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Consider the scattering of time-harmonic electromagnetic plane waves by a doubly periodic surface in
RR3. The medium above the surface is supposed to be homogeneous and isotropic with a constant dielectric
coefficient, while the material below is perfectly conducting. This paper is concerned with the existence
of quasiperiodic solutions for any frequency. Based on an equivalent variational formulation established
by the mortar technique of Nitsche, we verify the existence of solutions for a broad class of incident
waves including plane waves. The only assumption is that the grating profile is a Lipschitz biperiodic
surface. Note that the solvability result of the present paper covers the resonance case where Rayleigh
frequencies are allowed. Finally, non-uniqueness examples are presented in the resonance case and in the
case of TE or TM polarization for classical gratings.

Keywords: electromagnetic scattering; diffraction gratings; variational approach; mortar technique;
non-uniqueness.

1. Introduction

Consider a time-harmonic electromagnetic plane wave incident from above to a biperiodic surface I” in
R3. Here a biperiodic (or doubly periodic) surface means a Lipschitz continuous surface, which is A;-
periodic in x;, Ay-periodic in X and bounded in x5 and which divides R? into two regions. The dielectric
coefficient in the upper region £2 is supposed to be a fixed positive constant, while the medium below I”
is a perfect conductor. Such structures are also called crossed diffraction gratings in the engineering and
physics literature. This paper is concerned with a new existence result for the scattering problem valid
for any fixed frequency w > 0. Note that gratings with perfectly conducting substrate materials are often
used to model metallic profile gratings (cf. e.g. Turunen et al., 2000; Kleemann, 2002, Sections 4.3.2
and 6.2). In particular, for infrared light, perfectly conducting boundary conditions over the interface
profile yield very good approximations. These structures and more general gratings, possibly involving
dielectric or non-perfectly conducting inhomogeneities or substrates, have many important applications
in micro-optics and semiconductor industry (cf. e.g. Bao et al., 2001; Turunen & Wyrowski, 2003).
There are many contributions on the scattering of electromagnetic waves by general inhomogeneous
biperiodic diffraction gratings. First rigorous results on existence and uniqueness have been obtained
by Chen & Friedman (1991) and Nédélec & Starling (1991) using integral equation methods. Abboud
(1993) has introduced a variational formulation in a truncated periodic cell involving a nonlocal bound-
ary (Dirichlet-to-Neumann) operator for a transparent boundary condition. This variational problem is
of saddle point type and the existence and uniqueness follow from Fredholm’s alternative. In the case of
a magnetic permeability constant in R, Abboud’s arguments have been adapted to isotropic biperiodic
inhomogeneous medium by Dobson (1994), Bao (1997), Bao & Dobson (2000), Schmidt (2004) and
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to anisotropic materials by Schmidt (2003). The corresponding new variational formulations involve
the magnetic field only. They are strongly elliptic over the quasiperiodic Sobolev space H' and appear
to be well adapted for the analytical and numerical treatment of quite general diffractive structures. It
has been proved that there always exists a unique quasiperiodic solution of locally finite energy for all
frequencies except those in a discrete set accumulating at most at infinity. Moreover, uniqueness for any
frequency can be guaranteed if an absorbing (lossy) material is included into the grating (cf. Schmidt,
2003; Hu et al., 2009) or if the non-absorbing (lossless) inhomogeneous material satisfies a non-trap
condition (cf. Bonnet-Bendhia & Starling, 1994 in the cases of TE and TM polarizations). Schmidt
(2003) additionally shows existence of solutions for plane-wave incidence even if this is not unique. In
other words, even Rayleigh frequencies are admitted. Note that Rayleigh frequencies are excluded in
all the other above-mentioned references. This is either due to the quasiperiodic fundamental solution
of the Helmholtz equation needed in integral equation methods (Chen & Friedman, 1991; Nédélec &
Starling, 1991) or to the explicit formula for the Dirichlet-to-Neumann (D-to-N) map of the transparent
boundary condition (cf. e.g. Dobson, 1994; Ammari, 1995; Bao & Dobson, 2000 or (2.8)). Both, the
fundamental solution and the D-to-N map, are well defined only if Rayleigh frequencies are excluded.

From the above-mentioned results, only those of Abboud (1993) and Ammari (1995) apply to scat-
tering problems with perfectly conducting substrate. Some researchers seem to believe that the quasi-
periodic solution in Hiu(curl, £2) is unique for all frequencies, provided the grating profile is given by
the graph of a C%-smooth periodic function and if Rayleigh frequencies are excluded. However, in this
paper we will present a counterexample (cf. Example 2.4) showing that uniqueness does not hold in
general. This counterexample is constructed in the TM polarization case, where the perfectly conduct-
ing boundary value problem of the curl —curl equation reduces to the Neumann boundary value problem
of a two-dimensional scalar Helmholtz equation. This enables us to construct non-uniqueness examples
for the Maxwell system, relying on the existence of non-trivial solutions for the reduced homogeneous
Neumann problem in Kamotski & Nazarov (2002). Non-uniqueness examples in the resonance or non-
graph case are presented as well.

Since a grating profile is a special case of a rough surface, the non-uniqueness examples reported
in the present paper can also be viewed as counterexamples to the electromagnetic scattering by per-
fectly conducting rough surfaces. Concerning the variational approach applied to electromagnetic rough
surface scattering problems modelled by the full Maxwell system, we refer to Li et al. (2011), where
existence and uniqueness is established for an incident magnetic or electric dipole in a lossy medium,
and to Haddar & Lechleiter (2011) for the more challenging case of a penetrable dielectric layer. As far
as we know, the well-posedness of electromagnetic scattering by perfectly conducting rough surfaces
or biperiodic structures in a homogeneous non-absorbing (lossless) medium is still an open problem.

The aim of this paper is to prove the following existence result on the scattering problem: For any
fixed wavenumber k£ > 0 and for a broad class of incident waves including plane waves, there always
exists a quasiperiodic solution in Hy(curl, £2), whenever the grating profile is a Lipschitz biperiodic
surface. Moreover, the far-field part of the solution reflected into the upper half space is unique. In
comparison to Abboud (1993) and Ammari (1995), this result is a generalization in two directions. On
the one hand, no discrete sets of wavenumbers need to be excluded. In particular, wavenumbers corre-
sponding to Rayleigh frequencies are admitted. On the other hand, no restrictive additional condition
on the surface is required, neither smallness, nor smoothness, nor any representation as the graph of a
function. Note that non-graph gratings are frequently employed in diffractive optics (cf. the binary in
e.g. Elschner & Schmidt, 1998).

To prove the existence of quasiperiodic solutions in Hloc(curl,.(}) for any frequency, we need
a replacement of the D-to-N map imposed on the artificial boundary I, above the grating surface.

GTOZ ‘Sz YoJe |\l UO Y11Seyo01S pun ssAeuy sipuemabuy Jon) In1isu|-Sseisio o T /B10'S euInolpio jxo- fewet//:dny woly pepeojumoq


http://imamat.oxfordjournals.org/

510 G. HU AND A. RATHSFELD

Motivated by the variational formulations in Huber er al. (2009) and Rathsfeld (2011), we employ
the mortar technique combined with Nitsche’s method (cf. Nitsche, 1970; Sternberg, 1988). In other
words, we couple the electric field E below I, with the Rayleigh series expansion of the scattered
field E* above I} ». For the pair (E,ET), we define a variational formulation which is equivalent to
the boundary value problem for the time-harmonic Maxwell equation. This way the necessary trans-
mission conditions are fulfilled on I, so that the coupled field is locally in H(curl). We show the
Fredholmness of the operator generated by the corresponding sesquilinear form and prove the existence
of quasiperiodic solutions for any frequency. In other words, this paper provides an existence result and,
additionally, a theoretical justification of the modified Nitsche method applied to electromagnetic scat-
tering problems for periodic structures. It is expected that the arguments of this paper extend to more
general inhomogeneous diffraction gratings as considered in Huber ez al. (2009) and Rathsfeld (2011).
Since the D-to-N map is not involved in the presented variational formulation, the approximation of
the transparent boundary operator employed in Bao (1997) can be avoided. The technique for the proof
is in many steps analogous to that for the coupling of finite elements and boundary elements (cf. e.g.
Hiptmaier, 2012). In particular, the subsequent splitting of the Fourier mode space Y into the sum of
two subspaces Y| and Y|, corresponds to the Hodge decomposition of boundary traces. Finally, note that
the presented variational approach is a basis for the numerical analysis of an FEM coupled with Fourier
mode expansions (cf. Monk, 2003; Huber et al., 2009; Hu & Rathsfeld, 2012).

