of
H g (G), which will be used for our subsequent analysis.

ProrosiTion 2.1 [30,31]

(i) F is an isometry of L*(R) onto itself and also an isometry of LE(R) onto H? (R).
More generally, F is an isomorphism of Hj (R) onto HER) forall s, 0 € R.
(i1) The trace operators

y- 1 Hy(Sp) — Hy>(Tw) .y s Hy(Un\Un) — Hy">(Cw). H > b,

are continuous.
(i)  The dual space of Hg (R) with respect to the L* scalar product is H:g (R), that is,
Hy(R)* = H:Qs (R) forall s, 0 € R.

2.3. Radiation condition and boundary value problems

To formulate the Dirichlet and impedance boundary value problems, we need an appropriate
radiation condition for the scattered field in D as xp — 00. Assuming that u*¢ is a linear
superposition of outgoing plane waves in D, we shall represent the scattered field in Uj, in
terms of the trace u‘;f := u’*|r,,. Using Fourier transform, it was derived in [22] that

u€(x) = e vr®) (xth)Mp(é) + ei}’s(&)(xth)Ms(g)) ﬁzc(g) elX18 de  (2.12)

5L

for x, > h, where M, and My are two matrices given by

L (€ ny> __(prs —%J«) )
&5 <‘§Vp ) MO E ey, &) OF

respectively, with y,, (§) 1= | [k, — &2, y5(§) 1= ki — &2. Obviously, M, (§) + M;(§) =
I for any & € R, where I denotes the 2 x 2 unit matrix. The right-hand side of (2.12) can
be interpreted as a superposition of upward propagating homogeneous compressional resp.
shear plane waves corresponding to |§| < k, resp. |§| < ky; and some evanescent surface
waves corresponding to |§| > k, resp. || > k,. Hence, expression (2.12) is always referred
to as the angular spectral representation for solutions of the Navier equation in the literature
(see e.g. [32]). Moreover, such a radiation condition can be written in an alternative form
that is identical with the Upward Propagating Radiation Condition (UPRC) proposed by
Arens [20] (see [22, Remark 1])

My (&) =

u(x) = —i/ Ty [Ty (x, )]u®“(y)ds(y) forxy > h. (2.14)
Ty

Here, I1; (x, y) denotes the Green’s tensor for the Navier equation in the half space x, > h
with the homogeneous Dirichlet boundary condition on I';,, and T, [T, (x, y)] is understood
as the application of T to each column of IT,(x, y) with respect to the argument y. The
explicit expression of I, (x, y) and its inverse Fourier transform on I';, with respect to y;
can be found in [20].
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Since each element of M, exp(iy, (x2 —h) and M exp(iys (x2 —h) is uniformly bounded
in& € R, theintegral (2.12) exists in the Lebesgue sense forall x € Uy, when u;‘ € L2(Ty)?
so that ;" € L%(R)%. In the weighted case of u¢ € HQI/2 (R)? with ¢ > —1, we can
interpret Equation (2.12) as a bounded linear functional over HQ1 /2 (R)2. To see this, arguing

analogously to the Helmholtz case, we only need to show that the function I, (§), defined
by

1/, . .
L(§) = (ezyp@)(xz—h)Mp@) 1 en® (Xz‘h)Ms(E)) ety
2w

belongs to the dual space H__lg /2 (R)? of H f /Z(R)z for o > —1; note that by Proposition
2.1(i) we have Fu;‘ € H]Q/Z(R)2. Indeed, using (2.11) there holds

—1/4
11 )11 =1(148) " L® 1Ry

H ) (R)?
- —1/4
= [[(+e) “1mna(i+2) oo e
R
2\7¢ P2
= [ (1+8) " 1hip® «h@P e 2.15)

where by (€) := Fi_¢ (1 + 12)_9/2 e L'(R) for o > 0 (see e.g. [25, Lemma 6.4]), with

denoting convolution. Moreover, elementary calculations show that (cf. (2.12) and (2.14))
L) = Femoy [ ()] = —i [Ty TTh(x, Wlyer,. ¥ = 01, y2) € R%,

and that (see [20, Theorem 2.2])

H(xa—h,y»—h)
Ix1 — y113/2

[T (x, W = . xi=yilze>0, x,y€U,

for some function H € C(R?). Together with the interior estimate for solutions to the
Navier equation (see e.g. Arens [20, Appendix]), the previous estimate implies that, for a
fixed x € Uy, the inequality

| Ty T (e, p) 11 < € (14 |xg — yi]) /2

holds uniformly in all y € I'y, with the positive constant C depending only on x; and A.
Therefore, it follows from (2.15) that

—(0+3/2)
LI <C||b1/z<s>||il(R>/R(1+$2) T g

—o <
H—l/2<R)2

’

which is bounded provided o > —1. This explains why we can understand (2.12) by
extending the mapping u*“(x)|r, — u*“(x), given by (2.12), to a bounded linear functional
172 o2
over H,’”"(R)“ for o > —1.
Now we formulate the Dirichlet and impedance boundary value problems (DBVP) and
(IBVP) as follows.

(DBVP): Given the incoming plane wave u'", find the total field u = u" + u* €
H[LC(D)2 such that

uls, € Hy(Sw)?. VYh> f*, forsomepg e (—1,—1/2),
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u satisfies the Navier Equation (2.5) in a distributional sense and the Dirichlet
condition (2.6), and that the radiatjon condition (2.12) holds forall 4 > f.
(IBVP):  Given the incoming plane wave u'”, find the total field u € H, ZL C(D)2 such that

uls, € Hy(Sw)*, Vh> fF, forsomepg e (—1,—1/2),

u satisfies the Navier Equation (2.5) in a distributional sense and the impedance
boundary condition (2.7), and that the radiation condition (2.12) holds for all
h> fT.

2.4. Dirichlet-to-Neumann map and variational formulations

The purpose of this subsection is to propose equivalent variational formulations of (DBVP)
and (IBVP) in the weighted Sobolev spaces Hg (Sp)*foreveryp € (—1,—1/2)andh > f+.
Note that we require —1 < o < —1/2, because the radiation condition (2.12) is well defined
for any o > —1 and the elastic plane wave (2.4) belongs to the space H, E} (Sp)? for any
o< —1/2.

Recall the first Betti formula

(A*—i—wz)w-ﬁdx:fs (5;2,)1(’”’ 7) — w’w - v)dx—/ v-T;wds (2.16)
h

Sh A

for w,v € H?(Sp), where the bar indicates the complex conjugate, i and X are real
numbers satisfying ft + A = p + A, and

Eqz(w,v) i= (A +2p) Brwi dyvy + dawa 2v2) + p (dowy 2v1 + Jywa d1v2)
+ A (B1wy va + dwy d1v1) + L (Bawy dva + dwa dvy),  (2.17)

ny (dywy — 32w1)>

T.
n ny (ow; — dywy)

sw = (u+ 1) 0w + Andiv w + i <
In the Dirichlet case, we have a freedom of selecting the parameters i and *. In our
previous paper [22], the parameters /i, X were taken as L = 0,1 = A + L, leading to a
minimal loss of coercivity for the corresponding Dirichlet-to-Neumann map on I'y; see [22,
Remark 4]. Throughout this paper, we set fi = , A = A so that the operator Tp5=Tun
coincides with the stress operator defined in (2.8). Moreover, with this choice the bilinear
form £(-, -) = &,,,.(-, -) can be written as:

2
Ew,w) = Aldivw|® +2u Y leijw)*, € j(w) = @jw; + dw;)/2.
i,j=1
Under our assumptions on the Lamé constants, © > 0, A + u > 0, we have the estimate
(see e.g. [33, Chap. 5.4])

2
— 2 1o 2
fSh Ew,w)dx > C § ] lleijWll7as,)  Ywe H' (S (2.18)
L]=

and the classical Korn’s inequality,
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2
/ Yo la P +lwl | de = Cllwllg, . YweH'(SH? (219
Sn\i,j=1

where C = C(Sp,) > 0 is independent of w. Korn’s inequality for a half space above a
Lipschitz graph was proved, e.g. by Nitsche [34], via constructing appropriate extension
operators. This approach can be easily adapted to proving (2.19) over the strip Sy, of finite
height, and we also refer to [35, Section 2.2].

