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RESUME

Nous avons supposé qu’une onde élastique harmonique en temps est incident sur
un objet élastique anisotrope pénétrable, qui s’intégre dans un milieu homogéne
isotrope. Le probleme de diffusion se réduit sur un domaine tronqué. L’existence
et 'unicité de la solution faible du probléme direct qui se pose en dimension deux
ou en dimension trois se démontre en appliquant ’alternative de Fredholm et en
utilisant les propriétés de l'opérateur Dirichlet-to-Neumann. Nous avons calculé la
dérivé de Fréchet d’un opérateur de near-field par rapport au bord de la dispersion.
Pour l’application, un algorithme de la méthode de gradient est implémenté pour
reconstruire I'interface a partir des données near-field d’une ou plusieurs directions et
fréquences incidents. Des exemples en dimension deux sont présentés pour montrer
la validité et la précision de l'algorithme.
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1. Introduction

Time-harmonic elastic scattering problems arise from many mechanic systems and engineering structures,
in which the linear elasticity theory ([1]) provides an essential tool for analysis and design. For an infinite
background medium, the boundary value problem for the Lamé system can be reduced to an equivalent
system on a bounded domain. For instance, the finite element method for the scattering problems usually
requires a strongly elliptic variational formulation with a nonlocal boundary condition (see e.g., [2,3]). To
truncate the unbounded domain, one needs to derive the so-called Dirichlet-to-Neumann map (or non-
reflecting boundary condition, transparent boundary operator) on an artificial boundary as a replacement
of the Kupradze radiation condition at infinity. In the literature, the DtN map in elastodynamics have
been used by some physicists and engineers for simulation ([4-10]). However, properties of the transpar-
ent operator have not been sufficiently investigated yet. These properties are fundamental for the strong
ellipticity of the variational formulation and the well-posedness (existence, uniqueness and stability) of the
model problem. We refer to [11-13] for the treatment of the time-harmonic Helmholtz and Maxwell equa-
tions. Although a nonlocal boundary condition closely related to the DtN map was utilized in [14], mapping
properties of the non-reflecting operator in Sobolev spaces were not involved there. In a recent paper [15],
a special sesquilinear form, which corresponds to a special choice of the elastic parameters, has been em-
ployed to prove well-posedness of the elastic scattering problem. However, the approach of [15] relies heavily
on the boundary condition of the scatterer and applies only to a rigid impenetrable elastic body in two
dimensions.

This paper is concerned with both direct and inverse scattering from an anisotropic elastic body in
a homogenous isotropic background medium. The first half is devoted to the well-posedness in a more
general setting. We propose an equivalent variational formulation on a truncated bounded domain, and
show the uniqueness and existence of weak solutions for both inhomogeneous penetrable anisotropic bodies
and impenetrable scatterers with various boundary conditions. In contrast to the Helmholtz equation, the
real part of the DtN map is not negative-definite. Nevertheless, the resulting sesquilinear form may be
shown to be strongly elliptic. Motivated by Betti’s formula, we analyze the DtN map for the generalized
stress operator which covers the usual stress operator and the special case discussed in [16,15]. To prove
uniqueness, we verify the Rellich’s identity in elasticity. Our proof should be of independent interest since
it has generalized the arguments in [15] and [17, Lemma 5.8] for special cases. The Rellich’s identity in
periodic structures can be found in [18,16].

The second half of this paper is concerned with the inverse problem of reconstructing the shape of an
unknown anisotropic body from near-field measurements of plane incident waves. It is well-known that
the knowledge of DtN map cannot be used to uniquely identify general anisotropic elastic media; see e.g.,
the counter example presented in [5,19] based on the idea of transformation elastodynamics. In particular,
two inclusions with different anisotropic elastic media may give rise to the same far-field measurements.
In this paper the anisotropic medium is supposed to be homogeneous and known in advance, and the
unknown inclusion needs to be recovered from the near-field data corresponding to a finite number of incident
directions or frequencies. Relying on the variational arguments presented in the first half and those in [20]
and [21], we derive the Fréchet derivative of the solution operator with respect to the scattering surface.
A different approach based on the integral equation was used in acoustics [22] and in elasticity [23,24].
The shape derivative can be used to design a nonlinear optimization approach for shape recovery from the
data of several incident directions and frequencies. We refer to [25] for the application of shape derivative
in reconstructing targets from multistatic response measurements given point sources with resolution and
stability analysis. Here, we employ a descent method to find the parameters of the unknown surface in a finite
dimensional space. At each iteration step, the forward problem needs to be solved and the correctness of the
parameters needs to be evaluated. Numerical examples in 2D are presented to show the validity and accuracy

of our inversion algorithms. We refer to the review article [5] and the recent monograph [26] for various
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inverse problems in elasticity and to [27-29,15,30,31] where iterative approaches using multi-frequency data
were developed. For the imaging methods to reconstruct small inclusions in elastic medium, see [32,33] for
example.

It is worth noting that there are still two open problems. Firstly, how to derive a frequency-dependent
estimate of the solution for a star-shaped rigid scatterer? Readers are referred to e.g. [11] for a wavenumber-
dependent estimate in the acoustic case, which was derived based on the use of a Rellich-type identity for
the scalar Helmholtz equation. In linear elasticity, the lack of the negativity of the real part of the DtN map
leads to essential difficulties in generalizing the arguments of [11]. Secondly, how to prove the well-posedness
in a homogenous anisotropic background medium? A new radiation condition at infinity seems to be neces-
sary, which should cover the Kupradze radiation condition as a special case. In this paper, the assumption
of the isotropic background medium has considerably simplified our arguments. The far-field asymptotics
of the Green’s tensor for a transversely isotropic solid was recently analyzed in [34]. However, a radiation
condition in the general case seems unavailable in the literature.

The remaining part of this paper is organized as following. In Section 2, we describe the forward scattering
model in RV (N = 2,3) and prove the unique solvability using variational arguments. Properties of the
DtN map in two and three dimensions will be presented in Sections 2.3 and 2.4, respectively. In Section 3
we derive the Fréchet derivative and apply it to solve the inverse scattering problems. Numerical tests for
both direct and inverse problems will be reported in Section 4.

2. Well-posedness of the direct scattering problems

2.1. Mathematical formulations

Suppose that a time-harmonic elastic wave u‘™ (with the time variation of the form e=*?* where w > 0
is a fixed frequency) is incident onto an anisotropic elastic body €2 embedded in an infinite homogeneous
isotropic background medium in RY (N = 2,3). It is assumed that € is a bounded Lipschitz domain
and the exterior Q¢ := RV\Q of Q is connected. In particular, Q is allowed to consist of a finite num-
ber of disconnected bounded components. In linear elasticity, the spatially-dependent displacement vector
u(z) = (u1,us,--- ,un) ' (z), where (-)7 means the transpose, is governed by the following reduced Lamé

system

Z i (Cijkl(a:)auk(w)) +w?p(x)ui(xr) =0 in RN, i=1,2,--- N. (2.1)

) ox ox;
Jkii=1 """

In (2.1), u = u'™ + u*¢ is the total field and u*¢ is the scattered field; C = (Cijkl)gj,m:l is a fourth-rank
constitutive material tensor of the elastic medium which is physically referred to as the stiffness tensor; p is a
complex-valued function with the real part Re p > 0 and imaginary part Im p > 0, denoting respectively the
density and damping parameter of the elastic medium. The stiffness tensor satisfies the following symmetries
for a generic anisotropic elastic material:

major symmetry: Cijp; = Crisj, minor symmetries: Cijp = Cjirt = Cijig, (2.2)

for all ¢,75,k, 01 = 1,2,--- ,N. By Hooke’s law, the stress tensor o relates to the stiffness tensor C via the
identity o(u) := C : Vu, where the action of C on a matrix A = (a;;) is defined as