The remaining part is organized as follows. The boundary value problem (BVP) and the Sobolev
spaces are defined in Section 2. Further in this section, the main result on the existence of solutions,
Theorem 2.1, is formulated and non-uniqueness examples are presented. In Section 3, we propose
a variational formulation based on the method of Nitsche and prove its equivalence to (BVP). The
Fredholmness of the operator generated by the corresponding sesquilinear form will be established in
Section 4. Finally, applying the Fredholm alternative, we prove the main Theorem 2.1 in Section 5.

2. Mathematical formulations and non-uniqueness examples

Consider the scattering of an electromagnetic plane wave by a perfectly conducting grating profile in
an isotropic homogeneous lossless medium. Recall that the symbol I denotes the grating profile which
is (Aj, Ap)-periodic in (x1,x;) and that 2 denotes the region above r. Suppose that a time-harmonic
electromagnetic plane wave E™ (time dependence e ™) given by

E™:=gexp(ikx - 0) = gexp(i(x - & — Bx3)), i:=+/—1 2.1)

is incident to the grating from above. Here k := w./eq is the positive wavenumber in terms of the
angular frequency w, the electric permittivity ¢ and the magnetic permeability 1, which are assumed to
be positive constants in £2. The symbol 6 denotes the direction of incidence

0= (sin 6 cos 6y, sin 6y sin 6, — cos ;) ' € §? := {x= ()Cl,)Cz,)C3)T eR3: x| =1}

with the incident angles 0, € [0,7/2), 6, € [0,27). Throughout the paper, the symbol (-)" denotes the
transpose of a row vector in C> or C. In (2.1), the vector ¢ = (q1,¢2,43) " € S? stands for the direction
of polarization satisfying ¢ L 6, and

X = (xl,xz)T eR? o= (ocl,ag)T := k(sin 6 cos 6,, sin 0 sin 6’2)T eR?, B:=kcos0.
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Since the substrate below I is a perfect conductor, the total electric field E, which can be decomposed
as the sum of the incident field E™ and the scattered field E*°, satisfies the following boundary condition
in a weak sense (cf. e.g. Buffa er al., 2002)

vxE=0 onl. (2.2)

Here v = (vy, v»,v3) | €$? is the unit normal on I” pointing into the exterior of 2. The total electric
field E fulfills the reduced time-harmonic curl —curl equation

curlcurl E— K’E=0 in £2. (2.3)
Since the grating profile is biperiodic, we require E to be «-quasiperiodic in the sense that

E(x + A1, x2,x3) =exp(iAia)E(x1, x2,%3),  (x1,%2,%3) € £2, 24
E(x1, %2 + Aa,x3) = exp(idr,0)E(x1,%2,%3),  (x1,%2,%3)" € £2.

We also impose a radiation condition in x3-direction assuming that the scattered field E% is composed
of bounded outgoing plane waves:

E€(x) = Epexp(i(ct, ¥ + Bux3)) forxs > Ipax :=max{xs}, En L (cn B) " (2.5)

nez? xel’

where &, .= (", /)T € R?, with &% = & + 27rn;/Aj,j=1,2 for n= (n;,n) " € Z?, and

VE —a, > if |a,| <k,
n — Pn k’ =9. .
b= Pulkr) {1\/|oz,1|2—k2 if |a,| > k.

For the constant coefficient vector E, = (E\V, EP,E®)T € C, the relation E, L (a,, ,) | means that
EVaV + EPa® + E®B, =0. The series in (2.5), which is also referred to as the Rayleigh series
expansion, is the radiation condition we are going to use in the following sections. The constant vectors
E, are called the Rayleigh coefficients. Since B, are real-valued only for the finitely many indices n from
the set {n € Z? : |a,| < k*}, we observe that only a finite number of plane waves in (2.5) propagate into
the far field, while the remaining part consists of evanescent (or surface) waves decaying exponentially
as x3 — +o00. Thus, the sum in (2.5) converges uniformly with all derivatives in the half plane {x3 > a}
for any a > Iyax.

It is assumed throughout this paper that the grating profile I is a Lipschitz biperiodic surface in R,
which is not necessarily the graph of a biperiodic function. Since the unbounded domain §2 is (A, A,)-
periodic in x’" and the incident and scattered fields are both quasiperiodic, we can reduce the scattering
problem to a single periodic cell £2. To this end, we introduce

[i={(x,x0,x0) el:0<x <A, j=1,2},
2:={(r,x0,x3)" €2:0<x;< Aj, j=1,2), [}:={(x1,x,x3)" 1 x3=b)},

Iy i={(x1,x2,x3) " € fb:0<xj <Aj, j=1,2}, $2p:={xe€2:x3<Db}
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for some b > I'nax. We next introduce some scalar and vector valued «a-quasiperiodic Sobolev spaces.
Let H“(Fb) be the complex valued L?-based Sobolev spaces of order s in Fb Write

Hioe(curl, 2) :={G: xG,curl (xG) € L*(2)*, ¥x € C (R},
() :={G: xG e H'(I}}), Yx € C (1)},

loc

() :={GeH; (I})*:e3-G=0}, e3:=(0,0,1),

t loc

(Div, [}) :=={G: G € H},.([}). DivG € H},.(I[})},

t loc t loc

(Curl, [}) :={G: G € H', ([}), Curl G € H}, (I})}.

t loc t loc

H(curl, £2,) :=={Glg, : G € Hi(curl, 2),Gis a-quasiperiodic},

H!(I) :={Gl,:GeH, (I}), G is a-quasiperiodic},

t,loc

H’(Div, I},) :={G|;, : G e H},,.(Div, I), G is a-quasiperiodic},

t,loc

H}(Curl, I},) :={Glr, : G € H}},.(Curl, I), G is a-quasiperiodic},
where Div (-) and Curl (-) stand for the surface divergence and the surface scalar curl operators, respec-

tively. Clearly, each E(x") € H/(I}), s € R admits the Fourier series expansion

A A
E(x)—ZE exp(icr, - X), E,:=(A1A2)” 1/ / E') exp(—ia, - x') dx; dx.

neZ?

Then, the spaces H/(I}), H}(Div, I',) and H/(Curl, I';) can be equipped with the equivalent Sobolev
norms || Ellaryy = (3,72 1Eal* (1 + los|?)*) "/ and

1/2
IE N 0iv.1,) = (Z(l + len) (E* + |Ey - an|2>> ,

neZ?

1/2
IE |2 curt.ryy = (ZU + loa ) (Eal* + |Ey x an|2>> ,

neZ?

respectively. Recall that the space dual to H}(Div, I},) w.r.t. the [*-scalar product is H(Div, I'},) =

Hl’s’l(Curl , I'},), and that, for s = —5,

H'*(Div, I},) = {es x E|, : E € H(curl, 2,)},

1/Z(Curl I'y) ={(e3 x E|,) x e3: E € H(curl, §2;)}.

Further, the corresponding trace mappings from H (curl, £2;,) to the tangential spaces H,_l/ : (Div, I)
and H, ,_1/ 2 (Curl, I',) are continuous and surjective (cf. Buffa ez al., 2002; Monk, 2003 and the references
there). Finally, define the variational space by X =X, :={E: £2), — C?*:EecH(curl, £2),v x E|p =0}
endowed with the norm || E||x = | Ellgcun.2,) = (||E||iz(9b)3 + ||curlE||iz(Qb)3)1/2.

The boundary value problem for our scattering problem can be stated as follows. Let the grating
profile I and the number b > I, be fixed.
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(BVP): Given an incident electric field E™, determine the total field E = E™ 4+ E*¢ € X such that E satis-
fies the curl — curl equation (2.3) over §2, in a distributional sense and that £ admits a Rayleigh
expansion (2.5) valid for any I, < x3 < b.

Note that any E*¢ satisfying (2.5) in the strip 7.« < x3 < b can be extended to the upper half space by
(2.5). Below is our main result to (BVP) for a broad class of incident waves.