In the following, we introduce the Dirichlet-to-Neumann map 7 on the artificial bound-
ary I'y, allowing us to treat the scattering problems in the truncated strip Sy in place of the
domain D. Define v as the right-hand side of (2.12) with u;¢ € C§°(R). Then, elementary
calculations show

TU|1",1 = T(M;lc s

where the Dirichlet-to-Neumann (DtN) map 7 = 7/* is given by the pseudodifferential
operator

Tw=F'"MEFw, weH ®R? (2.20)
with
' ’ —£0? + 25 1(E + yp1)
M:M‘“‘:l—( @V Swt 2 ”"”S>. 221
7+ ypys \E” — 2607+ ¥,p1) s (221)

The following commutator estimate for the DtN map is crucial for establishing the main
solvability results in weighted spaces. Its proof will be carried out later in Section 5, based
on the commutator estimate of [25, Theorem 3.1] concerning non-smooth scalar symbols
with a square root singularity.

TaeoreMm 2.2 Consider the commutator
C:=T —(a*+ 3612)9/2’2’(512 + xlz)_g/2 (2.22)

with the parameter a > 1. Then, for |o| < 1 and a > max{l, 1/ks}, there exists a positive
constant C = C(o, , A, ) such that the norm of C on L*>(R)? is bounded by a='/*C.

The following lemma describes the continuity properties of 7.
LEmma 2.3
(i) Foranys € R, the operator T = T (w) : H® (R)2 — H*~YR)? is bounded, and
it is also continuous with respect to  in the operator norm.
(i) Forlol<1,0<s<1, T: Hg(R)2 — H3~'(R)? is bounded.
Proof (i) The boundedness of 7 is a direct consequence of the estimates y, (§), ys(§) ~
il€] as |€] — oo and [M(§)z]* < ¢ (1 +&2) |z|? for some constant ¢ > 0 uniformly in

z € R?, £ € R. The continuity of 7 with respect to w follows from the uniform convergence

IME: 01 = ME oI/ (14+67) = 0. aswr > o,
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in & € R. The proof of the second assertion for o # 0 can be carried out in the same way
as that for the Helmholtz equation (see [25, Lemma 3.3(ii)]) by applying the commutator
estimate of Theorem 2.2. Il

We set V, as the energy space for our variational problems, i.e. V, = th 0 in the
Dirichlet case and V, = H; (Sp)? in the impedance case; see Section 2.2 for the definition
of Vj,o. Introduce the scalar product

(u,v) = / u-vdx,
Sh

and define the continuous sesquilinear forms B; : V, x V_, — C(j =1, 2) by

Bi(u,v) := / (E(M,U) — ou ~ﬁ) dx —/ y_v-Ty_uds, (2.23)
Sh Iy
Br(u,v) := Bi(u,v) —in (u,v).

Now, the variational formulation of (DBVP) resp. (IBVP) can be stated as follows: find

u € V, with some —1 < ¢ < —1/2 such that

Bi(u, v) (resp. Ba(u, v)) =/ g-vds, g:=Tu"|r, —Tw"lr,) € H'*(R),

r
! (2.24)
for all v € V_,. To determine the function g on the right-hand side of (2.24), we introduce
the notation

ap :=kpsin®, B, :=kpcosh, t,:= /ksz—af,, pp = af,—i—ﬂpt,,,

oy = kysinh, B = /kf7 — a2, tyi=kscosh, pgi=a+ Bots.

By the definitions of v, (§) and y; (&), we have

vplap) = Bp,  Vs(ap) =tp,  ys(as) =15, yplas) = Pbs.

Using the relation F exp(iax1) = +/2m8(§ — o) (the §-function concentrated at §; = o)
and elementary calculations, we find

, i 2020, By — 2uct, By p ) :
T (u' = — pEDP prpEp exp(ia,x1 — Byh),
( ) Ir,) kp o <_2Ma12; pp_,’_w2(a12) — Bty pliapx) — Bph)
i i 2uo? pg — w? (@ — By ty) .
T (ug"|r;,) ko, < 2tar 1y — 20ty By ps exp(iogxy — tsh) (2.25)

On the other hand, by the definition of 7" given in (2.8), we get

: i [ —2ua .
Tu'lyIr, = . (wz 52[;/,}25%) exp(iapxi — Bph),
p

; i (2ua? — ? :
Tul"|r, = ( ﬁg;swc;: )exp(zasxl — t5h). (2.26)
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Combining (2.25) and (2.26) yields

. 2
in _ in __ P T : _ .
; T i2w°B A
Tup u, = (—ap ., tp) expliapx; —ifph) =: gp(x1),
kp pp
e on I'y.
: : 1207t
Tug' = Tug' = == (s —a;) " expliasxi — itsh) =: gy (x1),
A )

One may check that g, and g, take the same forms as those arising from diffraction grating
problems for incident plane pressure and shear waves (see [28,29]). We now conclude that
the function g on the right-hand side of (2.24) can be represented as g = c1g) + 285,
where the coefficients c; are the weights attached to the incident plane pressure and shear
waves; see (2.4).

Remark 2.4

®

(i)

The right-hand side of (2.24) for the Dirichlet boundary value problem does not
depend on the choice of the parameters fi, A. In the general case of i +A = 1+ A,
the symbol matrix M"* involved in the Dirichlet-to-Neumann map 7/* can be
written as (cf. (2.21))

M ( @?yp —§0’ + &+ pE + ypm) .
E2+ ypys \E0? —EG+2u = D)E +vpys) s

To get the corresponding variational formulation in the general case, one may only

replace £ and 7 on the left-hand side of (2.24) by £ i and 7%, respectively. It

can be readily checked that (T/44 — THA)yin = (TH* — TH )i on T, for all
fi, » € Rsuchthat i + A = p + A.

Suppose uy € V,,, up € V,, are the unique solutions to (2.24) corresponding to
distinct numbers o1, 02 such that —1 < g2 < 01 < —1/2. Then, we have u; = us,
because V_,, C V_,, and thus u; also satisfies (2.24) with ¢ = @>. This implies that
the solution to (2.24) belongs to the space N_1.,<—1/2V,, provided the variational
Equation (2.24) is uniquely solvable for each o € (—1, —1/2).

The equivalence of (DBVP) resp. (IBVP) and the variational formulations in (2.24) can
be established using the following lemma, which extends the results of [22, Lemma 1] for
o = 0 to the weighted case.

LemMma 2.5 Let|o] < 1.

®
(i)

If (2.24) holds with uf® € Hy'*(T))?, then u*® € HY(Uy\Up)? for every H > h.