N
C:A=(C:A);= Z Cijki aki-
k=1
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Hence, the elliptic system in (2.1) can be restated as
V-(C:Vu)+w?pu=0 in RV, (2.3)

Note that in (2.1) we have assumed the continuity of the stress vector or traction (the normal component
of the stress tensor) on 0, i.e., N u = N u where

New:=v-o(u)
N N N
Ouy, Ouy, Ouy,
= Z Vjcljkla—xla Z VjC2jkla—xla e Z VjCNjkla—xl ;
7,k,l1=1 7,k,l=1 7,k,l=1
with v = (v1,v9,...,vn)" € S¥~! denoting the exterior unit normal vector to 9 and (-)* the limits taken

from outside and inside of €2, respectively.
Since the elastic material in 2¢ is isotropic and homogeneous, one has

C’ijkl(x) = /\5i7j5k,l -+ [L((si,k(sj"l + (51'71(5]'7]@), r € Q°. (24)

That is, the stiffness tensor of the background medium is characterized by the Lamé constants A and p
which satisfy u > 0, NA + 2u > 0. Hence, the stress tensor in Q¢ takes the simple form

o(u) = Aldivu + 2ue(u), e(u) == (Vu+ VUT) ,

DN | =

where I stands for the N x N identity matrix. Assuming that p(x) = po in ¢, the Lamé system (2.1)
reduces to the time-harmonic Navier equation

A*u+w?pou=0 in Q°, A*u:=pAu+ A+ p)graddiv u. (2.5)
Moreover, the surface traction Neu on 09 takes the more explicit form Ng u = Ty ,u, where
Ty pu =21 0,u+ Avdivu + vt (Oquy — Oyuz), v = (11, V2)T, (2.6)
with v+ := (—vp, 1) T in two dimensions, and
T pu=2p0,u+ Avdivu+ pv x curly, v = (11,1, 1/3)T, (2.7)

in three dimensions. Here and also in what follows, we write T ,u = T'u to drop the dependance of T}, on
the Lamé constants A and u of the background medium. Denote by

ks == wv/po/p, Ky = wy/po/(A+2p)

the shear and compressional wave numbers of the background material, respectively.

Since the domain ¢ is unbounded, an appropriate radiation condition at infinity must be imposed on
u*¢ to ensure well-posedness of the scattering problem. The scattered field in 2¢ can be decomposed into
the sum of the compressional (longitudinal) part u;° and the shear (transversal) part u3¢ as follows (in three
dimensions):

1 1
u?C =y ult, upy’ = 72 graddiv u®¢, wui° = = curl curl u¢. (2.8)
p s
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In two dimensions, the shear part of the scattered field should be modified as

sc

Ug

1 —
=12 curl curl u?*¢, (2.9)

where the two-dimensional operators curl and CT;‘I are defined respectively by
curlv = 01vg — Dovy, v = (vl,vg)T, CTX‘I f= (0, —81f)T.
It then follows from the decompositions in (2.8) and (2.9) that
(A +E2)usc =0, a=p,s, divui®=0
and
curluy,”=0 in 3D, muff =0 in 2D.

The scattered field is required to satisfy the Kupradze radiation condition (see e.g. [35])

N1 [OuSC N—1 [ Ous®
: = p sc | __ : —_— s sc | __ _
Thggor < o ikpu, ) =0, Thggor 2 ( o iksul > =0, r=|z| (2.10)

uniformly with respect to all & = x/|z| € SV~ := {x € RV : |z| = 1}. The radiation conditions in (2.10)
lead to the P-part (longitudinal part) up° and the S-part (transversal part) ug® of the far-field pattern of u*¢,
given by the asymptotic behavior as |z| — +o0

s exp(tkp|z|) o, . exp(iks|z|) o, . _ N1
wri(e) = P ey 4 SPUEE) o)+ 04,

(2.11)
|| "2 |

where, with some normalization, u;® and ug® are the far-field patterns of u," and ug*, respectively. We define

the far-field pattern u> of the scattered field u* as the sum of u;® and ug®, that is, u> := up® +ug®. Since

oo

o is normal to S¥~! and ug° is tangential to SV, it holds the relations

(%

Throughout this paper we make the following assumptions:

(A1) There exists R > 0 such that Q@ C Bgr := {z € RY : |z| < R} and that u'™ satisfies the Navier
equation (2.5) in Bg.
(A2) The stiffness tensor C satisfies the uniform Legendre ellipticity condition

N N
Z C’ijkl(x) Qi Ak > Co Z |aij|2, ;5 = Qji, Co > 0, (212)

i,5,k,l=1 ij=1

for all z € Q. In other words, (C(z) : A) : A > ¢l|A|]* for all symmetry matrices A = (ai;));—; €
RN*N_Here ||A|| means the Frobenius norm of the matrix A.
(A3) ||p||Loo(Q) < 00, and HCijkl”Loo(Q) <ooforalll1 <45,k 1l<N.
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Remark 2.1. The incident wave u'™ is allowed to be a linear combination of pressure and shear plane waves

of the form
u™(z,d) = ¢, dexp(ikyx - d) + cs d* exp(iksz - d), cp,cs € C, (2.13)

with d € S¥~! being the incident direction and d+ € SN ~! satisfying d* -d = 0. It also can be elastic point
source waves satisfying the equation

A" u(y) +wpou(5y) = (- —y)a in RM\{y},

where y € RV\ By represents the location of the source and a € CV denotes the polarization direction. An
explicit expression of u'™(-;y) is given by u'"*(:;y) = I1(-, y)a where II is the free-space Green’s tensor to the
Navier equation given by

1
M(w,y) = @, (2, )L+ grad ,grad ;. [, (2,y) — P, (z,9)], = #y. (2.14)

pow?
Here @) (k = ky, ks) is the fundamental solution to the Helmholtz equation (A + k*)u = 0 in RY. It is
well-known that

SH (Klz —y)), N=2,
(I)k(x§y) = j‘,k\m—y\ 3 x #y, (2'15)

dmle—yl’
with Hél)(-) being the Hankel function of the first kind of order zero.

Let H'(Bg) denote the Sobolev space of scalar functions on Bg. In the following we state the uniqueness
and existence of weak solutions to our scattering problem in the energy space Xz := (H'(Bgr))".

Theorem 2.2. Under the assumptions (A1)-(A3) there exists a unique solution uw € Xpg to the scattering
problem (2.1), (2.5) and (2.10).

The proof of Theorem 2.2 will depend on the Fredholm alternative together with properties of the
Dirichlet-to-Neumann mapping on I'g:= 0Bg. As a consequence, we also obtain the well-posedness of the
scattering problem due to an impenetrable elastic body with various kinds of boundary conditions.

Corollary 2.3. Consider the time-harmonic elastic scattering from an impenetrable bounded elastic body )
with Lipschitz boundary embedded in a homogeneous isotropic medium. Suppose that the total field satisfies
one of the following boundary conditions on O0S):

(i) The first kind (Dirichlet) boundary condition: u = 0;

(if) The second kind (Newmann) boundary condition: Tu = 0;

(iti) The third kind boundary condition: v-u = 0,v x Tu =0 in 3D, v-u=v' -Tu =0 in 2D;

(iv) The fourth kind boundary condition: v x u = 0,v-Tu =0 in 8D, v+ -u=v-Tu =0 in 2D;
)

(v) Robin boundary condition: Tu —inu =0, n € C, Re(n) > 0.

Then the scattered field u*c = u — u'™ is uniquely solvable in (H} (RN\Q))V.