THEOREM 2.1 Assume that the incident electric wave takes the form:

Epyi= Y Onexp(, - X — fuxs), 2.6)

n:f,>0

where Q, € C satisfies O, L (an, —fB,) . Then the problem (BVP) admits at least one solution for any
k € R*T. Moreover, the part of the solution reflected into the upper half space is unique, i.e., the Rayleigh
coefficients of the plane wave modes propagating into the upper half space (namely, those with g, > 0)
are unique.

Clearly, E™ of (2.1) is of the form (2.6), where Q, = ¢ for n=(0,0)" and Q, = (0,0,0) " else. We
do not exclude ‘resonances’ in Theorem 2.1, i.e., the set 1" := {n € Z? : B,(k, o) = 0} can be nonempty.
An incident angular frequency w with 7" & @ is called Rayleigh frequency. Note that the set of Rayleigh
frequencies depends on A and A; but not on the shape of I".

REMARK 2.1 It seems to be known that, for all wavenumbers except those from a sequence k; € R,
kj — 00, the problem (BVP) admits a unique solution. To see this, consider the variational formulation

[curl E - curl g — kK*E - @ldx — | Z(e3 x E) - (e3 x @) ds
2 I,

= [ [(curl E™)y — Z(e3 x E™)] - (e3 x @) ds (2.7
I

172

forall ¢ € X, where (-)7:=v x ()|, x v,;and Z : H; '~ (Div, I},) > Hfl/z(Curl , I'}) is the Dirichlet-

to-Neumann map defined by

1
1B,

(%E) ()C/) = Z [szn - (an : En)an] eXp(ian : .X/), (28)

neZ?

for E;) =Y, 50 Enexplia, - ¥') € H'*(Div, I},); cf. Abboud (1993) and Ammari (1995). Note that
the operator % maps (e3 X E*)|p;, to (curl E*| ;)7 and that Rayleigh frequencies must be excluded in
(2.8). An alternative Dirichlet-to-Neumann operator for the magnetic field is given in Bao & Dobson
(2000), Bao (1997) and Dobson (1994).

It is seen from Lemma A.1l that the variational formulation is uniquely solvable for all frequen-
cies k € (0, ko] with kg > 0 being sufficiently small. This combined with the analytic Fredholm theory
(cf. e.g. Colton & Kress, 1998, Theorem 8.26 or Gohberg & Krein, 1969, Theorem 1.5.1) leads to the
existence and uniqueness for all k € R*\ 2, where 2 D 1 is a discrete set with the only accumulating
point at infinity. Since such a solvability result is contained in many references on diffraction grat-
ings, we skip the details and refer to Schmidt (2003), Elschner & Hu (2010) and Elschner & Schmidt
(1998) for the applications of the analytic Fredholm theory in periodic structures. The exceptional set of
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wavenumbers & cannot be avoided. Indeed, the examples from below show that uniqueness for (BVP)
does not hold in general, even if I" is a smooth graph and Rayleigh frequencies are excluded.

The proof of Theorem 2.1 will be carried out in Section 5 using an equivalent formulation which
covers the resonance case. Next we present some non-uniqueness examples to (BVP) by constructing
non-trivial solutions to the homogeneous scattering problem (E™ = 0). Suppose that the periodicities
Ap and A, are fixed for the remainder of this paper.

ExaMpLE 2.2 For any fixed Rayleigh frequency w, there exists a biperiodic surface I” such that the solu-
tions to (BVP) are non-unique. Indeed, the grating profile defined by I" := {x3 = 0} is such an example.
Defining the electric field E*(x) = e3 ), p,=0 Cn exp(icty - x) with C, € C, the a-quasiperiodic field E*
satisfies the curl —curl equation (2.3), the Rayleigh expansion condition (2.5) and the boundary condi-
tion (2.2).

In the following examples, the branch of the square root is chosen such that its imaginary part is
non-negative, i.e., /Ja =i/—aif a < 0.

ExaMPLE 2.3 There exists a non-Rayleigh frequency w and a non-graph grating profile I” such that the
solutions to (BVP) are non-unique. Restrict the search for examples to gratings which remain invariant
in x,-direction. We seek a special solution of the form E*(x) = (0, u*(x;,x3),0) ", where the scalar
function #*° fulfills

A+ =0 in2y:=2N{x=0}, u*=0 onl N{x,=0}

W= Y Cyexplilexi + K — ") 23], (x1,x3) " €20, X35> Do,

np GZ,nz:O

with C,, € C. Recall that n= (n,n) " € Z* and & denotes the jth component of o, € R?, j=1,2.
In fact, the previous Dirichlet boundary value problem is the TE polarization of (BVP). Non-trivial
solutions to the above problem do exist for the A;-periodic non-graph grating profile constructed in
Gotlib (2000) with A; =2m. Thus, the solution £, which is independent of x, and transversal to
the (x1,x3)-plane, is an a-quasiperiodic solution to the homogeneous scattering problem (BVP) with
o = (oy,0).

EXAMPLE 2.4 There exists a non-Rayleigh frequency  and a grating I" represented as the graph of
a profile function such that the solutions to (BVP) are non-unique. Again restrict to gratings invari-
ant in xp-direction and consider gratings such that I'N{x, =0} can be represented as a smooth
function x3 =f(x;) of period A; =2m. We seek a special magnetic field H* of the form H*(x) =
1/(ik) curl E*¢(x) = (0, u** (x1, x3), 0)". Since H* should satisfy the curl —curl equation (2.3) in 2 and
the boundary condition v x curl H* =0 on I", we only need to find a non-trivial scalar function u*
such that

ou’®
on

W= > Cyexplilef’x + (K — e’ )x3]), Gy €C, x3>maxf(x),
X1

ny EZ,H2=O

A+ =0 inxs>f(x), =0 onx;=f(x),
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where n € R? denotes the normal to the one-dimensional curve x3 =f(x;) in the (x;,x3)-plane. This
case is just the TM polarization of (BVP). It follows from Kamotski & Nazarov (2002) that expo-
nentially decaying solutions (surface waves) to the above Neumann boundary value problem exist for
a broad class of grating profiles that are given by the graphs of smooth functions. Thus, we obtain
a TM polarized solution H*°, which is transversal to the (xj,x3)-plane, and a non-trivial solution
E*(x) = —1/(ik) curl H*(x) to the homogeneous problem of (BVP) given by

. 1 .
EO=1 3 Gk = el 2,0, —a) T explilafx + /2 — jol ).

ny€Z,ny=0

Note that the last two examples in the non-resonance case are obtained only if the grating surface I”
remains constant in x,-direction. Similar non-trivial solutions can be constructed for biperiodic struc-
tures only varying in x;-direction. However, we do not have a corresponding example for the diffraction
gratings that vary in two orthogonal directions. It remains an interesting question under what kind of
geometric conditions imposed on I” the uniqueness of (BVP) holds. Although there is no uniqueness in
the general case, we can prove the existence of solutions to (BVP) for any wavenumber k € R*. This
will be done in the subsequent sections.

3. An equivalent variational formulation

The goal of this section is to propose a variational formulation equivalent to (BVP). We begin with
the fact that any column vector E, € C? satisfying (o, B,) " L E, for some n= (ny,n)" € 7?2 can be
represented as a linear combination E, = C,, 0E,0 + Cy.1Ep1, Chp, Co1 € Cof the vectors E,, 1, Eyn € C3,
where

— (2)’ (]),0 T . S? if . 0,

e { OO el €5 ool o
0,1,0) else,

En,] — %(QH’ ;Bn)T X En,O = (_a,(ll),an _a£,2)/3n’ |an|2)T/hn if |an| :': O» (32)
(—1,0,007 else,

with &, := |, /|| + |B.|2. Obviously, we have (a,, )" LE,;, |E. =1 for =01 and n e Z>.
We further observe that £, ; € S?if B, € R, and that E,1 = e; if B, =0. The above decomposition of E,
allows us to rewrite the Rayleigh expansion (2.5) as

E*@= Y CulUn@). Uy =Eyexp(ila, ¥ + ), CueC (3.3)
nez?,1=1,2

for x3 > I'nax (cf. also Rathsfeld, 2011, Section 2.5). Define the layer A’Zb+ above I, of height one by
Q25 =xeR:0<x;<A;,j=1,2,b<x3 <b+ 1} (cf. Fig. 1), and spaces ¥, by

Yii={UeH(url,2;): U@ =Y CulUpu().Cy€C}l, [=0,1.

nez?