Furthermore, we have (A* + o®)u*¢ = 0 in Uy, yyutc = uff, and

/ 0] -Ty+u“dx+w2/ u-ﬁdx—/ Ew,v)dx =0, Yve CFP(D)?.
ry Uy Up

As in the case of the Helmholtz equation [17] for o = 0, assertion (ii) is a consequence
of (i). We will prove Lemma 2.5(i) in Section 5 applying our commutator estimates. Using
the arguments from [17,22], we deduce from Lemma 2.5, Remark 2.4(ii), and the well-
posedness of (2.24) (see Theorem 3.1 below) the following lemma.
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Lemma 2.6 Ifuis asolution of (DBVP) (resp. (IBVP)), then uls, satisfies the variational
problem (2.24). Conversely, let w be the unique solution of (2.24). If we setu = w in Sy,
and define u = u™ + u*¢ in Uy, where u*¢ is given by right-hand side of (2.12) with
u =y_(w— u'™), then u is the unique solution of (DBVP) (resp. (IBVP)).

3. Existence and uniqueness results in weighted spaces

From Lemma 2.3(ii), it is seen that the sesquilinear forms B; (j = 1, 2) are well defined
and continuous on V, x V_, for |o| < 1. Denote by Béj ) Vo — VZ, the continuous
linear operator generated by B, where V* o 1s the dual of V_, with respect to the scalar
product (-, -) in L2(S,)2. This enables us to rewrite the variational formulations (2.24) as
the operator equations

BYwy=g in V¥, j=1.2 Q(v)::/ g vds, YveV,, (3.1
I

for o € (—1, —1/2). In this section, we investigate the unique solvability of problems (3.1)
and thus of the boundary value problems (IBVP) and (DBVP). We shall follow the approach
of Chandler-Wilde and Elschner [25] by using the results in the non-weighted case (0 = 0)
and a perturbation argument based on commutator estimates. The main theorem of this
paper is stated as follows.

TueorREM 3.1 Under the assumptions (2.2) and (2.3), the operators Bé,j) 2V —> Vfg,
Jj = 1,2, are invertible for |o| < 1. In particular, the boundary value problems (DBVP)
and (IBVP) both admit a unique solution that belongs to N_1<g<—1/2V,.

The proof of Theorem 3.1 will be carried out below in Sections 3.1 and 3.2.

3.1. Proof for the Dirichlet boundary value problem

We first recall the invertibility of Bél) in the non-weighted case when o = 0. It was proved

in [22] that B(()l) is invertible for any frequency of the incident wave, and for some constant
co = co(w, A, u, h, L) > 0, there holds

B vy v < co- (3.2)

This generalizes the results of Chandler-Wilde and Monk [17] to the case of elastic scattering.
The proof of (3.2) is based on Rellich-type identities for both the Helmholtz and Navier
equations and a perturbation argument for semi-Fredholm operators. However, in contrast
to the Helmholtz case, the Dirichlet-to-Neumann map for the Navier equation does not
have a definite real part, leading to essential difficulties in establishing explicit bounds on
solutions as in [17].

To investigate the case when ¢ # 0, we introduce equivalent norms

2 2\0/2
el 35,02 = 1@ +x3)22ull 2,2

with parameter a > 0 sufficiently large and modify the norm (2.9) in V,, correspondingly. As
in [25], we reformulate the variational form (2.23)—(2.24) as a perturbation of the problem
in the non-weighted case. Foru € V,, v € V_,, set
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p=@+x)PueVy, y=@+x)veV.
Then from (2.23), we obtain

B, v) = Bilp. ) + K (g, ), (33
where K = K| + K, with
Kigow) = [ [E0@ 4070, @ 420 - £ )] a.
Sn

Kooy = [ [ To— @+ T@ 57 ds

I

= / W - Cods.
Ty

Recall that the operator C is the commutator defined in (2.22). By the definition of £(-, -)
(see (2.17)), the sesquilinear form K can be evaluated as

IKi(p, I < cO willella 191102 1€ 21 2@ + D)7 %, 305 5@ +x)%e))
+llell 2 (@ +xDOPEY ;2 2(@® + x]) "% %ej, )
H 2 (@ +x]) 9 E(p, X oy 2(@® + xD)% e )}

Here, e; = (1,0)", e2 = (1,0) T denote the unit vectors in R? and the norm || - 25,2 18
written as || - ||;2 for simplicity. Moreover, using the estimates

sup \V(a2 + xlz)Q/2| (@* 4+ x)7%* < |o|/2a,
Sh

sup ’V(a2 + 2%V (a* + x12)9/2| < (lol/2a)?,
Sh

we obtain
_ lol)? ol
Kilp, 0l = cOom (5 ) ezl + (5, ) Vel 21wl + el 219 v 2)
o] lol
< c(h ) {g max (1, Z) lellv, ||w||v0} : (3.4)
Applying Theorem 2.2 to K5, we get
|K2 (0, ¥)| < clw, h, i, 0) a2 [l 20,2 1Vl L2r,2- 3.5)

The estimates (3.4) and (3.5) then imply that the norm of the operator Ky : Vo — VJ
generated by the form K tends to zero as a — o0. By (3.3) we have

BY = (@ +xH 7B + Ko)(a® + 2D/,

Now it can be concluded that Bél) : Vo — VI, isinvertible provided a is sufficiently large,
with the norm of its inverse bounded by some positive constant ¢ = c(w, A, i, 0, L, h).
Hence, the variational formulation (2.24) always admits a unique solution for each o €
(=1, —1/2); note that ui”ISh € V, for such ¢. By Remark 2.4 (ii) and Lemma 2.6,
the solution to (2.24) is indeed the unique solution to (DBVP) belonging to the space
m—1<Q<—1/2VQ~ g
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3.2. Proof for the impedance boundary value problem

The mathematical analysis in Section 3.1 applies to the impedance boundary value problem,
provided the invertibility of B(()z) holds in the non-weighted space. The following lemma
shows that the operator (l?)’(()z))_l exists and is bounded if we can establish an a priori bound
for the solution w € Vj of the equation

BPw=3 geW. (3.6)

LemMa 3.2 Assume there exists some constant ¢ = c(w, A, L, 1, h, L) > 0 such that
Nwllgis,2 < cllgllpis,:? (3.7)

forallw, g € H'(Sy)? satisfying the Equation (3.6). Then the operator B(()z) CHY(SH)? —>
(H'(S,)?)* is invertible, with the norm of its inverse bounded by some constant depending
onw,\, |t,n, hand L.

We sketch the proof of Lemma 3.2 based on the argument of [22] for elastic scattering
from rigid rough surfaces due to an inhomogeneous source term. The proof extends the
result of [17] in acoustic scattering to the case of the Navier equation under the impedance
boundary condition.

Proof of Lemma 3.2 Using Korn’s inequality (2.19), from (3.7), one can derive the a priori
estimate )
wll g,y < 1B wllgigs, e forall we H'(Sp?, (3.8)

at arbitrary frequency w € R™. Indeed, (3.8) can be verified by arguing analogously to
[22, Lemma 4] where the same a priori estimate for B(()l) was justified. The estimate
(3.8) implies that B(()z) CHYU(S)? = (HY(Sp)?)* is a semi-Fredholm operator. Such an
estimate combined with the invertibility of B{” : H'(S,)2 — (H'(Sy)%)* for small
frequencies leads to the existence and boundedness of (B(()z))’1 at any frequency; we refer
the reader to [22, Sections 4 and 5] for the details using perturbation arguments for semi-
Fredholm operators. Note that, under the assumption 1 > 0 for the impedance coefficient,
the invertibility of B(()z) for small frequencies can be established in the same way as in
[22, Section 4]. |

Now we turn to establishing the crucial a priori estimate (3.7) in the case 0 = 0. Due
to the positive impedance coefficient n on I', the mathematical argument below appears
simpler compared to the Dirichlet case. It also provides a shorter proof of the well-posedness
of acoustic scattering from impedance rough surfaces in the non-weighted Sobolev space
(see [13, Chapter 3.4]) at arbitrary wavenumber. Our approach rests heavily on the well-
posedness of the Dirichlet boundary value problem in the case ¢ = 0. To prove (3.7), we
need the following lemma describing the positivity of the matrix Re M := (M + M*)/2
for large |&|.