The variational approach for proving Theorem 2.2 can be easily adapted to treat the boundary value
problems in Corollary 2.3. We omit the details for simplicity and refer to [16] for the proof in unbounded
periodic structures.
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Remark 2.4. Using integral equation methods, well-posedness of the boundary value problems in Corol-
lary 2.3 has been investigated in Kupradze [35,36] for scatterers with C2-smooth boundaries. The variational
arguments presented here have thus relaxed the regularity of the boundary to be Lipschitz.

2.2. Variational formulation with transparent boundary operator

Let R > 0 be specified in assumption (Al). By the first Betti’s formula, it follows that for u,v € Xg,

— /[V-(C : Vu) + w?pu] - vdx

Br
= /[(C:Vu):Vﬁ—przrﬂ]dx—/Tu'Fds. (2.16)
BR FR

Below we introduce the Dirichlet-to-Neumann (DtN) map in a homogeneous isotropic background medium,
allowing us to reduce the scattering problem on a bounded domain.

Definition 2.5. For any w € (H'/?(T'g))", the DtN map T acting on w is defined as
Tw = (Tv*)|rg,
where v*¢ € (H} (RN¥\Bg))¥ is the unique radiating solution to the boundary value problem
A* v+ w?pov® =0 in RN\Bg, v’*=w on Ig. (2.17)

Remark 2.6. The DtN map 7T is well-defined, since the Dirichlet-kind boundary value problem (2.17) is

uniquely solvable in (H}

L.(RN\Bg))V; see Remarks 2.12 and 2.16 for the explicit expressions in terms of

special functions.

To obtain an equivalent variational formulation of (2.1), we shall apply Betti’s identity (2.16) to a solution
u = u" 4+ u%¢ in Bg and use the relation

T’LL _ Tuin 4 Tusc _ Tuzn + Tusc _ f 4 TU, f — (Tuzn _ Tuzn)|FR

Then the variational formulation reads as follows: find u = (uj,--- ,un) € X such that
a(u,v) = /f~6ds for all v = (vy,vq,---,un) € Xg, (2.18)
T'r

where the sesquilinear form a(-,-) : Xg x Xg — C is defined by

N
Ouy, 0v;
a(u,v) = _ Z Cijklai;a—;; —w? puv; p de — /Tu -vds. (2.19)
Br i,7,k,l=1 T'n
Remark 2.7. The variational problem (2.18) and the scattering problem (2.1), (2.5), (2.10) are equivalent
(RM)) is a solution of the scattering problem (2.1), (2.5) and (2.10),
then the restriction of the total field u to Bg, i.e., u|p,, satisfies the variational problem (2.18). Conversely,

in the following sense. If u*¢ € (H}.
a solution u € Xp of (2.18) can be extended to a solution u = u'™ + u*¢ of the Lamé system in |z| > R,
where 4*¢ is defined as the unique radiating solution to the isotropic Lamé system in |z| > R satisfying the
Dirichlet boundary value u*¢ = u — 4™ on I'g.
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In the following lemma, we show properties of the DtN map 7 which play an essential role in our
uniqueness and existence proofs. The two and three dimensional proofs will be carried out in the subsequent
Sections 2.3 and 2.4, respectively.

Lemma 2.8.

(i) T is a bounded operator from (H'Y?(Tg))N to (H-Y/?(Tg))N.
(ii) The operator —T can be decomposed into the sum of a positive operator Ty and a compact operator Ts,
that is, =T = T1 + T2 on (H/2(T'g))N.

Let X% denote the dual of Xp with respect to the inner product of (L?(Bg))". By the boundedness
of p, Cijr1 (see Assumption (A3)) and 7, there exists a continuous linear operator A : Xp — X, associated
with the sesquilinear form a such that

a(u,v) =< Au,v > for all v e Xg. (2.20)

Here and henceforth the notation < -,- > denotes the duality between X}, and Xg. By Assumption (Al)
and Lemma 2.8 (ii), there exists F € X, such that

/f-ids:<]:,v> forall ve Xg.
T'r

Hence the variational formulation (2.18) can be written as an operator equation of finding u € Xp such
that

Au=F in Xk
Below we recall the definition of strong ellipticity.

Definition 2.9. A bounded sesquilinear form a(-, -) on some Hilbert space X is called strongly elliptic if there
exists a compact form ¢(-,-) such that

IRe a(u,u)| > C||ul|% — q(u,u) for all we X.
The following theorem establishes the strong ellipticity of the sesquilinear form a defined by (2.19).

Theorem 2.10. The sesquilinear form a(-,-) is strongly elliptic over X g under the Assumption (A2). More-
over, the operator A: Xp — X5, defined by (2.20) is a Fredholm operator with index zero.

Proof. We may rewrite the form a as the sum a = a1 + ag, where the sesquilinear forms a; (j = 1,2) are
defined as

N Oouy, 0v;
ay(u,v) 5:/ Z Cijkla—xl;ﬁ dSEJr/TlU'Fd&
J
I'r

B, Liiki=1
as(u,v) := —wQ/pu~6dx—|—/’T2u~6ds,
BR FR

Note that 7; (j = 1, 2) are the operators given by Lemma 2.8. It is seen from the uniform Legendre ellipticity
condition and Lemma 2.8 (ii) that a; is coercive over Xg. The compact embedding of Xg into (L?(Bg))™
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and the compactness of Tz give the compactness of the form ay. Hence a(-,-) is strongly elliptic over Xg
and thus A is a Fredholm operator with index zero. O

Proof of Theorem 2.2. Using Theorem 2.10 and applying the Fredholm alternative, we only need to prove
the uniqueness of our scattering problem. Letting u’® = 0 (which implies that f = 0 in X 1) and taking the
imaginary part of (2.18) with v = u*¢ we get

Im /Tusc -ustds = 0.

By the analogue of Rellich’s lemma in elasticity (see Lemmas 2.14 and 2.17 below) we obtain u*¢ = 0 in Bp.
This proves the uniqueness and Theorem 2.2. O

The remaining part of this section will be devoted to the proof of properties of the DtN map in a more
general setting. We shall consider the generalized stress vector (cf. (2.6))

Ty (,u—l—ﬁ)u-gradu—i—Xudivu—ﬁylcurlu, if N=2, (2.21)
MEET) (w4 R)v - gradu 4+ Avdive + fiv x curlu,  if N =3, ’
where X 1 € R satisfying 2+ 1 = A+ u. In the present paper we assume that
A—p)(A+2 <
QA=m@O+20) 5\ 1o, (2.22)

A+ 3u

The assumption (2.22) will be used later for proving Lemma 2.13 (ii) and Lemma 2.17 (ii). We emphasize
that the above condition (2.22) covers at least the following three cases:

Case (i): S\N A o= ,u
Case (ii): A=X4p, i=0.
Case (i) A — (A + 2+ /(A4 310, i = A+ 1)/ (A + 530

Note that the usual surface traction coincides with T S5 in the case (i). Properties of the DtN map in case (ii)
were analyzed in [18] on a line and in [15] on a circle.
The generalized DtN map T corresponding to (2.21) is defined as

Tw=(T; ;v re,  we (HV2TR)Y,

where v*¢ € (H}_(Q°))" is the radiating solution to the isotropic homogeneous Navier equation (2.5) in
|z| > R.