The spaces Yy, Y; and Y :=Y, @ Y, are closed subspaces of the Sobolev space H (curl, .Q; ) (cf. the
subsequent orthogonality relations (4.7) and (4.8)). Moreover, the splitting ¥ =Y, @ Y; is the Hodge
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xTrs
| P

FI1G. 1. The geometry of the scattering problem.

decomposition of Y since the traces E, 1 |, of the function E, ; are surface gradients and since the surface
divergences of the E, 0|, vanish (cf. the definitions (3.1) and (3.2)). Then we see that the function
Et(x) :=E*| o belongs to the space Y, and any function in Y can be analytically extended to the
whole half-space {x3 > I'.x}. Hence, the following problem is equivalent to (BVP):

(BVP)): Given an incident electric field E™, find (E, E*) € H:= X x Y such that E satisfies the curl—curl
equation (2.3) in a distributional sense and the transmission conditions

e3sx (E—E™"—E")=0, e3xcul(E—E"—EY)=0 onl}. (3.4)

Motivated by the arguments in Rathsfeld (2011, Section 3.2) and the variational formulation in
Huber et al. (2009), we propose a new variational formulation that is equivalent to (BVP’). For pairs of
fields (E,E™), (V, V") € H, define the sesquilinear form a(-, -):

a((E,E"),(V,V)):= [ {curlE-curlV —k*E-V}dx— | curlEt -e3 x Vds
£2p I,
+/ es x (E—ET) ~cuer+ds+nZ/ e3 X (E—E") - (e3 x Upg)ds
Iy ner 7 Iv
X / e3 X (V=V1).(e3 x U,,,o) ds, 3.5)
I

where n > 0 is a constant factor for mortaring and is normally chosen as a multiple of the reciprocal
mesh size (cf. Huber et al., 2009). Our variational formulation is to find (E, ET) € H such that

a((E,E),(V,VY) = —a((0,E™,(V,V*) WY(V,VvH) eH. (3.6)

Note that terms like f r, curl EY - e5 x V ds are bounded. Indeed, since E* is the solution of the curl —

curl equation, we obtain curl E* € H (curl, .Q;r ) and (curl EY)|, € H='/2(Curl, I},). Further, note that
the third term on the right-hand side of (3.5) has the opposite sign than the corresponding term in Huber
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et al. (2009). Moreover, the integrals with factor 7 in (3.5) correspond to the following term involved in
the variational equation established in Huber ef al. (2009):

77/ e3 X (E—E")-e3 x (V—-VT)ds. 3.7)
I,

The expression (3.7) is not meaningful for general (E, E1), (V, V™) € H, since both e3 x (E — E1) and
e3 X (V. — VT) belong to H,_1/2(Div, I). Integrals like n fl"; ez X u - e3 x vds in the mortar approach
make sense for finite element methods, where u and v are finite element functions and n tends to zero
with the meshsize. The idea employed in Rathsfeld (2011) is to replace the integral (3.7) by the Galerkin
approximation

> n/ ey x (E—E")-e3 x Un,,ds/ e3 x (V—=V+)-e3 x Uy ds (3.8)
nl:ln|><N Ty Ty
Bn+0 or =0
+n ) / e3s x (E—EY) U,y ds/ e3 x (V—=V+)-U,ds, (3.9)
n:B,=0 Ty Ty

with a sufficiently large number N > 0. It is also mentioned in Rathsfeld (2011) that the summation in
(3.8) and (3.9) can even be restricted to all n € Z? with 8, =0. In the present paper, we only use the
terms of (3.8) with 8, = 0, which are the last terms in (3.5).

To prove the equivalence of (3.6) and (BVP’), we need two lemmas.

. . 1-21
LEMMA 3.1 (i) Wehave curl U,; =i(= 1)U, 11/ |eta|> + B> k¥, 1=0,1.
(if) Setting cos 8, := B,/\/|Bnl* + |atn|?, there holds
(—a/latn],0) T exp(ia, - x') ifneT, =0,

e3 X Un,l|1"b= (O,O,O)T ifI’LET, l=1,
(—=D'[(e3 x Upi_1) x e3](cos6,)*~! ifn¢ 7.

(iii) The following set is an L-orthogonal basis of the space H,ﬁl/ 2(1“;,):
{63 X Un,llf;, 'n ¢ T,ZZO, 1} U {63 X Un,O|F,, ‘ne T} U {Un,Olf;, ne T}

Proof. Lemma 3.1(i) and (ii) can be proved directly using the definitions of U, ; in (3.3). To prove
the third assertion, we define the set IT, := {e3 X E, o, e3 x E, 1} if B, +0 and IT, :={e3 X E, o, E, o} if
B, =0 with E,; € C? given in (3.1) and (3.2). Then Lemma 3.1(iii) simply follows from the definition
of H, '/*(I',) and the fact that IT, spans the set {(a;, a2,0)" : a1,as € C} for any n € Z>. O

In the following sections we make the convention that any sum over / is the sum over [ =0, 1.

LeEmMMA 3.2 For any two absolutely convergent Rayleigh series expansion U and V defined in a
neighborhood of I, there holds

(curl U)7 - e3 x Vds:/ e3 x U - (curl [V]mo)7 ds,

Ty I}
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where [-];0 s a modification operator defined by

Z Cn,lUn,l = Z Cn,lUn,l+ Z Cn,lUn,l~

neZ?,l mo Ln:B,>0 Ln:B,¢R

Proof. See Rathsfeld (2011, Lemma 3.1). ]

We are now going to prove:

LEMMA 3.3 The variational formulation (3.6) and the problem (BVP’) are equivalent.

Proof. (i) Assume that (E,E*) € H is a solution to (BVP’). Applying Green’s first vector theorem to
the region £2,, gives

0:/ {curl curl E — kK*E} ~de:/ {curl E - curl V — k*E - V}dx — [ e3 x V-curl Eds
.Qb Qh Fb

for any V € X. Note that the integral over I" vanishes due to the perfectly conducting boundary con-
dition v x V=0 on I', and that the integrals over the vertical parts of 92, cancel because of the
a-quasiperiodicity of V and E in £2;,. This implies that

{curl E-curlV —k’E -V}dx= | e3xV-curlEds, VVeX. (3.10)
.Q;, Fh

Making use of the identity (3.10) and the transmission conditions in (3.4), we derive from the definition
of the sesquilinear form a(-, -) that

a((E,ET + E™),(V,VT)) = / curl (E—EY —E™) - e3 x Vds + / e3s x (E—EY —E™) . curl V' ds

I}

+nZ/ e3 x (E—E* —E") - (e3 x U,) ds

X / e3 x (V—=Vt).(e3 x ﬁ,,,()) ds=0 (3.11)
I,

for any (V, V™) € H, i.e., the pair (E, E*) is a solution to (3.6).
(ii) Suppose that (E, ET) € H is a solution to (3.6). Choose V € X with a compact support in the
interior of §2;, (i.e. Supp(V) C Int §2,) and choose V* =0in Y. Then,

0=a((E,ET +E™),(V,0)= [ {curlE-curlV—k?E-V}dx= [ (curlcurlE — k’E) - V dx.

2 2
(3.12)
This implies that curl curl E — k*E = 0 in £2,. It remains to prove that only E and E* satisfy the trans-
mission conditions in (3.4).
Analogously to part (i), multiplying V € X to the curl—curl equation curl curl E — k*E =0 in £2;, and
then using integration by parts yields the identity (3.10). Combining this identity with the variational
formulation (3.6) gives rise to the equality (3.11) for all (V, V') € H. By Lemma 3.1(ii) and (iii), we
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consider the Fourier expansion

(E—E*—E™r=> Co(Un)r+ Y _[CooUno + Cuies x Ungl on I} (3.13)

Ln¢Tr nel

It then suffices to prove that C,; =0 for all n € Z2,1 =0, 1. Indeed, (E — E* — E™); = 0 on I, together
with (3.11) for all V € X would lead to (curl (E — E* — Ei“)lph)T =0.