LemmA 3.3 Letthe matrix M be given as in (2.21). There exists a sufficiently large number
A > 0 such that the matrix Re M is positive definite for all |§| > A.



266 J. Elschner and G. Hu

In the case of i = 0 and A = A + u, Lemma 3.3 was proved in [22, Section 4] by
choosing A = k;. Since the approach there applies to our present case of I = u, A = A,
we omit the proof for the sake of brevity. A corresponding result for diffraction gratings can
be found in [28, Lemma 2].

Assume w € H'(S,)? is a solution to (3.6). In order to evaluate the non-definite part
occurring in the DtN map, we follow [22] and extend w to Sy via (2.12) for some H > h.
Without loss of generality, we assume H = h + 1. Note that this extension is a solution of
the inhomogeneous Navier equation (A* + w?)w = g in Sy, with § = 0in Sy \S), and it
also satisfies the impedance boundary condition on I' and the UPRC in Uy . Hence, for all
veH' (S,

/ <S(w ?) — o w - v) dx—infwids—/ y,v-Ty,wds=/ g-vdx. (3.9)
Su r 'y Su

Taking the imaginary part of (3.9) with v = w and making use of the identity (see e.g. [22])

m [y Ty wds = 207 (/S k y,%(s>|P(s>|2ds+/l y3<5)|5(s>|2ds> >0
H <Kp

| <ks
(3.10)

with P(§) := (—i/k2)F(div ulr,). S€) := (i/k?)F (curl u|r,,), we find
w72y < @)1~ 18l 25,2 1wl 22s,2- (3.11)

To estimate the L? norm of w on the strip Sy, we study the auxiliary boundary value
problem of finding # € Vj such that

(A*+w2)uzw in Sy, u=0 on I, Tu=7T(y_u) on I'y. (3.12)

The consideration of the above problem is motivated by [22,26] where the a priori estimate
for solutions of the Helmholtz equation is verified in unbounded periodic and non-periodic
structures. It follows from [22, Lemma 8] that problem (3.12) is well-posed, with the unique
solution u satisfying the bound

||u||H1(SH)2 §c||w||H1(SH)2’ C=C(w5)"al~’l/7 HyL)>O. (3'13)
Moreover, using (3.13), the L%-norms of div « and curl u on the scattering surface can be

estimated by

llwl|!/?
LZ(S )2 HY(Sp)?’

(3.14)

[1div ul| 2y + [leurl uf| 22 < Cllwll (s )2||32u|| < clwll,

LZ(S )2 —

where the first inequality follows from [22, Lemma 6] through Rellich identities for the
Helmholtz equation under the assumption (2.3). Since © = 0 on I, it is easy to check that

o [9nu)? = na |[Vul* = na(jcurl u)? + |div u|?) on T.

Therefore, by (3.14), the L2-norm of dyu on T and thus that of 7' can be also bounded by
the left-hand side of (3.14), i.e.

1/2

||TM||L2([‘)2 <c ||w||L2(S )2 ||w||H1(SH)2 ’

(3.15)
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Using integration by parts and again the fact that u = 0 on I', we obtain
2 — L _ . * 2
||w||L2(SH)2—/SHw wdx—/SHw (A™u + w“u)dx

= (A*w + o?w) - udx + (A*u-w— A*w - u)dx
SH SH

=f g-udx+/ (Tu-w—Tw-u)ds
Su rury

2/ g'udx—l—/Tlrwds—i— Tu-w—Tw-u) ds.
Sy r 'y
It follows from the symmetry M (—£) = M (£) " and the Plancherel identity that

Tu'wds=/RM<s>ﬁH<s>~wH<—é)ds

Cn

— [in6) M@ i@ de = [ Tw-uds
where wy = w|r, . Hence, using (3.11), (3.13) and (3.15),

||w||iz(sy)z 2/ §'de+f Tu-wds
Su r

¢ (||§||L2(SH)2 ||”||L2(SH)2 + ||TM||L2(F)2 ||w||L2(r)2)

~ ~1/2 1/2
¢ (181252 10l gsppe + 1wl zagse N8N i, o 1l i, )

IA

IA

for some constant ¢ = c(w, H, L, n, u) > 0. Together with Young’s inequality and the
relation g = 0 in Sy \ Sy, this leads to the following estimate of the L2-norm of w on Sy,

||w||iz(SH)2 < cllglzzes,y2 Nwllgics,?- (3.16)

Taking the real part of (3.9) with v = w and using (2.20), we get

E(w, W)dx — Re / ME) Dy () - by (€) dé

l€l>A
:—Re/ g-wdx+Re/ M(g)@H(g)-EH(g)d§+w2/ lw|dx
Sn HEN St
(3.17)

Su

where A > 0 is taken as in Lemma 3.3 so that the second term on the left-hand side of
(3.17) is positive. The second term on the right-hand side of (3.17), which is non-definite,
can be estimated by (see [22, formula (5.40)])

Re /|$| AM(é)ﬁ)H(é)-Eﬂ(é)dé =< cllgllms,? U8l a1 (s, 2 +02wll2(s,)2)  (3.18)

for some constant ¢ = c(w, A, i, h, L, A) > 0. Adding up (3.17) and (3.16) and using the
inequalities (2.18), (2.19) and (3.18), we arrive at

2 =12 ~ 2
||w||Hl(Sh)2 S c (||g||H1(Sh)2 + ||g||H|(Sh)2 ||LU||H|(Sh)2 + ||w||L2(SH)2)

< e UIg131 5,2 + 18N g2 11wl g5,2) (3.19)



268 J. Elschner and G. Hu

where the last step follows again from (3.16). Finally, recalling that H = h+ 1 and applying
Young’s inequality, we obtain

||w||H1(Sh)2 S ||U)||HI(SH)2 S C”g”Hl(Sh)Z, C = C(C(),)\.,[,L,h,L, 77) > 0

This proves the estimate (3.7).

Having established the a priori estimate for solutions to (3.6), we can verify Theorem
3.1 for the impedance boundary value problem in the same way as that for (DBVP). We
omit the details. The proof of Theorem 3.1 is thus complete. U

Remark 3.4 In proving Theorem 3.1 we have used the identity (3.10) and the inequality
(3.18), which were justified in [22] for the Dirichlet problem when the parameters /i, A are
taken as (i = 0, A = A + . However, (3.10) and (3.18) remain valid in the general case of
f,h € Rsuchthat il + A = p + A.

4. Applications
4.1. Elastic scattering by diffraction gratings

As an application of Theorem 3.1, we prove the quasiperiodicity of solutions to (DBVP)
and (IBVP) for diffraction gratings (periodic structures) whenever the incident wave is
quasiperiodic. For simplicity, we assume the scattering surface I" is 27 -periodic in x1, that
is, the Lipschitz function f given in (2.2) satisfies f(x; + 2w) = f(xy) for all x; € R.
Recall that u is called quasiperiodic in D with phase shift o (or «-quasiperiodic) if the
function u(x) exp(iaex) is 27 -periodic in x1, or equivalently

u(xy + 2m, xp) = exp(i2mwo)u(xy, x2), x € D.