2.8. Properties of DtN map in 2D

In this section we verify Lemma 2.8 and the Rellich’s identity for the generalized DtN map T in R2.
For this purpose, the surface vector harmonics in R? are needed. Denote by (r,6,) the polar coordinates of
r = (x1,22)" € R? and by #, 8 € S! the unit vectors under the polar coordinates such that

7 = (cosf,sind) ", 6 = (—sinf,cos0)", 6¢€0,27).
Let P,, and S,, be the surface vector harmonics in two-dimensions defined as

P, (&) :=e™p, S, (&) :=e""0, &=ux/z|cS. (2.23)
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Below we shall derive a series representation of the generalized DtN map. The solution v*¢ can be split
into the sum of a pressure part with vanishing curl and a shear part with vanishing divergence, that is,

v*¢ = grad ¢, + cu—r}lz/JS in |z| >R, (2.24)

where 1, and 9, are both scalar functions. It then follows that

Aty + k2thy =0,  lim r'/2 (% - ika%) =0, a=p,s. (2.25)
r—s00 or
The solutions of (2.25) can be expressed as
oo (1)
Hy, ' (k ;
vaw)= Yo DD e 2R a=ps, (2.26)

W HY (ko R)

where ¥ € C stand for the Fourier coefficients of ¢, |r, and HLY is the Hankel function of the first kind
of order n. Set

o Hizlf)’(ta)’ . Hé(?)”(zﬁa)’ s,
Hy (ta) Hy (ta)
Let (-,-) be the L? inner product on the unit circle given by
o7
(u,v) := % /u-id@ for all w,v e (L*(SY))%
0

Due to the orthogonality relations between P,, and S, it is easy to derive from (2.24) and (2.26) that

o 1 . o 1.
(0 Iy Pa) = 3 [ty +indl] . (0, Sn) = 7 [in) — tayei?]

Equivalently, the previous relations can be written in the matrix form

Il/}g:| _ |:(USCFR7PH):| L |:tp’yp in :|
An |:77[}:;L - R (USC|FR7 Sn) ) An = in 7155"}/8 . (227)

Lemma 2.11. The matriz A,, is invertible for alln € Z and R > 0. Its inverse is given by

1 i |:_ts7s —in

A= .
—in Y

- ] : Ay, = det(Ay) = n? — tt s (2.28)
Ay

Proof. It’s sufficient to prove that A, # 0. We write A,, as
Ay =n® = L(tp) In(ts), In(z) = zHY (2)/HD(2).

Making use of the Wronskian identity for Bessel and Neumann functions (see, e.g., [12, Chapter 3.4]), it is
easy to derive that

2

Im (1,,(2)) = m

forall neZ, z>0.
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This implies that, for any fixed n € Z,

Re (A,) =n? — Re (I,(tp)) Re (I, (ts)) + Im (I, (tp)) ITm (I,,(ts)),
Im (A,) = —Re (In(tp)) Im (I,,(ts)) — Im (I,,(tp)) Re (I,.(ts))

cannot vanish simultaneously. Hence, A,, # 0. O

Remark 2.12. The unique radiating solution v*¢ to the boundary value problem (2.17) can be represented
as the series (2.24) and (2.26), where the coefficients ] and ¢ are given by

MAREZ ]

Now, we turn to investigating the generalized stress vector (cf. (2.21))
Tv*® = (u+ i) # - grad v*° + A div e’ — [0 curl v* on |z|=R.
Inserting (2.24) into the previous identity and using the relations

689 f'~grad:2, m:—é2+1i~3,

0
d=%¢— 0
gra (i r or or r 00

or

we obtain via straightforward calculations that

e Dby | 1500y 00 100,
T =(u+np)7 o {r 5 +T 50 087“ + " + Adiv curly,

(a%p Lo, | 10%,

200 v oron

> + A,

. 2 [s00 150 500 1,00) oo
0 - Tv* o [ + (7] o + 20 i curl curly,
1 9y, 621/),, 0%, _
= (n+p) (28 cara0 oz ) THAYs
This implies that
%USC|FR7 P’I’L n
(~ ) _ 1, V}i} (2.29)
(TUSC|FR; Sn) was
where
120 Y42 ; ~ _
Bni= | ( +B)tpﬂp )\tp i(p + Uzn (2ts’73 ~1)2 ) (2.30)
it pn (tpyp — 1) — (p+ p) 158 — Bt

Combining (2.29) with (2.27) gives the relation

(T e Pa)] 10l P)
(%(USC|FR),sn) R [(v“er,Sn)

1
W, = —B,A 1. 2.31
| B4 (2.31)

Properties of the two-dimensional DtN map are summarized in the subsequent two lemmas.
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Lemma 2.13. Let w =Y, , wi P, + w?S, € (H'/?(Tg))?. Then,

(i) The generalized DN operator T takes the form

7~'w = Z %% [Zﬂ

neEZ

in the orthogonal basis {(Py,Sy) : n € Z}. Moreover, T is a bounded linear operator from (H*(T'g))?
to (H*~Y(T'r))? for all s € R.
(i) For sufficiently large M > 0, the real part of the operator

Fw=- Y W[

In|=M

®3ITI

|

is positive over (HY/2(T'r))2, and T — Ty is a compact operator.
Proof. (i) We only need to show the boundedness of T. Recall that

1/2
[lwll (a0 )2 = (Z(l + |”|)23|w”|2> ;o w" = fwp,wl] T
nez

1/2
T wll(ze-1(rp))2 = (Z(l + Inl)Q(“)anw”F) :

nez

Hence, it suffices to estimate the max norm of the matrix W,, bounded by
[Wallmax < C'|nl, (2.32)

for some constant C' > 0 uniformly in all n € Z, so that |[W,w"|?> < C? |n|?|w™|?.
It holds that

7" (2)
n !
= (H1(2) - 2HO ()
—1
= —HP )+ —H, (2) + S HO (2) - = (B2, () - 20 ()
n?+n—-22_ 1
= 22 H( )( )_;anl(z)
n?4+n— 22 1 ’
= S H () - - (B (2) + ZHD(:))
n 1 ’
- (% 1) e - 1),
giving rise to the identities
n? 1 n? 1
- _1_-= = — — 1 — —~,. 2.33
ﬁp t}% tp’ypv ﬁ tz ts'}/ ( )
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From the expressions of A;;} and B,, we get the entries Wf(f’j ) of Wy, given by

1 - ~ ~
Wittt = —— {715378 [(u +)to By — Atﬁ] + 0 (u+ 1) (Ess — 1)}
= RA [* (n+ A, + WQPOths'Ys] )

1 - ~ ~
WD) = e {0+ i)y — 1) =ty [+ D6, + it?]}

1 _
= o [+ ) A+ o B2y ]
Wil = {fm [(u A8, — Xﬂ +intyyp (i + i) (Eys — 1)}
n RAn pP P pIp s /s
=X [—in(p+ f) A, + inw’poR?]

1 ) ~ ; ~ ~
Wézl) ~ RAL {*Zn(ﬂ + m)tsys(tpyp — 1) +in [(N + )3 Bs + ﬂtz] }

= = [in(u+ 1) Aw — inw? poR?]

in which we have used (2.33) and the fact that A + i = A + p.

275

From the series expansions of the Bessel and Neumann functions (see, e.g., [12, Chapter 3]) we know

HW(z) = % (%)n_l l(n— 1) (%)2 +1+0 (%)] , n— +oo.

This implies that

H'r(zl_)l(z)_ z 1—|—(n—2)(%)2+0(%)
a0 A ()03
o (@)l

z 1
— 240 ().
The asymptotic behavior (2.34) together with the relation H,(Ll)l = fn/szll) + H7(1121 leads to

H,(Ll)l(z) n oz 1
o
H," (2) z 2n

—5 | n — +oo.
n

Since H(_lz(z) = (71)”H,(L1)(z), we obtain as |n| — oo that

HY 1) Il ta 1
'ya:7:——+—+0(—>7 a=p,s,
Hr(ll)(ta) ta 20| n?