First we take V=0 and V* = U,,; for some n € T in (3.11). Applying Lemma 3.1(i) to U,,; gives
the identity curl V* = —ikU,,, and then, using e3 x U, ; =0 for n € T (cf. Lemma 3.1(ii)), we derive
from (3.11) that

/ e x (E—ET —E™ . U,ods=0 ifne?. (3.14)
I,

Together with (3.13), this implies that C,,; =0 forne 7.
Next, inserting (3.14) into (3.11) with V = 0 and using Lemma 3.2, we have

O:/ e3x(E—E+—Ei“)-cur1V+ds—nZ (E—E+—Ei“)T.U,,,ods/ Vi -U,ods
Iy

ner Y 1b Ty

=/ curl [(E — E* = E™|p)lno-e3 x (V) ds =0 Y [ (E—E* —E™7 T,y ds/ Vi TU,ods
Iy

ner 7 1b Iy

(3.15)

for all V* € Y, where the quantity

[(E—E"—E"plmo:=— Y CuUn+ Y CulUw onl}
Ln:B,>0 Ln:B,¢R

is obtained by firstly extending the series expansion (3.13) to a neighborhood of I}, and then applying
the modification operator [-],, of Lemma 3.2. From Lemma 3.1(i) and (ii), it follows that on I,

{curl [((E — ET — E™| 1) Imo} 7

. . 1-21
= > i=DURCuUnidr + Y DR Cu ol + 1B (Uni)r

nl:B,>0 nl:B,¢R
= Y —ikCylcosy) ey x U+ > ik Cui(Bn)' ™ es x Uy (3.16)
n,l:B,>0 n,l:B,¢R

Inserting (3.16) into (3.15) and choosing V* = U,,; for some n ¢ 7, we derive C,; = 0. Analogously,
the choice VT = U, for some n € T leads to C, o = 0. This completes the proof. U

REMARK 3.1 In the non-resonance case, i.e. 7" =, the variational formulations (3.6) and (2.7) are
equivalent. In fact, if (E, E™) is a solution to the problem (3.6), then by Lemma 3.3, the transmission
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conditions in (3.4) hold. Hence, we obtain

0=a((E,ET +E™),(V,V")) :/ curlE-curl V —k’E-Vdx— [ curl (EY +E™) -e3 x Vds
£2; I

:/ curl E-curlV —kK’E-Vdx — | ZR(ez X E)-e3 x Vds
25 I,

[Z(e3 x E™) — curl E™] - e3 x V ds,
T,

which is equivalent to the variational formulation (2.7) involving the Dirichlet-to-Neumann map Z%.
Note that in the last step of the previous identity we have used the identity (curl ET)y = Z(e3 x ET) =
H(es x E) — F(e3 x E™ on I},. On the other hand, supposing that E € H(curl, £2;) is a solution to
(2.7), we extend the scattered field E := E — E™ from £2,, to x3 > b by the Rayleigh expansion (2.5).
Assume that the coefficients A, are given by

es X E¥|p-=e3 x (E—E™)|- =Y A, el *(Div. 1), A, eC. (3.17)

neZ?

Here and in the following, the symbol (-)| r; resp. @] ry denotes the trace obtained from below and
above [}, respectively. It follows from the var1at10na1 formulatlon (2.7) that e3 x curl E5¢ x e3] =
Z(e3 x E*| r;)- The extension of the series in (3.17) to the half space x3 > b in form of the Raylelgh
expansion (2. 5) is

E*() = [Ayx e3+ B, (3 x Ay) - ayez] e HA0™D 1y > b,

neZz?
Then, we obtain ez x ESC|,~[— =e3 X ES°|pb+ and ez x curl E*¢ x ye3|,~[+ =% (e3 x E5°|,~b+). Setting

ET=FE* in .QbJr, we conclude that (E, ET) satisfies the transmission conditions (3.4) and thus is a
solution of (3.6).

4. Analysis of the variational formulation (3.6)

Since the sesquilinear form a(-, -) defined in Section 3 is bounded on Hi, it obviously generates a con-
tinuous linear operator A : H — H’ satisfying

a((E,E"), (V,V") =(AE,E"), (V,V ) g, xar 4.1

Here H' denotes the dual of the space H with respect to the duality (-, ), « o extending the scalar
product in L?(§2,)* x L?*(£2,")*. The aim of this section is to prove the following theorem:

THEOREM 4.1 The operator A defined by (4.1) is a Fredholm operator with index zero.

To prove Theorem 4.1, we need several auxiliary lemmas. We first prove a periodic analogue of the
Hodge-decomposition of X, following the argument in Monk (2003, Theorem 4.3). See also Abboud
(1993), Ammari (1995), Ammari & Bao (2008) and Hu et al. (2010) for other Hodge-decompositions
of the Sobolev spaces in periodic structures. Define the subspaces X| :={Vp:p e H'(£2;), p=0on I'}
and Xo:={Eye X : fﬂb Vp-Eydx=0V Vp € X;}.
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LeEmMA 4.1 We have X = X, @ X; with the subspaces X and X; orthogonal in L*(£2,)3 and H (curl, £2,,).
Moreover, div Ey = 0 and (e3 - Ey)|r, = 0 for any Ej € X, and X is compactly embedded into L*(2)3.

Proof. Define the sesquilinear form b(E, V) := |, o, {curlE- curl V+E - V}dx for all E,V € X. Then,
for Vp € X, we obtain b(Vp, Vp) = || Vp||2,
solution Vp € X; such that

@ = IVpll%. Thus, for every E € X, there exists a unique

b(Vp,VE) =b(E,VE), VVE§eX,. (4.2)
Let Ey := E — Vp. Using integration by parts and the quasiperiodicity of Ey and & in £2;, (4.2) implies
0=/ EQ’VECIXZ— Ediondx—i— §e3-E0ds, vV V& e X;.
.Qb Qb Fb

Consequently, X = X; + X and div E) =0, (e3 - Ey)|, = 0. On the other hand, if Vg € Xy N X, then
the definition of X, implies that fﬂh Vp - Vgdx=0. Setting p =g, we get Vg=0, i.e., Xo N X; =0.
Finally, the compact imbedding of X, into L*(£2,)? follows from Monk (2003, Corollary 3.49) (see also
Ammari & Bao, 2008, Lemma 3.2). O

By Lemma 4.1 and the definitions of Y;, we can decompose our space H into four subspaces. For
(E,E™), (V,VT) € H, we may assume that

E=Vp+Ey, EY=Ej +E{ where VpeX,, EyeX, E €Y, =1,2,
V=VE+V, Vi=V+ V' whereVEeX,, VoeX,, V" e, I=1,2.
To analyse the form a, we define several sesquilinear forms a; withj=1,2,...,6. Let

a1 (Vp, VE) ::kz/ Vp-VEdx, VY Vp, VEeX,,
2

ar(Eo, Vo) := | {curlEy - curl Vo — k*Ey - VoY dx, Y Eo, Vo € Xo,
2,

as(ES, Vi) :=/ e3s x Ef -cull Vi ds, VEI, V, e,
T,

ay(Ef, Vi) :=/ es x Ef curlVids, VEf,Viey
I,

and let

as(E,EV), (V, V")) = as(E, V) i= / es x E-curl V' ds,
T,

a6(E.E"), (V.V):=n " { /F es x (E—E") - (e3 x Uyp) ds /

ner Ty

e3 X (V — V+) . (63 X U,,)()) ds}
(4.3)

for any (E,E*1), (V,V*') e H.
LeEmMMA 4.2 For any V& € X; and V| € Y, we have as(VE, V) =0.
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Proof. From the definition of Y and Y, we conclude that Y is in the subspace of all vector functions
V* €Y with e3 - V** = 0. Therefore it suffices to prove

/ [es x VE]-curl V7 ds = k2 / ey V Eds. 4.4)
I, T,

Note that the right-hand side of (4.4) is a continuous functional of V* and £. Indeed, from V* e L? (.Q,j' )
and 0=V - V* € L2(£2;"), we conclude e3 - V' |, € H-2(I}), and & € H'/2(I) follows from & ¢
H'(£2;,). Knowing the continuity, it suffices to prove (4.4) for a dense subset, e.g., for a truncated
Rayleigh expansion V1 and smooth &. We conclude

les x VE]-curl V' ds = —/[v x VE]-curl V' ds+/ [curl VE] - curl V' ds
Iy r 2

- / [VE] - curlcurl V' ds = &> / [VE]- V' ds,
2 £2p

where we have used that the tangential derivative v x V£ of the function & with &| = 0 vanishes. Using
V - VT =0, we continue

k2/ [VS]-V+ds:k2/ V[V ds =K $e3-V+ds+k2/§v~V+ds:k2 Eey- V' ds
.Q}, Q/, r Fb

I,

and the proof is completed. 0
Using Lemmas 3.1, 4.1 and 4.2, it follows from the definition of a that (see Table 1)

a((E,E%),(V,VT))
=a((Vp + Ey, E§ + E), (VE + Vo, V" + V)