Obviously, the incident pressure and shear waves u')', ul"

kpsinf, a = k, sin 0, respectively.

are «-quasiperiodic with ¢ =

CoroLLARY 4.1 Suppose the grating profile function f is 2mw-periodic in x| and the
incident wave ii'" is a-quasiperiodic in D. Then, the unique solution to (DBVP) or (IBVP)
is also a-quasiperiodic. Moreover, the scattered field u* = u — i’ satisfies the following
outgoing Rayleigh expansion

MSC(X) — Z {A[),n <(;n>eianx1+i/3,,x2 + AS,n (_y; >ei(1n)€1+i)/nx2} (41)
nel. n n

forxy > £, where Apn, Asn € Care the Rayleigh coefficients, a,, := o + n and

2 _ o2 .
g \/k,,—a if ol < kp, yn={ 2o if lanl <ks.
i\Je2 K2 i el =y, NEE RS

Proof Assume u is the unique solution to (DBVP) or (IBVP). Then, one can check that
the function w(x) = exp(—i2wa)u(x] + 2w, x2) is also a solution, using the periodicity of
I' and the quasiperiodicity of the incident wave. By the uniqueness shown in Theorem 3.1,
this implies the identity

exp(—i2ra)u(xy + 2w, x2) = u(x) in D,
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that is, u is quasiperiodic with the same phase shift as the incident wave. The equivalence of
the UPRC (2.14) for quasiperiodic solutions to the Rayleigh expansion (4.1) can be found
in [22, Remark 1]. Ol

Corollary 4.1 shows that a solution of the form u = 1" 4 ¢ satisfying the Dirichlet or
impedance boundary condition on I', where u*¢ is a-quasiperiodic and admits the Rayleigh
expansion (4.1), is the unique solution to (DBVP) or (IBVP) for diffraction gratings.

Remark 4.2 In the case of general elastic plane waves of the form (2.4), the unique
solution of (DBVP) or (IBVP) for diffraction gratings belongs to the sum of a k, sin
0- and a k; sin 6-quasiperiodic Sobolev space by linear superposition. The diffraction of
other non-quasiperiodic incident waves, e.g. a point source wave generated by the free
space (non-quasiperiodic) Green’s tensor to the Navier equation, can be treated as a special
case of the scattering by rough surfaces (see Corollary 4.3 below).

4.2. Scattering of elastic point source waves

As an immediate consequence of the solvability results in weighted Sobolev spaces, we
obtain well-posedness of the scattering of elastic point source waves (spherical waves)
from rough surfaces. For y = (y1, y2) € R? with y, > f* and some polarization vector
a € C2, the incident elastic point source wave Gg" (x, y)isdefined as G;” (x,y) =G(x, y)a,
x # y, where G(x, y) is the free-space elastic Green’s tensor given by (see e.g. [36])

] [
G, ) = o Hy ksl = ¥ 1 posrad  grad T [ Hg s Loy D—Hg (p ey |

Here Hél) (¢) denotes the first kind Hankel function of order zero. Each column of G (x, y)
satisfies the Kupradze radiation condition as |x| — oo. The asymptotic behavior of the
Hankel function for large arguments implies that

GI'(x,y), ViGi"(x,y) ~ O(x|7V?) as|x| — oo.

Therefore, the incident wave satisfies Gg" (x,y) € Hé (Sp)? for everyo <0Oand f+ <h <
y2. Note that G (x, y) ¢ HQ1 (Sp)? for h > y», since it has a logarithmic singularity at the
point source x = y. By Lemma 2.6 and the proof of Theorem 3.1, we have

CoroLLARY 4.3 Given an incident elastic point source wave Gfl" (x,y) with yp > T,
there exists a unique solution u = Gfl”(~, y) + u*¢ to the boundary value problem (DBVP)
or (IBVP), where u*‘ lies in the intersection of weighted Sobolev spaces (_y -0 Vo (Sn)
foranyh > f+.

5. Commutator estimates

This section is devoted to the proof of Theorem 2.2 and Lemma 2.5 (i). Introduce the
parameter a > 0 and consider the pseudodifferential operator 7, on R, with symbol M, (§):

Tav(t) = F~' My (&) Fo (§), My (&) == M(§/a),
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where the matrix M = M*-* is given in (2.21). Set p@ (€]) = [€]* + 1" (1€]) 9@ (I£]),
with

v\ 8D = ayyE/a) = \[k3a® — 17, v\ D(E]) == ays(E/a) = \[k2a® — |E2.

Then, the matrix M, (£) can be rewritten as:

Py ©)/p 0@ —0%/p 0 E) +25u/a?)
W2/ p @ (§) — 26 /a? 0 P (E) ) p@ (&)

Consider the commutator

M, (§) =ia<

Car=T— (1 +x12)9/2 7. (1 +x%)79/2, a>0. .1)

To reduce the norm estimate of Theorem 2.2 for the commutator C to a corresponding
estimate for C,, we will make use of the following lemma, which follows immediately from
a standard scaling argument (see [25, p.2573]).

LemMa 5.1 Fora > 0, the norm of the commutator C on L*(R%)? is bounded by Ca~'/?
if and only if this is true for the commutator C,.

To estimate the norm of C, on L2(R2)Z, we need to study the commutator corresponding
to each entry of M, on L%(R). Introduce the symbols

m® =t&pja, mD =ayPE)/p@E). mP =ay@E)/p &), mP =at/p &),

| (5.2)
and define analogous commutators CL(/ ) (j =0,1,2,3) of C;, with M, replaced by mé’ )
Obviously, the symbol of the pseudodifferential operator C(SO) is smooth, whereas those of
Céj ) (j = 1,2, 3) are only continuous functions. In the following two lemmas, we collect
some commutator estimates for pseudodifferential operators with smooth and non-smooth

scalar symbols established by Chandler-Wilde and Elschner [25].

LemMma 5.2 Consider the scalar symbol m,(&) € CL(R) with parameter a > 0 and
define the commutators

Coi= M, — (1 +x12)9/2 M, (1 +x%)_9/2, Moy=F 'mgF (53
forlo|l = 1.
(i) Assume there exist positive constants Cy and Cy such that
ma (@)l = Co (1+ 52)1/2 m@®<=Cra!? on R (54)
Then éa : Lz(R) — L2(R) are bounded operators with norm less than a~l/2 C(o)

for some constant C(0) > 0 depending only on o.
(i1) Assume there exist positive constants Cy and Cy such that, fora = 1,

—1/2
miE)] < Co. |m|E)]<C (1+s2) on R. (5.5)
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Then the pseudodifferential operator M LZ(R) — Lg (R) and the commutator
Ci: L*(R) — H'(R) both can be bounded by some constant C(p) > 0.

The results of Lemma 5.2, which are shown in [25, Remark 6.6(ii),(iii)], can be verified
by using standard estimates for pseudodifferential operators; see also the proof of [25,
Theorem 6.2(i)]. More general results on pseudodifferential operators with smooth symbols
in weighted Sobolev spaces can be found in [30,31]. We also refer the reader to the
monograph [37] by Eskin concerning the theory of smooth pseudodifferential operators,
including their applications to boundary value problems for elliptic equations in a half space.
The following lemma from [25, Section 6] presents norm estimates for pseudodifferential
operators with non-smooth (continuous) symbols.

LemMa 5.3 Assume ka > 1 and |o| < 1.

(i) The commutator C, defined in (5.3) with mq(€) = a~'\/k2a® — €2 has norm less
than C(0)~/kJa on L*(R) .

(ii) Supposea = 1andmi(€§) = exp(i (xp—h)\/k? — £2), where x; € (h, H) for some
H > h. Then the operators M : LZ(R) — LZ(R) and é] :L2(R) - HY(R) are
bounded by some constant C (o, w, », i, H — h) > O uniformly in x, € (h, H).