R*(kp + k?) 1 R%pow?(A+3p) <1>

5 O T o) [n]

A, =
[n]

(2.34)

(2.35)

(2.36)
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Inserting (2.35) and (2.36) into the expression of WD) yields

2p(A + 2p0)
w1y — o(1
2p(A + 2p)
w2 = o1
(o) _ e+ ) (A4 3p) = 2u(A + 2p)] 1
(14 1) (A 4 3p) — 20(A + 2p)]
W@ — _Z[(M o1
from which the estimate (2.32) follows directly.
(ii) Define Wy, := —(W,, + W}¥)/2, where (-)* means the conjugate transpose of a matrix. For sufficiently
large |n|, we have
= 2u(A +2p)
Wb = m\m +0(1) >0,
— AP+ 2p)% = [(A = DA+ 3p) + 2072,
det (W,) = .
et (W) R0\t 3)° n* 4 0(n)

Under the assumption (2.22) on X, we see

AP0+ 200)% = [(A = N (A + 3p) + 267 > 0,
implying that det (Wn) > 0 for sufficiently large |n|. Hence, there exists M > 0 such that W, is positive
definite over C? for all |n| > M. This proves the positivity of the operator —Re7; defined in Lemma 2.13.

Finally, 7 — 7T is compact since it is a finite dimensional operator over (HY/2(I'g))%. O

Below we verify the analogue of Rellich’s lemma in plane elasticity. It was used in the uniqueness proof
of Theorem 2.2.

Lemma 2.14. Let u®¢ be a radiating solution to the Navier equation (2.5) in |x| > R. Suppose that
Im /%(uscm) uds | =0.
I'r

Then u*¢ =0 in |z| > R.

Proof. Assume that u*¢ can be decomposed into the form of (2.24) and (2.26) with the coefficients ¥,, =
( g,w;’)—r € C2. Tt follows from (2.27) and (2.29) that

[Tt T s = Y (R25,0,, R 4,0,)
I'r

neZ

=R (A;B,V,,1,). (2.37)
nez
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Using again the relations in (2.33), straightforward calculations show that

B - [m—p ~in } { (h+ BBy = M2 i+ Fi)n (L — 1)

—in —ts (w+mmn (tyyy — 1) — (p+ ) 365 — it
_ . |11 a2 (2.38)
Tlagr a2’ .

Recalling A+ 1 = A+ p and making use of the relations

2

o < 0) a=p,s,
\HP (to) |27t o

ti Ba = n? — ti —taYa, Im (Va) = -

we obtain
2w?R?
Im (a1;) = —Im (7,)(\ + 2u)t3 = ——————— >0,
’ T wHY (kR
) 2w2R?
Im (ag) = —Im (F,)ut? = —————— >0,
T aH P (ke R)P
12 = G21-
This implies that
. A:B,) — (AB,)* 2w R% | 1/|H\M (k, R)2 0
Im(Aan):( nBn) ( nBn) = /| (kpR)| W ,
21 0 0 1/|Hy ' (ksR)

Now, we conclude from (2.37) and (2.38) that

_ ‘ v
R 2=\ |1 (k,R)

A
H (k,R)

implying that ¢y = ¢ = 0 for all n € Z. Therefore, u** =0 in |z| > R. O
2.4. Properties of DtN map in 3D

The aim of this section is to derive properties of the generalized DtN map in 3D, following the lines in
the previous section. Denote by (7,0, ¢) the spherical coordinates of = (21, z2,73)" € R®. The coordinate
6 € [0, ] corresponds to the angle from the z-axis, whereas ¢ € [0,27) corresponds to the polar angle in

the (z,y)-plane. Let
# = (cos @sin ¢, sin f sin ¢, cos ¢) |,
0= (—sin®,cosh,0)",
¢

(cos @ cos ¢, sin 6 cos ¢, — sin d))T

be the unit vectors in the spherical coordinates. In 3D, we need the nm-th spherical harmonic functions

(2n+1)(n — |m|
4r(n + |m|)!

| .
)'P,‘Lml(cos 0)e™?, & :=ux/|z| € S
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for all n € N and m = —n,--- ,n, where P is the m-th associated Legendre function of order n. Let wpm,
and V,,,, be the vector spherical harmonics defined as

Vs2 Yo (&)

e Vim (&) := & X upm (&), (2.39)

Upm () 1=

where d,, := n(n+ 1) and Vg denotes the surface gradient on S?. They form a complete orthonormal basis
in the L2-tangent space of the unit sphere

L3 (S?) = {p € (L*(S?))* : & - p(&) = 0}, (2.40)

and satisfy the following equations for any f(r) € C*(R™):

 (f(1)V,) = LSOy, g 10T, (2.41)

P curl (F(r)V ) = *%wv"’”’ (2.42)
7 curl (F(r)Yom#) = @unm, (2.43)
div (£ (r)tpm) = —@ym. (2.44)

Denote

ZZZ

n=0m=—n

As done in 2D, we split a radiating solution v*¢ to the Navier equation (2.5) into its compressional and
shear parts,

v*¢ =grad, + 9, divy, =0, (2.45)
where 1, is a scalar function satisfying
Aty + k2 =0, lim 7 (% — ikpw,,) =0, (2.46)

and the vector function 1, fulfills

0
curlcurlep, — k2ep, =0, lim r < ¥

r—00 T

> =0. (2.47)

The solutions of (2.46) and (2.47) in |z| > R can be expressed as

R ></c r) my

h(l k T h(l)(k‘sT) nm
Vs Z { D (kR) " ST Vam(0,¢) + curl [m%,z nm(0,0) | ¢ (2.49)

m,n
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where )™, T (j=1,2) e Cand hg) is the spherical Bessel function of the third kind of order n. A direct
calculation implies that

sc hsll)(ksr) nm
v (x) = Z m 5,1 Vnm(97¢)

VoD [ h D (k) kshD (kor)
+Z (1) P
rhy’ (kpR)

Yonn ] +
RO (kR) B (ks R)

1/)?,?} Unm (0, )

m,n

1)’ 1
iy Fohnt” (k) /B3 (k) mm Ly 0, 6)i (2.50)
WOk T D (R) ’

m,n

Analogous to the 2D case, we set

"

hY () h (t,)
to = kaRa Yo = T? ﬁa = ?7 a=p,Ss. (251)
hy ' (ta) hy/ (ta)

Due to the orthogonality relations for wuynm, V pm and Yy, we derive from (2.50) that

(USC|FR; Vnm) = lﬁz?

1
(USC|FRaun7n) = E {\/aiﬁgm - (1 + ts7s) ?én:| B

SC o 1 nm nm
(v° |FR>Yan> = R (tp'prp —V0n 5,2 ) .

In other words,

?,T (’USC‘FRv Vnm) R 0 0
A |V | =R | (v, tunm) | Ap:i= 10 —1—tyoye Von|. (2.52)
w[r;m (’USC|FR7 Ynm"%) 0 — (Sn tp’yp

Lemma 2.15. The matriz A, is invertible for alln >0, R > 0, k, > 0 and ks > 0. Its inverse is given by

£ 0 0
A= |0 Bl Aty (14 ey (2.53)
O \/E —1—tsvs
An n

Proof. It is sufficient to prove that det(A4,,) # 0, or equivalently, A, # 0. Setting I,,(z) := zhsll)/(z)/hgll)(z),
we have A, = 6,, — I,(tp) — L, (tp)In(ts). Recalling from [13, Theorem 2.6.1] that

1
1< —-Rel,(2)<n+1,0<Im/l,(2) = ——=—— <z forall z>0, (2.54)

2|h (2)[2

we obtain

Im(A,) = —Im L,(¢t,) (1 + Re (I, (ts)) — Re L, (tp,)Im I, (ts) > 0. O
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The equation (2.52) implies the following remark.