=/ {curl Ey - curl Vo — k*Ey - Vo — k*Vp - VE)dx — | curl Ef - e3 x Vodx
2 Iy

—/ curl Ef - e3 x Vodx — curlEfr~eng§dx+/ engo-curIngx
I

F}, Fh

+/ e xEo-curIVde—i—/ es x Vp-curl Vi dx — [ e3 x Ef - curl Vy dx
I Ty

b I,

— / ey x Ef - cuer;r dx 4+ ag((E,E™), (V, V1))
I,

= —a1(Vp, V&) + ax(Eo, Vo) — a3 (Eg , Vi) — as(ET, Vi) + as(Eo, Vi) — as(Vo, E) + as(Eo, Vi)
- a5(V0’ET) + as (Vp7 V]+) — das (Vé’ Ei'») + aé((Ea E+)’ (V, V+))
DEFINITION 4.2 A bounded sesquilinear form [(-,-) on a Hilbert space X is called strongly elliptic

if there exists a compact form Z(~; -) and a constant ¢ > 0 such that Re l(u, u) > c||u||)2( — Z(M, u) for
allueX.
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TABLE | The diagram for the sesquilinear form a — ag over H=X x Y

Hy:=Xo+ Yo H,=X,+Y
Xo(Vo) Yo(V) X, (V§) Yi(V{h)
Hy Xo(Eo) ax(Ep, Vo) as(Eo, Vi) 0 as(Eo, Vi)
Yo(Ef) —as(Vo,EJ)  —as(Ey, Vi) 0 0
H,  Xi(Vp) 0 0 —ay(Vp,VE)  as(Vp, Vi)
Yi(EY)  —as(Vo, EY) 0 —as(VE,E)  —ay(Ef, V)

Obviously, a; is coercive on X; and by Lemma 4.1 the sesquilinear form a, is strongly elliptic over
Xo. In addition, ag is a compact form over H, since it corresponds to a finite rank operator over H. To
derive the Fredholmness of the sesquilinear form a, we have to study as, a4 and as.

LEMMA 4.3 There exist compact forms a; : Yy X Yo — C and a4 : Y, x Y1 — C such that

~Re a3 () 2 Cll - [y eun o) — @30, (4.5)

Reas(,) = Cll - Iy un ) = @4C )5 (4.6)

for some constant C > 0, i.e., the sesquilinear forms —a3 and a4 are strongly elliptic over Y, and Y,
respectively.

Proof. Recall that the functions U,,; defined in (3.3) are basis functions of the space Y, [ =1,2. It is
easy to check that

b+1
/1wwaM=%MMMM/mem@mﬁmkmmﬂ&
o b

4.7

) Suwdir A1 Ay if B, €R,
| Buwdip e 2B (1L — e 2B 21BN A A, if B ¢ R,

and that, by using Lemma 3.1,
_ B m 5 524l _
curl Uy, - curl Uy p dx = 8,0 810k™ \/ lotn|> + | Bal Uni-1-Uyi—dx. (4.8)
fons o

Therefore, we can represent the H (curl, .Qj )-norm of U,,;,/ =0, 1 as

1Unol _Ja+aa, it By € R,
nOlg curl,2,) = e 2Blb (1 — e 2B (1 4+ 2|8, 12 + KD Q21BN A1 Ay if B, ¢ R,
14+ kA A, if B, €R,
Ui Wy eunt ) = ) -
, rl,2; “2Bilb(p —e 2By (1 4+ ———— ) 218, 1A Ay if B, ¢ R.
e (I-e ) +2|,3n|2+k2 QB A1 Ay if B, ¢
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On the other hand, using simple calculations, we have, forn ¢ 7",

_ 1-21
/ e3 X Uy - curl Uy ds = (—i)(cos 6,)* 'k /| |2 + | Bal? les x Up—i|*ds,
Iy

I,

by Lemma 3.1(i) and (ii). Furthermore,

el 12A1A ifl=1,
/ les X Uy i—i)*ds = | - b|2 e 5 .
r, PP |2 A} Ay cos B, if =0,

by the definitions of U,,; given in (3.3). Combining the previous two equalities yields
0 if B, € R,

Re/ e3 x Uy -curlU,ds = | B, |2
T

s Ak i ¢ R,

_ 0 if B, €R,
Re/ e3 X Upp -curlU,pds= oBib 1 Pu <
Iy _|,3n|e " A1A2 1f,3n¢R~

Since |B8,] ~ /1 + |n|? as |n| — +00, there holds
—Re / e3 X Upg - curl Upods = CllUnoll3 curt 2,
I,

77 2
Re / e3x U,y -curlU,ds > CIIU,LIIIH(Cuﬂ’_Qb),
I

4.9)

(4.10)

whenever B, ¢ R, with C > 0 being a constant independent of / and n. Therefore, given the field Ej =

Y nezz CnoUnp € Yo, we deduce from (4.9) that

—Reas(Ef,Ef)=— > |Cyol*Re / e3 X Upg - curl U, ds
neZ? Ty

2 2 + 112 s (EY B
=C Z |Cn,0| ”U’Z»O”H(curl,();) = C”E() ”H(curl 25 7 a3(E() »E() ),

Bn¢R

~ . 2 2
a3 (B, ES) = C Y 1CoolPIUn0l} un o)
BneR

Since the set {n € Z* : B, € R} consists of a finite number of indices, the form a3 (-, ) : ¥y x Yy — R is

compact. Thus the sesquilinear form —aj is strongly elliptic over Yy. The proof for a4 can be carried out

analogously by employing (4.10).

REMARK 4.1 For the component-wise gradient VU, ;, the definition of U,,; leads to

/|VU,1,1|2dx=(|an|2+|ﬂn|2>/ Ui d.
2f 2

O

4.11)
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Thus, comparing (4.11) with (4.8) leads to ||U,l,()||125,1(%+)3 = ||U,,,0||12L1(Cm’9;). This implies that the H'-

and H (curl )-norm of the elements from Y are identical, i.e., ||E§||H1(Qb+)3 = E¢ Il g (eun o) if Ef €Y.
However, this is not true for the space Y.

We turn to the properties of as defined in (4.3).

LEmMMA 4.4 The sesquilinear form as is compact over Xy x Y.

Proof. For V' €Y; C Y, define the operator J(V;") :=curl V;'. Obviously, we get ||J(Vl+)||i2(9;)3 <

||V1+||?1<cm1,9;>» and curl J (V;") — k2V;" = 0 implies ||curl J(V;")]%, @y S K|V, ||12{(cuﬂ - Hence, by
Lemma 3.1(i), J is a bounded linear map from Y; into Yy. In view of the equivalence of the norms
IIJVfr |22 cunt 27) and ||JV1+ ||H1(_Qb+)3 (see Remark 4.1), we see that J is also bounded from the subspace
Y) of H(curl, £2,7) into the subspace Y, of H'(£2,")%, with the trace J(V;")|, € H'/*(I};)*. Thus, there
exists an extension W of (curl V1+ ), from H 12(1,)? into H'(£2,)? such that W = curl Vfr on [} and
v x W =0on I'. Using integration by parts,

as(Eo, ViH) =/

e3 xEo-J(V+)ds=/ e3sx Ey-Wds= [ {curlEy - W — Ey - curl W}dx.
I,

Iy 2

From the compact embedding of W € H'(£2,)? into L?(£2,)* and that of E € X, into L?(2;,), it follows
that the sesquilinear form as(Ey, VlJr ) is compact over Xy x Y. U

Combining Lemmas 4.1, 4.2, 4.3 and 4.4, we are now in a position to prove the Fredholm property
of the variational formulation (3.6).