The main idea in the proof of Lemma 5.3() in [25] is the use of cut-off functions
vanishing in a neighborhood of the singularities & = +ka, splitting the square-root symbol
into a sum of a compactly supported non-smooth symbol and a C*°-smooth symbol. We do
believe that such an approach applies to our commutator estimates in the elastic case as well,
with only an additional complexity arising from the four singularities § = £k ,a, £kya of
the symbol matrix M,. However, in the following, we prefer to verify Theorem 2.2 (via
Lemma 5.1) and Lemma 2.5(i) in an alternative way by reducing the proofs to the estimates
of Lemmas 5.2 and 5.3 using an appropriate decomposition of the symbols in (5.2).

5.1. Proof of Theorem 2.2
Applying Lemma 5.2(i) to the commutator Céo), it follows that

||CL(10)||L2(R)—>L2(R) < a_1/2C(Q) for a>1.

To verify the same estimate for Cg(,j ), Jj = 1,2, 3, we introduce the auxiliary symbols

D€ = figa — 2 ¢ +a !\ fi2a? — g2 CY
= a 'y ® +a Oy @),
with €, ¢/ € R (j = 1,2, 3) to be determined later. Obviously,
@) &) =a"'c Y © +a' O GOV E). j=1.23 (56

where (y,")(6) = —&/ [k3a> — &2 is singular at & = Lk, a, while (4 (¢) =

—&/\/k2a? — &% is singular at § = =k;a. These singular points coincide with those

for m,(f).
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For j = 1,2, we select C,(,j), Cs(j) such that méj)(%') — nﬁéj)(S) are continuously
differentiable functions in £ € R. In the case j = 1, a simple calculation shows

(mDY €) = aty™) ©)/p ) — ayy? (0 ) ©) /10 ©F (57

RGO alys” @)1
P (€) P (&) @@

—2a£ " (&) /[p“ &)1

This suggests that m” (£) — mP () € C'(R) if we take (cf. (5.6) and (5.7))

="' ® } — ' ®

o . a2 ! ErE ]
¢, = lim 1-— =_—,
(§l=>kpa p(£) P (&) k3
cO - CWEP K-k
M —

1 =
gl>ka  [p@ (&)1 ki
Moreover, with such a choice the estimates in (5.4) apply to the difference
a 'y ©1a? /09O E) — 17121 —a” P @ w2 - k2 /K

= 7pO11/p(Q) = 1/K2] = ys () (K2 — K3)/ K}
= m().

ma (&) :=m®P &) — i &)

where ¢ = £/a, p(¢) =% + Yp()vs(&) and m(¢) € C!(R). In fact, the first estimate in
(5.4) simply follows from the uniform boundedness

ma© =my <o (1+¢2) " <o (1462) 7. veer
To prove the second inequality in (5.4), we observe that, for [¢| # kp, ks,
m' () = vy (O[1/p@) = 1/k;] = v ()5 = k) /K + vp (00" )/ ().
By virtue of the asymptotic behavior

(ky = kD* ¢ P
T (g1P = K22 2 — kD32

p'(&) ~ as  |¢| — oo, (5.8)

and the uniform boundedness
2 2
ky <lp@Ol=ki, VieR,

we get
my() =m'(¢)/a < C/a<Cia”'? a>1.

By Lemma 5.2(i), the commutator (5.3) corresponding to the symbol m, := mgl)(é ) —
nﬁél)(é ) has norm less than C(0)a~'/? over L?>(R). On the other hand, applying Lemma
5.3(i) we arrive at the same bound for the commutator associated with the symbol nﬁgl) &)
when kg;a > 1; note that the constants Cf,l) and Cs(l) are independent of a. Therefore,

||C5(,1)||L2(R)_>L2(R) < C(Q)a_l/z, forall a > max{l, 1/ks}.
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Analogously, taking C;,z) = (klz7 — kf) / k; and Cs(z) =1/ kf yields the same bound for CC(,Z).
In the case j = 3, we have m$ (§) = ¢/p({), ¢ = &/a, and for |€| # kpa, ksa,

mY (&) = al1/pE) — (Y @) /1p @11 =[1/p©) — ¢0' () /p*()]/a
a ") aty®  a [1_ 2¢? ]
[p@ (&) (@@ p@(e) p@ ()]

Define a function x (£) € C'(R) such that x(§) = 1 for& > 1, x(¢) = —1 for & < —1.
Consider the symbol m$)(€) — m&” (&) x (€), where the coefficients of S (£) in (5.6)
are taken as C5) = — [k2 — k2 /k, and c? = — /K% — k2 /ks, so that this symbol is
continuously differentiable for all £ € R. Again using (5.8), it follows that the symbol can
be also estimated as in (5.4). Employing the same argument as for Cél) implies that the norm
of Cf) : L2(R) — L%(R) is bounded by C(o)a 2 foralla > {1, 1/k}.

Now, it can be concluded that the commutator C, : L*>(R*)> — L*(R?)? given by (5.1)
can be bounded by C(0)a~'?forall a > {1, 1/ks}, since this is true for the commutators
Céj ) (j =0, 1, 2, 3) that correspond to the entries of M. Recalling Lemma 5.1, we finish
the proof of Theorem 2.2. Il

— (7Y (&)

= -y &)

5.2. Proof of Lemma 2.5(i)
Set v = u*“ in D and v, = v|r,. It follows from (2.12) that

v(x) = Fy L No(€, x2) Fay sz vn = Now,  (x1,x2) € Up,
No(&, x2) := expliyp (§)(xa — h)M(§) + expliys (§) (x2 — h) M, (&) ,

with the matrixes M, (§), M (&) € C?x2 given in (2.13). Introduce the differential operator
Foo— o2 poi V|
T\ A +2w)dr ) \n)

which coincides with the stress operator T = T*** on Iy, for any b > h. Then, for some
constant C(w, A, u) > 1, there holds the inequality

N - 1
C(|vf* +Tv[?) > Clav|* + |Tv* > 5(|alv|2 +13,0]?) (5.9)

on D. The differential operators d; and T acting on v can be expressed as:

dv(xr, x2) = FU[i& No(&, x2)]1 F vp =: Ny,
Tvu(x1, x2) = F M) No(&, x2)]1 F v =: Nawy. (5.10)

Now assume that v;, € Cgo(Fh). We have to prove the estimate
10l 0T < €@ Ho) lvnll i oe lol < 1 H > h
Employing the equivalent norm (2.10) and recalling (5.9), we only need to verify that

" 0 0/2
L[ (50) (oo PN 0P Now P = €11 (148) " By o
(5.11)
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In the following lemma, we will first prove (5.11) in the case o = 0 and then reduce the
proof in the weighted case to norm estimates for the operator Ny only.

Lemma 54
() Ifv, € HY*(T})?, thenv € H (U\U y)? for every H > h.

(1) In the general case |o| < 1, the assertion of Lemma 2.5(1) holds if the following
operators

No: LR — LI (R,
/2 —0/2
No—(1 +x12)9 No (1+43) LR S H'RYD? (5.12)
are uniformly bounded in x, € (h, H).