Remark 2.16. The unique radiating solution v*¢ to the boundary value problem (2.17) can be represented
in the form of (2.24) and (2.26), where the coefficients 1™ and wZ’Jm (j = 1,2) are given by

o1 (w, Vi)
e | = RAY | (w,unm)
wgm (’LU, Ynm'f’)

We now consider the generalized stress operator
Tv*® = (u+ f)# - grad v®® + A div v®® + i x curl v®°, (2.55)

where A, [i € R satisfying A+ fi = A+ p. Using the notation introduced in (2.51), the first and second terms
on the right hand side of (2.55) can be rewritten respectively as

- sc Qv
e, = (%)
'r

tS S i nm
:Z };’7/15,1 nm(9,¢)

m,n

+ Z R2 |: P’YP )w;lm + (1 - tS’YS t Bs) 5,2 :| unm(ﬂ, (;5)
g 5 (B8 + VB (L £ 028 Yo (6,0)7,
and

(Fdive®)|, = (PAY) [ = (“kpt?) [ = 72 menm 0,07

Since h%l)(ksr)Vnm (0, ¢) is a radiating solution of (2.47) and

P X Vi =7 (P tUnm) — Unm (P 7) = —Unm,

the third term of Tv* in (2.55) takes the form

(7 x curlvsc)’FR = (7 x curlws)}rR
W (Bsr) o
:ercurl (1)( )¢s1 (0, )
o hy” (ksR)
(1)
he” (ksr)
+ 7 x curlcurl [P0 ————=V (0, ¢)
mz{ [ il (ko R)

= _Z 1+ts’}/s 51 Vnm(0a¢)

Z V5t (0, 9)-
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Therefore,

_ 1 ~\ _imm
(TUSCIFRa Vnm) = E (/’[’tbfyé - ,U/) ws,l ’

~ 1 ~
(Tvscll“munm) = RZ Vo (p+ 1) (tpyp — 1) %m’
1 _ ~
+ ﬁ [(M + M) (1 —1sYs — tiﬁs) - Nti] wg,glv
T sc - 1 ~\ 42 N2 nm ~ nm
(To*lens Yam# ) = 75 { [ (0 + W28, = M2| ™ + V/ouu+ 1) (1= o) w25}

Set the matrices B,, to be

R (,uts’)/s - ﬁ) 0 0
0 (e + ) (1 —1sYs — tiﬂs) — it on(p+ p) (tp'YpN_ Dy, (2.56)
0 Vo + i) (1= tevs) (1 + B2y — A3

and define W,, :== 1/RB, A;;!. Then we obtain

%Usc aVnm) nm ScC
(Te G
(nsqpm unm) =B, | | = W | @000, tm) | - (2.57)

%Lm (0%l Ynm®)

(%USC | FR ) Ynm'f’)

The above identity links the generalized stress operator %USC|FR and v*|p, in the coordinate system

R
(V s Unm, Yam®) of the vector space (L?(S?))3. Below we shall investigate properties of the three

dimensional DtN map T using (2.57).

Lemma 2.17.

(i) 7 is a bounded linear operator from (H*(T'g))3 to (HS~1(T'gr))? for all s € R.
(ii) The matriz —ReW,, is positive definite for sufficiently large n > 0. Hence T is the sum of a positive
operator and a compact operator over (H'/?(I'g))3.

(iii) Lemma 2.14 remains valid for the generalized DtN map T in 3D.
Proof. (i) We only need to show that the max norm of the matrix W, is bounded by
[Wallmax = R™|By Ayt |lmax < C'n, (2.58)

for some constant C' > 0 uniformly in all n > 0, where the matrices 4, and B, are given by (2.53) and
(2.56), respectively. For this purpose we need to derive the asymptotics of each entry WT(L” ) (1<1i,57<3)
of W,,. In three dimensions, it holds that

)l/

B (2)
= (hifll(z) _nt 1h53><z>)/

—1 1 1 1
=)+ T )+ A ) - P (W) - T )
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m+1)2+n+1-22 2
= B () = Zhl ()

22
_(n+1) t;H -2 WP (z) — % (h%”(z) + nTHh%”<Z>>
- (2_2 - 1) hD(z) — %hﬁf)/(f«%
implying that
gp:‘z_g—l—%vp, Bs:%_l_%%' (2:59)

Note that the relations in (2.59) differ from those in two dimensions; cf. (2.33). Using the expressions of B,
and A,, we obtain the entries of W, via straightforward calculations

Wél’z) _ WT(lz,l) _ W,Sl’?’) _ W,S?”l) =0,
1 -
WT(LQ’2) = RA [(M + 1) (tptsVpYs — On + tpyp) + Ntitp’)’p] )
W(3’3)—L[t2()\+2)(1+t )+ 2(p + 1) (tpt — Oy 4t
n = » 1Y s7Vs o+ 1) (Eptsyps n+ :D’YP)] )
n
n RA. [\/ S (11 1) (6 — tptsypys — tpp) — HE2A/6 }

1 -
WAS’Q) =~ RA {\/ On(p+ 1) (0 — tptsypYs — tpyp) — (A + 2N)t;29 V 5n} )

n

in which we have used the relation (2.59) and the fact that A+ = A+ p. Now, we need to derive the
asymptotics of Wy’ ) (1 <1i,7 <3) asn tends to infinity. From the series expansions of the spherical Bessel
and Neumann functions we know

1 1 1 1
M(z)=21-3..... - — N
hy ' (2) = il 3 (2n—1) [z"“ + 2o (20 — 1) +0 (nQ)] ,  n— 4o00.
Then
Iy (2) 1 ZL" + m +0 (32)

MP(z)  2n =1 e + g 0 ()
1 1 1
5o (w)] o (3)
z 1
_ 2n+o(n2>,

which further leads to
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Therefore, as n — +o0,

witY = —% RN (n)

"R
W = i;‘((jjzf")) o),
Wi = o+ o)

This proves (2.58) and thus the first assertion.
(ii) Set W, := —(W,, + W) /2 for n > 0. For sufficiently large n > 0, we have

WD = Lp “+“+o<n) >0,

R R
e~ 20 (N + 2u
WD (22) — #4'311))”2 +O0(n) >0,
I 4P\ +20) = [(A = M)A+ ) + 2422
det (W, — D 240 .
et (W) n R2(\ + 3p)2 n”+0(n)

Recalling the assumption (2.22) on X we see
A2 (A +21)2 = [(A = M)A+ 3p) + 2% > 0.

This implies that det Wn is positive definite over C? for sufficiently large n. The proof of the second assertion
is compete.

(iii) Assume that a radiating solution v*¢ to the Navier equation (2.5) admits the series expansion (2.45),
(2.48) and (2.49) with the vector coefficient W™ := (¢, '3 ,1/)’”") € C3. Making use of (2.52) and the
first relation in (2.57), we get

/T sc .v5¢ds = Z <R_QB:LLm,R_1An\I/nm>

m,n

=R*) (A5 B, U™, W)

m,n

Here (-,-) denotes the inner product over C3. Hence,

> (Im (4} B,) T, W) = 0, (2.60)

m,n

To evaluate the product of A} and B,, we need the identities (cf. (2.54), (2.59))

Im (taYa) = 1/(ta|P (t4)]?) > 0, t2 B = Op — 12 — 2t o Va, a=np,s. (2.61)
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Since

R 0 0
Ar=10 —1—-t7x, —V/o.|,
0 Vo, Y,

direct calculations show that

uIm (t57s) 0 0
Im (A% B,) = R? 0 w?Im (t47s) 0
0 0 w?Im (tss)

This together with (2.60) and the first relation in (2.61) yields |¥"™| = 0 for all n > 0, m = —n,--- ,n.
Therefore, v** =0 in |z| > R. O

3. Reconstruction of multiple anisotropic obstacles

In this section, we consider the inverse scattering problem of reconstructing the support of multiple
unknown anisotropic obstacles from near-field measurement data. We first derive the Fréchet derivative
of the near-field solution operator, which maps the boundaries of several disconnected scatterers to the
measurement data. Then, as an application, we design an iterative approach to the inverse problem using
the data of one or several incident directions and frequencies.