Proof of Theorem 4.1. 1t suffices to verify that the sesquilinear form a — a¢ is Fredholm over H with
index zero. To do this, we define the spaces H; = X; ® Y; for j =0, 1, so that we can rewrite H=X x
Y =H x H. Define the sesquilinear forms:

bo((Eo, EY), Vo, Vi) := aa(Eo, Vo) — as(E, Vi) + as(Eo, Vi) — as(Vo, Ef),
bl ((VP, Ei'_)’ (VS’ V1+)) =—a (Vp’ VE) - a4(E+’ V]+) + QS(VP, V]+) - aS(Vg’Ei‘_)’

for all (E(),Ear ), Vo, VS' ) € Hy and for all (Vp, ET), (VE, Vfr ) € Hj, respectively. Now split the form
in Table 1 in blocks corresponding to the splitting H = Hj x H;. Then the restriction to Hy is the
form by with the strongly elliptic quadratic form Re bo((Eo, EJ ), (Eo, Ef)) = a2 (Eo, Eo) — a3 (Ef , EJ).
The restriction to H; is the form b;, and the sesquilinear form —b; has the strongly elliptic quadratic
form —Re b, ((Vp,Ef”), (Vp, E]L)) =a;(Vp,Vp) + a4(E+,Ef“). Consequently, the diagonal blocks of
the 2 x 2 splitting correspond to Fredholm operators with index zero. On the other hand, the full form
in Table 1 differs from the diagonal block matrix only by compact terms. Hence the form a generates a
Fredholm operator with index zero. (]

5. Proof of Theorem 2.1

Since the problem (BVP’) and (3.6) are equivalent (see Lemma 3.3), to prove Theorem 2.1 we only
need to show the existence of solutions to (3.6) with E™ replaced by Eg}m given in (2.6). Consider the
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homogeneous adjoint problem of the variational formulation (3.6): find (V, V*) € H such that
a((W, W), (V,Vv")) =0 (5.1)

for all (W, W*) € H. By Fredholm’s alternative, it suffices to verify a((0, E™ ), (V,V*)) =0 for any

gen
solution (V, V1) to (5.1). The following lemma describes properties of the solution (V, V1), which will
be used later for proving Theorem 2.1.

LEMMA 5.1 Assume that (V, V™) € H is a solution to the homogeneous adjoint problem (5.1). Then

Vrln,, (curl VHrln, € Span{{(Up )7l : Bu ¢ R, 1= 1,2} U {Upolr, : B =0}}). (5.2)

Proof. Analogous to the proof of (3.12), one can prove that curl curl V — k?V = 0 holds in £2;, leading
to the identity (3.10) with (V, E) replaced by (W, V). By the definition of a(-, -),

0=a((W,Wh),(V,V*))

= [ {esxW-curlV—curl Wt .e3 x V}ds +/ es x (W—WT) . curl V' ds
I I

+0Y | esx (W—=W"e3 x Upods [ e3x (V—V¥)-e3 x Uyods (5.3)
T, I

neYr

for all (W, W) € H. In the following we will prove (5.2) choosing different test functions (W, W) €
HL.

(i) Choose W=0,Wt=U,o for some ne? in (5.3). Since (curlU,plr)r=0 on I,
(cf. Lemma 3.1), simple calculations lead to fn, [curl VT +nAjAses x (V —VH)]-e3 x U,,,o ds =0.
However, one can verify, using Lemma 3.1(i) and (ii), that f Fb{curl Vt.e3x Uyplds=0for VrevY.
Hence,

/e3x(V—V+)~e3xUn,0ds=() ifne?. (5.4)
A

(ii) Choose W =0 and Wt = U, for some n € 7 in (5.3). Making use of e3 x U,; =0forne T, we
derive from (5.3) that f Fb{curl U, - e3 x V}ds =0. This together with Lemma 3.1(i) gives the relation

{es x V- Upyo}ds=0 ifne?. (5.5)

I,

(iii) Inserting (5.4) and (5.5) into (5.3) with W =0 and taking into account Lemma 3.2, we obtain
th{curl [Vlmo +curl V). e3 x WHds =0 forall Wt € Y. By Lemma 3.1(iii), the last identity implies
that

{(curl [V]no)r + (curl V+)T}|p,, e Span{U,o:ne T} (5.6)

Since V*eY, we have curl V* € H(curl,$2;,") and thus the trace (curl V|p)r belongs to
H,_l/ 2 (Curl, I'p). Using Lemma 3.1(iii), we may assume that on I,

(curl VH)r=>" {BuoUno + Buies x Upo} + > Buses x Uy
n:6,=0 Ln:B, £0
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with B,,; € C. Combining the previous two formulas, we deduce from the definition of the modification
operator [-]no in Lemma 3.2 that (curl [V]no) 7 + Zl,n:ﬁn +0 B,je3 x U,;=0o0n T} and that B, ; =0 for
B, = 0. Therefore,

(curl V)7 = )" BuoUno — (curl [Vlmo)r on I} (5.7)
n:6,=0

(iv) Inserting (5.4) and (5.5) into (5.1) with W =0 and W =V, we find (cf. (3.5) with E* =0 and
E=V)

0=Ima((V,0),(V,V*t)) =Im / e3 x V - (curl V+)T ds, (5.8)
I

where the function (curl V*)z|p, is given in (5.7). According to Lemma 3.1(iii), we may represent
ez X V|, as

esx V=Y Cuesx Upi+ Y {Cuoes x Upo + CaiUng),  Cri€C,
Ln:B, £0 n:f,=0

on I,. However, by (5.5) there holds C,,; =0 for n € 7. Thus, applying Lemma 3.1 gives

esx V=Y Cu(=D'(Uni-)r(cos )"+ > Cuoes x Ung on T}, (5.9)
Ln:Bn+0 n:Bp=0
(urd [Vlmo)r =— > Culcurd Up)r + Y Culcurl Uy )z
Ln:B,>0 Ln:B,¢R
. . 1-21
== Y i=DkCuWUidr+ Y =DVl + B> K Coa(Uni-r
Ln:B,>0 Ln:B,¢R
(5.10)

on [}. Inserting the above identity (5.10) into (5.7) and using (5.9), we derive from (5.8) that

0=Im { =ik Y |CuslPIUn1-0)7ll721;) (c0s 6,)*"
Ln:B,>0

+Im = Y [CulP GO (U= 72y | Bal ™ ot + 18021
Ln:B,¢R

2 2 2[1—1
=—k > 1CulPIUn1-)7lIF ) (cos )",
Ln:B,>0

which, together with the definition of cos 6, in Lemma 3.1, leads to
C,y=0 foralpg,>0, [=1,2. (5.11)

Finally, combining (5.11) and (5.9) we have proved (5.2) for V¢ |, and combining (5.11), (5.10) and
(5.7) leads to the desired result for (curl V*|r,)7r. O
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We proceed to prove Theorem 2.1, i.e., to show the existence of a solution (E, ET) € H to the varia-
tional problem (3.6) for the incident wave Eg‘en. Assume (V, V1) e H satisfies a(W, WT), (V,V*H) =0
for all (W, W) € H. Using Lemmas 5.1 and 3.1, it is easy to check that

a((0,E™ ), (V,Vt))=— [ {curl E® -e3 x V+e3 x E® -curl V' }ds=0. (5.12)

gen gen gen

This means that each solution to the homogeneous adjoint problem (5.1) is orthogonal to the right-
hand side of the variational problem (3.6) in the sense of (5.12). According to Theorem 4.1, the Fred-
holm alternative applied to the variational problem (3.6) yields the existence of the solution (E, ET) € H
to problem (3.6) for the incident plane waves Eig‘;n defined in (2.6).

Formula (5.2) implies that solution V' takes the form V7*(x)=>_ grgr CriUni(x) +
> 10 CnU, (x) for xe .Q; . Thus V* €Y and the coefficients of the propagating modes for
B, > 0 vanish. By analogous arguments, this assertion even remains valid for the solution (V, V™)
to the homogeneous variational problem a((V,V*1),(W,W*))=0 for all (W,W")eH. In other
words, the coefficient C,,; of the difference of two solutions of (BVP) are zero if 8, > 0. The proof of
Theorem 2.1 is thus completed.
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Appendix

For the reader’s convenience, we prove that the variational formulation (2.7) is uniquely solvable for
small wavenumbers k > 0. Since Rayleigh frequencies can be excluded for small wavenumbers, by
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Remark 3.1 we see that such a unique solvability also applies to our variational formulation (3.6)
provided £ is sufficiently small.

LEmMMA A.1 There is a ky > 0 such that the variational formulation (2.7) admits a unique solution E € X
for all wavenumbers k with 0 < k < kg.