Proof (i) By the Plancherel identity we get
H
/ f (INow* + INTun|? + [Navs|?)dxdxa
h R

H
s/h /R(||No(s,xz>||2+||isNo(s,xz>||2+||M(s>1vo(s,xz>||2)|ﬁh<s>|2dsdxz

H
sc/(1+sz)|ﬁh@)|2/ [INo(€, x2)|Pdxd. (5.13)
R h
Below we shall prove that
" 2 2\ "1/2
fh INo& xlPdxz = € (14+82) 7, veeR (5.14)

The relation M), + My = I allows us to rewrite Ny as

No(§, x2) = (exp(iyp(§)(x2 —h)) —exp(iys (§)(x2 — 7)) M (&) +exp(iys (§) (xa —h) .
(5.15)
Applying the mean value theorem to the function t — exp(t(x2 — h)) yields the identity

ei}'p(i:)(XZ*h) _ ei}'x(é)(&*h) — et(é)(xth) (xa — h) |)/p(€) — (&),

where the values of #(§) lie between iy, (&) and iy, (§) for large |£]. Hence, by (5.15) and
the definition of M,

H
/h || No (&, x2)|%dx2

H—h
<C <|yp(s> —ys(®)* &2 /0 le! %2 x5 2 dx; + /O

h
|ei)/s(§)X2|2dx2) )
Making use of the asymptotic behavior

N\ 1/2
Y@L @1~ (1+62) 7, 1rp® = %@1~ /18l aslgl > o0, (5.16)
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we obtain after some elementary calculations (see e.g. [17, Lemma 2.2])

H—h H—h —1/2
m® = @R [ eOmaPan ¢ [T e Onatan sc (1)

H-h , 172
[ e enpan < (1+8)
0

from which the inequality (5.14) follows. Insertion of (5.14) into (5.13) yields (5.11) for
o = 0. This proves the first assertion.

(i1) We shall prove the second assertion following the lines in the proof of Lemma 3.4(i)
and Lemma 3.3(ii) of [25]. Denote by A one of the operators d; and T. Then, there holds
the identity

AN — (1 + x]z)g/z ANy (1 + )612)_Q/2 =A (No - (1 + x%)g/Z No (1 + x12>_g/2>
+ (A ~(1+ x%)g/2 A1+ x%)_M) (1+ x12>g/2 No(1+ x12>_g/2 RNCRY)
Since the two operators in (5.12) are uniformly bounded and the operators
A H'®R? > LAR)?, A- (1 +x12)g/2 A (1 n x%)_g/2  L2R)? — LA(R)?
are also bounded, we derive from (5.17) and (5.10) that the commutators
N - (1 +xf)g/2j\/, (1 +x12)79/2, j=0.1.2,
are uniformly bounded on L?(R)? with respect to xp € (h, H). Further, this implies that
Cj=Cjt) = (1+ xf)fQ/ZA/,—N,‘ (1+ x%>,g/2 LR - L2R2, j=0,1,2,
(5.18)

are uniformly bounded in x,. By the continuous imbedding of H 172(R)? into L>(R)?, we
see the boundedness of C; : H'/2(R)? — LZ)(U;,\U #)%. On the other hand, the operators

—0/2 —
(1+x3) N HP®P > 2ONTR? j=012, (19)

are also bounded, because by assertion (i) the operators Nj : H'/2(R)? — L*(U;\Up)?
are bounded. Now combining (5.18) and (5.19), we can conclude the boundedness of

—e/2 —
N (1+3) 7 HP®E S L2ONT? j=0,12,
which implies the estimate (5.11). O
Remark 5.5 1In [25] the uniform boundedness of the operators in (5.12) with

No=F Lexp (i,/kz —E2(xy — h)) F

(see Lemma (5.3)(ii)) plays an essential role in proving Lemma 2.5(i) for the Helmholtz
equation.
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We proceed with the proof of Lemma 2.5(i). By Lemma 5.4(ii), it suffices to estimate
the norm of the operators in (5.12). For this purpose, we shall adopt the same approach as
in the proof of Theorem 2.2 by using the second assertion of Lemma 5.2 and the result of
Lemma 5.3(ii) for non-smooth symbols.

Motivated by the proof of Theorem 2.2, we introduce the auxiliary symbol

W (€, x2) = [exp(iy,(§)(x2 — W) T + expliys(§)(x2 — b)) TIT T x ()
+ [exp(iyp(§)(xa — ) T, +exp(iys (§) (x2 — h)) T 1 (1 = X (§)),

where x (§) € C*(R) satisfies x = 1 for& > k,/3 and x = 0 for & < —k,/3. We shall
select the entries of H[jf, I'ISjE € €22 50 that Q := Ny — W is a continuously differentiable
matrix in £ € R.

Elementary calculations show

Iw

% = i(xa —h)[exp(iyp(§)(x2 —h))nf)/]/,(f) +exp(iys(§)(x2 —h))nsi)’s/(é&)] = J1(§)
(5.20)

for& 2 4k, /3, and dNo/3& = Jo(&) + J2(§) where

Jo(§) :
J2(8) -

i(x2 — W)exp(iyp () (x2 — 1) Mp(§)y,(§) + exp(iys (§)(x2 — h) My(§)y{(§)],
exp(iyp (§) (x2 — 1)) M, (&) + exp(iys (§)(x2 — h)) M (§). (5.21)

Comparing (5.20) and (5.21) and using elementary calculations, we obtain the desired
expressions for n, Hf depending on x, k,, and ky:

; 2_12 _ —
N 1 :I:k;l kg _ k[% 1 — el ky—ky(xa—h) [ _ /k% _ k[2) :kal(kg _ k[%)
I, (x2) = V" + o — K2 5 > ,
0 0 1(x2 » +k, [ky — k5
() O T b B
¢ X2) = —1 .
3 Fho kG — ke i =Mk \ k16— kD) — k2 — k2

Since the matrices I1 If (x2), l'ISﬂE (x2) are uniformly bounded in x» € [h, H],applying Lemma
5.3(ii) to W yields the uniform boundedness of the operators

Wi=F'WF: LZ[RY)? > L} (R?)?,
e/2 —0/2
W= (1+:3) W (1+x3) T 2@ > H' @)
Now it is sufficient to prove the uniform boundedness of the operators in (5.12) with
the C'-smooth matrix Q in place of Ny. In the following, we shall apply Lemma 5.2(iii)
and check the validity of the inequalities in (5.5) with m replaced by each entry of Q for

large |&|. Since Q = No — W and 0 Q /0§ = Jy + J1 + Ja, it is enough to show that there
exist a positive number K > 0 and some constant C(o, N, H — h) > 0 such that

IINol|+1IWII < C, |lJall <CA+EHY2 gl > K, j=0,1,n=0,1,2. (522)
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We first prove (5.22) for Jo. Observing that yf’, (&) = E/yp&), yi (&) = &/ys(€) and
My (&) + Ms(§) = I, we represent Jg as Jo = Jél + Jéz) with

55" ©) 1= i = W & [T 1y ) — O )] My ),
I @) =i = h) (/7 (©)) 7@ L,
The matrix function 10(2) can be bounded as
NI < 1l — By (€)' 27 @ gy 2(6)] < € (1 + 62712, (5.23)

where C > 0 is independent of x, € (h, H). Applying the mean value theorem to the
function ¢t — exp((xa — h)t)/t gives the relation

ei(xz—h)yp(f)/yp &) — ei(xz_h)%@)/]/s &)

1
eW2TIEN [ (vy — I)E(E) + ((x2 — )1 (§))?]

_ l¥p () — ¥s ()]
(x2 —h)

(&)

where again the values of 7 (§) lie between iy, (§) and i y; (§) for large &. Inserting (5.24) into
the expression for Jél) and applying the asymptotic behavior (5.16), we obtain ||J(§l) [| <
C(1 + £2)~1/2_ This together with (5.23) proves the inequality in (5.22) for Jp.

The other estimates in (5.22) for J, (n = 1, 2) can be obtained in the same manner
as for Jo. The boundedness of W in (5.22) follows straightforwardly from the uniform
boundedness of 1% (x2), T (x2), exp(iy, (€)(x2 — b)) and exp(iys(§)(x2 — h)) in x; €
(h, H), whereas the estimate for Ny can be verified by first using the relation M, + M = 1
and then again applying the mean value theorem to the resulting expression. The proof of
Lemma 2.5(i) is thus complete. O

, (5.24)

Acknowledgements

The second author gratefully acknowledges the support by the German Research Foundation (DFG)
under Grant No. HU 2111/1-1.