3.1. Fréchet derivative of the solution operator

Suppose that Q = vazol 2; is a union of several disconnected bounded components €2; C RY. Each
component €); is supposed to be occupied by an anisotropic elastic obstacle with constant density p; > 0 and
constant stiffness tensor C; = (Cﬁklmn){c\tl,m,n:l' Assume that the boundary I'; of ; is C2. Let Qo := Bg\Q.
Denote by pg > 0 and Cy = (C’lemn)i\{ I.m.n—1 the density and stiffness tensor of the homogeneous isotropic
background medium. Set

Uj, x € Qj,
u = , _ (3.62)
u +um, e RV\Q.

We assume there is an a priori information that the unknown elastic scatterers €;, j = 1,---, N, are
embedded in the region By for some R > 0. The variational formulation for the forward scattering problem
in the truncated domain Bg reads as follows: find u € Xg := (H'(Bgr))" such that

a(u,v) = /f -wds forall ve Xp, f:=(Tu™—Tu™)|r,, (3.63)

T'r

where

No
a(u,v) := ZAQj (u,v) — /Tu -vds
j=0 T'r

N

ou,, 0vg _ .

AQj(u,v) = / E Cj’klmniax 781)]; —pj w2u~”u d%, ] :0,17... 7]\/vo.
Q; k,Jl,m,n=1 n
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Here 7T is the DtN map introduced in the previous section. We study the following inverse problem:

(IP): Determine the boundaries T'y,--- , 'y, from knowledge of multi-frequency near-field measurements
u|r, corresponding to the incident plane wave (2.13) with one or several incident directions.

Let u € X be the unique solution to the variational problem (3.63). Since each boundary I'; is C?, we
have u € (H2(Bg))". In this paper we define the near-field solution operator J as

J: (T1,+,Tng) = ulrg. (3.64)

The mapping J is obviously nonlinear. To define the Fréchet derivative of J with respect to the boundary
r= U;v:()lfj, we assume that the function

hj = (hja,- hin) T € (CHTNY, Ikl <1
is a small perturbation of I';. The perturbed boundary is given by
Tin={yeRY iy =a+h;(z),r €T}

Definition 3.1. The solution operator J is called Fréchet differentiable at I' if there exists a linear bounded
operator Jpr : (CH(T1))V x -+ x (CHTn, )N — (L3(Tg))N such that

|T(C1n, - s Tngn) = T (1, Ty ) = Ip(bas - vl L2 @)™
No
=0 | Y _lhjllcrr,»
j=1

The operator Jf. is called the Fréchet derivative of J at I

Given h; € (CY(I';))V, there exists an extension of hj, which we still denote by h;, such that
hj € (CHRY)ON, |hjll(cr@nyy < cllhjllcr(r,y~ and supp (h;) C Kj, where K is a domain satisfying

I'; C K; CC Bpg\ (Uiv:ou;éjgi)' Define the functions

h(z) ::Zhj(ac), y=¢&"(x) = 2+ h(z), zeRN,

For small perturbations, ¢ is a diffeomorphism between I'; and I'j ;. The inverse map of & is denoted
by n". Corresponding to ; (j =0,1,---, Np), we define

Qj,h = {yGRN :yzgh(x),erj}, J: 1,27"' 7N07 QO,h = BR\U;.V:%QJ-J.L,
The differentiability of J at I" is stated as following.
Theorem 3.2. Let u (see (3.62)) be the unique solution of the wvariational problem (3.63), and let
h; € (CI(FJ-))N, j=1,---, Ny, be sufficiently small perturbations. Then the solution operator J is Fréchet

differentiable at T'. Further, the Fréchet derivative Jl. is given by Ji-(h1,- -+ , hn,) = Uo|ry, where Uy together
withw; (j=1,---,No) is the unique weak solution of the boundary value problem:
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V- (Cj: V) + pjw’u; =0 in 9, j=0,1,---,No, (3.65)
ﬁj—’ljo—szo on Fj7j:17~-'7N0, (366)
NGy —NFug—g;j=0 on Ty, j=1,---,No, (3.67)
T’ljo - Tﬂo =0 on FR, (368)
where
fi=—(hj-v) [0, uj — O (u* +u™)] |r, (3.69)
and the expressions of g; € (Hﬁl/Q(Fj))N rely on the space dimensions. In 2D, we have
g; = wQ(hj . l/) [p]uj_ — po(usc + uzn)+]
= 0- [((0 (1))~ = (g0 (u™ +u™)*) (hy2, —hja) ], (3.70)
where O = v+ -V is the tangential derivative. In 3D, it holds that
g5 = w?(hy - v) [pju; — po(u®® +u™)*] — divp, ((A; — Ag ;) x v), (3.71)
where divr is the surface divergence operator on T and Aj; € CN*N are defined by
Aoy = (UO(usc+uin))+th7 Aj = (Jj(uj))_th» Jj=1---,No, (3.72)
with
My, == |—=hjs 0  hj1|, j=1,---,No.

Proof. Set the space
H:={(v,w) € (Hl(Q))N X (Hl(QO))N cv=w on I, j=1,---,No}.

The variational problem of (3.65)-(3.68) can be formulated as the problem of finding uy € (H'(Q0))",
ﬂj S (Hl(Qj))N such that ﬂj — 170 = fj on F]’, ] = 1, ce ,No, and

No No
> Ag, (i, v) - /Tﬂo Wds = Z/gj ‘wds forall (v,w) e H. (3.73)
J=0 'r j:1r.7’

It follows from the regularity of u that f; € (HY/2(T;))N and g; € (H~Y2(T;))N. Let f; € (H'(2,))" be
the trace lifting functions of f;. Then the variational formulation (3.73) search for @y € (H'(£2))" and
'flj = F’L\l:j — fj € (HI(Q]))N such that '[lj = Uy on Fj, j=1,---,Ngand

No
ZAQJ. (ﬁj, U) — /Tﬂo -wds
7=0

I'r
Ng No
= Z/gj -wds — ZAQj(fj,'U) for all (v,w) € H. (3.74)
=1, =1
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Applying Lemma 2.8 and Theorem 2.10, we see that the above variational equation (3.74) admits a unique
solution. For the given functions h; € (C1(I';))Y, we extend them to Bp in the same way as before. Let
Jpn and Jen be the Jacobian matrices of the transforms n" and &", respectively. It then follows that

Jon =14 h, Ty =1=Vh+0 ([l me)s )
det(Je) =1+ - h+ O ([lEen oy )

Consider the perturbed variational problem: find w;, € Xp such that

No
ZAij,L(uh,vh) — /’Tuh ‘TR ds = /f -t ds forall v, € Xg. (3.75)
J=0 Tr T'r

Here f = (Tu™ — Tu'")|r,,. Define 4 = (uy,--- ,un) " = (up 0 £")(x). Then we have

Ny
> Aq,, (un, o)
=0

No N
:Z/ > ChmtmnV i dyn (,0) Ty (1) VO det(Jgn) da
j:OQj k,,m,n=1

NO _
=Y p’ /a - det(Jen) da
=0 Q;

where A(:,n) means the n-th column of the matrix A. From the stability of the direct scattering problem

it follows that u converges to u in Xg as [|h||(c1(,))~ — 0. Let w € Xp be the solution of the variational
problem

No

a(w,v) = Z bj(u,v,h) forall ve Xg,
§=0
where
bj(u,v,h)
N
Oy, OB T oh Ovg Oy, OV
/ Z Ciki [&L‘n ox; VR +V U o0x,, Ox; (v )&cn ox; v
Q; k,l,m,n=1
+ pjw? /(V -h)u-vdx. (3.76)

Q2

Then it’s easy to prove that

sup a(i —u —w,v)/|[vllx, = o (Il (B~ ) -
veEXR

Applying the trace theorem it follows that a(@ — u — w)/||hl|(c1(pyy)~ tends to zero in (HY/2(I'g))N as
lhll(c1(Bg))~ tends to zero. By Definition 3.1, we get
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jrl‘(hla T ahNo) = w|FR'
Hence, it only remains to prove that w = ug on I'g.