Proof. To prove Lemma A.1, we need to replace equation (2.7) on the k-dependent «-quasi-periodic
space H (curl, £2,) by an equivalent variational problem acting on the (A, A,)-periodic Sobolev space.
Introduce the spaces Hlj (82,), Hy(curl, £24), H;,(I), H;,(Div, I') and H;,(Curl, I';) in the same way
as H'(£2;), H(curl, §2;), H?(I}), H (Div, I',) and H; (Curl, I';) in Section 2, but with o = (0, 0)". Fur-
thermore, define the operator V,, :=V +i(a,0) " and, analogously to the space X defined in Section 2,
set D:={F: 82, — C3,F e Hy(curl, £2,),v x F=0o0n I'}. Let 7, := 2n /A1, 2nm/Ar) T =, — «
forn= (n,,m)" € Z?* Given

F)=> F,e"" eH, S (Div, Iy, (A.1)

neZ?

the definition of the operator Z (cf. (2.8)) implies Z(E) = .7 (F) exp(ia - x') for E(x') =e** F(x') €
H,_l/ 2 (Div, I',), where the operator 7 : H,;,l/ 2 (Div, I}) — Ht;l (Curl, I,) is the Dirichlet-to-
Neumann map over the space H,;,l/ 2(DiV , I'y) defined by

(ThHE)==Y" %[kzﬁn — (ay - Faylexp(it, - X),n= (n,ny) " € Z*. (A2)
nez2 "

Note that .7 is well defined for small wavenumbers k with 0 < k < k, since B, &0 if ky is sufficiently
small. The spaces H,;,l/ Z(Fb),H,;Jl/ 2(Div, I}) and H,;,]/ 2(Curl,]"b) will be equipped with the norms
analogous to the quasi-periodic ones in Section 2, but with the coefficient E, replaced by F), given in
(A.1) and «,, replaced by t,,.

Set FI"(x) := exp(—ia - ¥)E™(x), F(x) = exp(—ia - ¥')E(x), as well as 1/ (x) = exp(—ia - X )@ (x) €
H)(curl, £2;,) for E, ¢ € H(curl, £2,). We now consider the variational formulation

a,(F,¥) = Q[Va X F-Vyx ¥ —k*F-y]dx — g T (e3 X F) - (e3 x ¥)ds

- / [(Va x F™y — Z(e3 x F™)] - (e3 x %) ds (A3)
I,

for all ¢ € D, which is the counterpart of problem (2.7) in the periodic space H,(curl, £2;).

The problem (A.3) can be rewritten as the operator equation B(F)=f in the dual space D’
of D, where for ¢ € D the dualities (B(F),{¥) and (f,v) between D’ and D are defined by the
sesquilinear form a,(F,v) and the right hand of (A.3), respectively. By Lemma 4.1, we have the
Hodge-decomposition D = Dy @ D, with the two subspaces D :={V,q:q € H[} (£25),g=0on I} and
Dy:={FyeD: fﬂb Vuq-Fodx =0V V,q € D;}. This allows the decompositions F = Fy + V,q and
Y = Go + Veg with Fo, Go € Dg and V,q, V,g € D;. Now, the sesquilinear form a, in (A.3) can be
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written as

ap(Fa 1//) = ap(FO’ GO) + ap(votCIa GO) + ap(vaq» vozg) + ap(FO» vag)a

and operator B takes the form

= (2" %), Bi:Do—Dp (Bi(Fo).Go) =a,(Fo.Go). ¥Go €Dy,
B, By
By :Dy— D', (By(F),Vag) =a,(Fo,Vag), VYVugeDi,

(B

(
B3 :Di — Dy, (B3(Vaq),Go) =a,(Vaq,Go), VYGy € Dy,
By:Dy— D), (Bs(Veq),Vag) =ay(Vaq,Vag), VYVug €Dy,

We first prove that the form a,, is coercive over Dy for a small wavenumber k. Using the explicit repre-
sentation of .7, we obtain, for F' given in (A.1),

T(F) -Fds=A14, Y 2|Ful? = ot - Ful™,

1
—F—Ik"|
Iy n:le,|>k V |a”|2 — K

“Re | T(F)-Fds> -4, Y ———KF > -C014, Y ————K*|F,?

Iy nlan >k V |05n|2 k? neze V | n|2

= —CLM RN ) 2 =Crar ARG v

Iy ) (Div,I)"

Applying the previous estimate to the trace ez x Fy for Fy € Dy and using the continuity of the trace

mapping from H),(curl, £2;) to H,;,l/z (Div, I',), we arrive at

—Re { i T (e3 x Fy) - (e3 x Fo) ds} > —k*Ci A Asles x 1'70||1%1;]1/2(D1V r) —K? C2||F0||H(Curl 2

Therefore,
Rea,(Fo, Fo) = Vo X Follj2 g, — K I1Follz2,s — K CollFoll 7 curt 2, - (A4)

Recalling that the function Ej := exp(i« - x/)Fo belongs to the space Xo C X which is divergence free,
we have the Friedrichs-type estimate ||Eo||? 2@y S < G|V x Eyl? (@) (cf. Monk, 2003, Cor. 4.8) for
some constant C3 > 0 independent of E, € Xj, which is equivalent to

IFoll72 (g, < Call Ve X Foll2(g,- (A.5)

Combining (A.4) and (A.5) leads to the coercivity of the form a,, over D for small wavenumbers k < k.
This implies that the operator By ' exists with the bounded norm ||B} ||, p, < C for some constant
C > 0 independent of k£ with 0 < k < k.

Next we claim that the form —a, is also coercive over D;. In fact, the function Q(x'), given by
(Q(),0)T :=e3 x Ve8lr,, can be expanded into

o)=Y (=, a") 0 exp(ir, - ¥), 0, €C. (A.6)

neZ?

GTOZ ‘Sz YoJe |\l UO Y11Seyo01S pun ssAeuy sipuemabuy Jon) In1isu|-Sseisio o T /B10'S euInolpio jxo- fewet//:dny woly pepeojumoq


http://imamat.oxfordjournals.org/

532 G. HU AND A. RATHSFELD

Thus, using the representation of .7 given in (A.2), we find

—Re a,(Vaq. Vaq) =K Vaqllr g, + 477 D 1Bl ™ K llal?10nl* = Cok* [ Vay i curt 2,

n:la,|>k

As a consequence, we have || By ! Ip,—p, <k™2Cy !, where the constant Cy does not depend on k.
The operator B can be written as the matrix operator

~1 ~1
Bl 0 0 B B 0 B 0
B= °, = = 4.
(Bz B4)+(0 0) (Bz B4> (—3418281‘ By

Thus the operator equation B(F) = f is equivalent to

(1 0>+ 0  B'Bs
0 1 0 —B;'B:B;'B;

where I denotes the identity operator. To prove the invertibility of B, it suffices to show

Fo\
() =ar .

I1B311p,—, + 1 B2llpy—sp; < Cak®, (A.8)

with a C4 > 0 independent of k € (0, ky]. Consider the sesquilinear form corresponding to B;:
a,(Fo, Ve8) = — T (e3 x Fy) - (e3 X Vug) ds.
T,

Expand the first two components of ez x Fy, e3 X V,g into the series in (A.1) and (A.6), respectively.
Then, by (A.2) we obtain

1 . _
lap (Fo, Ves)| =K | > - Fu - (=i, )0,

n
neZ?

1/2 1/2
<G5k (Z(l + |rn|2)“2|Qn|2> (Z(l + |rn|2>1/2|Fn|2>

neZ? neZz?

2
< Cek”lles x Votg”HI;,l/z(DiV,rh)”eS X FO”H,;I/Z(DiV,ﬂ,)’

This combined with the continuity of the trace mapping from H,(curl, £2;) to H,Tpl/ : (Div, I},) leads to
the estimate in (A.8) for B;. For the proof concerning B3, we can proceed analogously.

We now conclude that the sesquilinear form corresponding to the operator on the left-hand side of
(A.7) is positive definite for small wavenumbers. Indeed, the operator is a small perturbation of the
identity for all k < kg if ko is sufficiently small. Hence, problem (3.6) always admits a unique solution
E of the form E = exp(ia - X')F with F = Fy + V,q, Foy € Dy, Voq € Dy. ]

GTOZ ‘Sz YoJe |\l UO Y11Seyo01S pun ssAeuy sipuemabuy Jon) In1isu|-Sseisio o T /B10'S euInolpio jxo- fewet//:dny woly pepeojumoq


http://imamat.oxfordjournals.org/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 175
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50286
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG2000
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 175
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50286
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG2000
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 20
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 175
  /MonoImageDepth 4
  /MonoImageDownsampleThreshold 1.50286
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ()
    /ENN ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