References

[1] Abubakar I. Scattering of plane elastic waves at rough surface I. Proc. Cambridge Philos. Soc.
1962;58:136-157.

[2] DeSanto JA. Scattering by rough surfaces. In: Pike R, Sabatier P, editors. Scattering and inverse
scattering in pure and applied science. New York: Academic Press; 2002. p. 15-36.

[3] Elfouhaily TM, Guerin CA. A critical survey of approximate scattering wave theories from
random rough surfaces. Waves Random Media. 2004;14:R1-R40.

[4] Ogilvy JA. Theory of wave scattering from random rough surfaces. Bristol: Adam Hilger; 1991.

[5] Voronovich AG. Wave scattering from rough surfaces. Berlin: Springer; 1994.

[6] Warnick KF, Chew WC. Numerical simulation methods for rough surface scattering. Waves
Random Media. 2001;11:R1-R30.

[7] Fokkema JT. Reflection and transmission of elastic waves by the spatially periodic interface
between two solids (theory of the integral-equation method). Wave Motion. 1980;2:375-393.

[8] FokkemalT, van den Berg PM. Elastodynamic diffraction by a periodic rough surface (stress-free
boundary). J. Acoust. Soc. Amer. 1977;62:1095-1101.



278 J. Elschner and G. Hu

[9] Sherwood JWC. Elastic wave propagation in a semi-infinite solid medium. Proc. Phys. Soc.
1958;71:207-219.

[10] Chandler-Wilde SN, Ross C. Scattering by rough surfaces: the Dirichlet problem for the
Helmbholtz equation in a non-locally perturbed half-plane. Math. Meth. Appl. Sci. 1996;19:
959-976.

[11] Chandler-Wilde SN, Zhang B. A uniqueness result for scattering by infinite rough surfaces.
SIAM J. Appl. Math. 1998;58:1774-1790.

[12] Chandler-Wilde SN, Heinemeyer E, Potthast R. Acoustic scattering by mildly rough unbounded
surfaces in three dimensions. SIAM J. Appl. Math. 2006;66:1002-1026.

[13] Thomas M. Analysis of rough surface scattering problems [PhD thesis]. University of Reading,
Reading: UK; 2006.

[14] Zhang B, Chandler-Wilde SN. Acoustic scattering by an inhomogeneous layer on a rigid plate.
SIAM J. Appl. Math. 1998;58:1931-1950.

[15] Chandler-Wilde SN, Zhang B. Scattering of electromagnetic waves by rough interfaces and
inhomogeneous layers. SIAM J. Math. Anal. 1999;30:559-583.

[16] Natroshvili D, Arens T, Chandler-Wilde SN. Uniqueness, existence, and integral equation
formulations for interface scattering problems. Memoirs Differ. Equ. Math. Phys. 2003;30:
105-146.

[17] Chandler-Wilde SN, Monk P. Existence, uniqueness and variational methods for scattering by
unbounded rough surfaces. SIAM J. Math. Anal. 2005;37:598-618.

[18] Chandler-Wilde SN, Monk P, Thomas M. The mathematics of scattering by unbounded, rough,
inhomogeneous layers. J. Comp. Appl. Math. 2007;204:549-559.

[19] Lechleiter A, Ritterbusch S. A variational method for wave scattering from penetrable rough
layers. IMA J. Appl. Math. 2009;26:1-26.

[20] Arens T. Uniqueness for elastic wave scattering by rough surfaces. SIAM J. Math. Anal.
2001;33:461-471.

[21] Arens T. Existence of solution in elastic wave scattering by unbounded rough surfaces. Math.
Meth. Appl. Sci. 2002;25:507-528.

[22] Elschner J, Hu G. Elastic scattering by unbounded rough surfaces. SIAM J. Math. Anal.
2012;44:4101-4127.

[23] Duran M, Muga I, Nedelec JC. The outgoing time-harmonic elastic waves in a half-plane with
free boundary. SIAM J. Appl. Math. 2011;71:443-464.

[24] Duran M, Muga I, Nedelec JC. The Helmholtz equation in a locally perturbed half-space with
non-absorbing boundary. Arch. Ration. Mech. Anal. 2009;191:143-172.

[25] Chandler-Wilde SN, Elschner J. Variational approach in weighted Sobolev spaces to scattering
by unbounded rough surfaces. SIAM J. Math. Anal. 2010;42:2554-2580.

[26] Elschner J, Yamamoto M. An inverse problem in periodic diffractive optics: reconstruction of
Lipschitz grating profiles. Appl. Anal. 2002;81:1307-1328.

[27] Arens T. The scattering of plane elastic waves by a one-dimensional periodic surface. Math.
Meth. Appl. Sci. 1999;22:55-72.

[28] ElschnerJ, Hu G. Variational approach to scattering of plane elastic waves by diffraction gratings.
Math. Meth. Appl. Sci. 2010;33:1924-1941.

[29] Elschner J, Hu G. Scattering of plane elastic waves by three-dimensional diffraction gratings.
Math. Models Methods Appl. Sci. 2012;22:1150019.

[30] Parenti C. Operatori pseudo-differenziali in R" e applicazioni. Ann. Mat. Pura Appl.
1972;93:359-3809.

[31] Volevich LR, Mehtiev AG. Multipliers of Fourier integrals in weighted classes and imbedding
theorems. Izv. Vyssh. Uchebn. Zaved. Mat. 1967;65:27-38. Russian.

[32] Charalambopoulos A, Gintides D, Kiriaki K. Radiation conditions for rough surfaces in linear
elasticity. Q. J. Mech. Appl. Math. 2002;55:421-441.

[33] Hsiao GC, Wendland WL. Boundary integral equations. Berlin: Springer; 2008.



Applicable Analysis 279

[34] Nitsche JA. On Korn’s second inequality. RAIRO Anal. Numer. 1981;15:237-248.

[35] Dalibard A-L, Gérard-Varet D. Effective boundary condition at a rough surface starting from a
slip condition. J. Differ. Equ. 2011;251: 3450-3487.

[36] Kress R. Inverse elastic scattering from a crack. Inverse Prob. 1996;12:667-684.

[37] Eskin GI. Boundary value problems for elliptic pseudodifferential equations. Vol. 52,
Translations of Mathematical Monographs. Providence (RI): American Mathematical Society;
1981.

[38] Chandler-Wilde SN, Heinemeyer E, Potthast R. A well-posed integral equation formulation for
three dimensional rough surface scattering. Proc. R. Soc. A. 2006;462:3683-3705.



Copyright of Applicable Analysisisthe property of Taylor & Francis Ltd and its content may
not be copied or emailed to multiple sites or posted to alistserv without the copyright holder's
express written permission. However, users may print, download, or email articles for
individual use.



	Abstract
	1. Introduction
	2. Boundary value problems and equivalent variational formulations
	2.1. The basic model
	2.2. Weighted Sobolev spaces
	2.3. Radiation condition and boundary value problems
	2.4. Dirichlet-to-Neumann map and variational formulations

	3. Existence and uniqueness results in weighted spaces
	3.1. Proof for the Dirichlet boundary value problem
	3.2. Proof for the impedance boundary value problem

	4. Applications
	4.1. Elastic scattering by diffraction gratings
	4.2. Scattering of elastic point source waves

	5. Commutator estimates
	5.1. Proof of Theorem 2.2
	5.2. Proof of Lemma 2.5(i)

	Acknowledgements
	References