Below we are going to calculate b;(u, v, h) for j =0,1,---, Ny. Set (v,w) € H. Using integration by parts
and the relation

(V-h)(u-v)=V - -[(u-v)h] = (h-Vu)-v—(h-Vv)-u
the last term of (3.76) can be written as
2/V h)u-tde = pjw /(h~y)(u-6)ds

— pjw? / [(h-Vu;) - T+ (h-VT)-ulde for j>1. (3.77)
Q;

To compute the first integral on the right hand of (3.76), we need the identities

T 2 77—
um aivv— — i <aUm hTVW) o O um (hTVW) o gum th (avk) ,

0x, Ox k ox; \ O0x,, 0x;0x,, Ty, ox;
Oh Ovg 0 vy Ou,y, OUg
Tu vk T k m Ok
h =k _vwv.(h Tk
v aa:n axl 8ﬂcn ( Vu ) ox; < 0xy, 81‘1)
+(V-h) o0x, 0x; + ox, v(&m;)

Making use of the previous two identities and applying again the integration by parts, it follows for j > 1
that

N
Qum OWT 7 Oh 0T Ot OTF
Z Cj klmn [%a—xlvvk‘i‘v Umaa—xl—(V-h)axna—z! dx

= /V [(h- VD) - 0j(u) — h(o;(u) : VO)] dv + pjw? /(h - V) - udz

9] ]

(%k
Cj, mn g —d
/ S O ot V) T

k,l,m,n=1

= [ty 99) @ ow)) = (s )y 05) V)] ds -+ e [ (b Vo) - uda
Q;

Ly

Z C,klmn 8 (h vum)avk

- 5, L (3.78)

Q; k,l,m,n=1
Next, we proceed with the space dimensions. In two dimensions (i.e., N = 2), we have

(hy - V) - (v 05(uy)) = (hy - v)(0j(u;) : VD) = 0j(u;)(hj2, —hj1)" - 0-0 onT;.
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Therefore, combining (3.76), (3.77) and (3.78) yields

bj(u,v,h) = Aq, (k- Vu,v) + pjw? /(hj -v)(u; - U)ds

rj

- /aT [(Uj(uj))i(hj,%—th)T] -vds,
Ly

for j > 1. When j = 0, we obtain in a similar manner that

bo(u,v,h) = Aq,(h - Vu,v)

=3 o0 [yl + ) s

]
J r;

o sc in\\+ T _
+Z/3T [(00(u® +u'™)) " (hj2, —hj1) "] - wds.

=
J r;

Now define u = w — h - Vu and set u; := ulq, for j = 0,1,---, Ng. We conclude that ug|r, = w|r; and the
formula (3.73) holds with such @. Furthermore, we have the transmission conditions

iy — Gio = —hy - [Vuy — V(™ +u™)] = —(hy - v)[d, w; — 8} (w** +u™)] on T,
since u; — u*® = u™ on I';. This proves the relation Jf(h1,- -+ ,hy,) = Uo|ry, in two dimensions.
If N = 3, we recall the tangential gradient Vr for a scalar function u and the surface divergence divp for
a vector function v by

Vu=Vru+vd,u, V-v=divrv+v-09,v. (3.79)

In this case, the first integrand on the right hand side of (3.78) can be rewritten as

(A;(s, :))T (v x V)

NE

(hj - V) - (v-0;(uj)) — (hj - v)(oj(u;) : VU) =

.
Il

Vrvi - ((4;(0.2) " xv),

|
.Mw

i=1

where the matrix A; is given by (3.72). Hence, by integration by part we find
bj(u,v, h)

= Aq,(h-Vu,v) + pjw? /(hj -v)(uj -v)ds — /dinj (Aj xv)-uds (3.80)
I, I,

for 7 > 1. Analogously,

bo(u,v,h) = Aq,(h - Vu,w)

No
_ Z pow? /(hj V) [(ut +u'™) - wlds — /dinj (Ap; x V) -wds p . (3.81)

—
J Ly Ly
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From (3.80) and (3.81) we conclude the variational formulation (3.73) still holds with & = w — h - Vu in
three dimensions. Moreover, we get Ug|r, = w|r, and the transmission conditions (3.66) due to the fact
that divp, u; = divp, (u® — u'). This completes the proof. O

8.2. Inversion algorithm in 2D

In this subsection we design a descent algorithm for the inverse problem in two dimensions. Assume that
I (1=1,2,---,Np) is a star-shaped boundary that can be parameterized by +;(0) as follows

O ={z:2=+Y0) = (agl), a;l))—r + V(@) (cosh,sinb) ", 6 € [0,27]}

where the function 7 is 27-periodic and twice continuously differentiable. Let the Fourier series expansion
of (V) be given by

rD(9) = a(l) + Z {ag _, cos(mb) + aély)n sin(m@)}.

We approximate the unknown boundary I'; by the surface
Fg\l/[) ={z:2=U() := (a(l) a(l))T + r(l)(ﬁ)(COSQ sinf)",0 € (0,27},

rg\l/[) 9) = ozo + Z {an 1 cos(mb) + 042731 mn(mﬁ)} (3.82)

m=1

()

in a finite dimensional space. The function 7,; is a truncated series of r®. For large M, the surface F()

differs from I'; only in those high frequency modes of m > M. Evidently, there are totally 2M + 3 unknown

parameters for I‘Xl), which we denote by

l l l l l l
A(l):(Ag)a"'aAgJL-&-S)T = (al ag)va(())’ag)’ag)v"' 5124 1704%/1) € C?MH3,

Assume that the measurement points {21}1 mea are uniformly distributed on I'g, that is, z; = R(cos 6;,sin 6;)"
with 6; = (i — 1)27/Npeqa. We use the notation u(-, d,w) to denote the dependence of the total field on the
incident direction d and frequency w. It is supposed that the measured data are available over a finite number
of frequencies w; € [Wmin, Wmaz) ([ =1,2,-- -, K) and several incident directions d; (j = 1, -+, Njnc). Hence,
we have the data set of the total field

Umea = {u(ziydjawl) 1= 1a aNmeav .] = 17 7Nin0a l= 17" . 7K}
Then we consider the following modified inverse problem:

(IP’): Determine the parameter vector AY) of the boundary I, 7 =1,---, Ny, from knowledge of the
near-field data set U,eq.

The inverse problem can be formulated as the nonlinear operator equation
JAD oo ANy = (3.83)

where J is the solution operator for all incident directions d; and frequencies w;. The data set can be

rewritten as Upeq = Uﬁi’q“umea(zi), where
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umea(zi) = {u(ziadjawl) ] = 1; aNinw = 17 aK}
is the data set at z; € I'g over all d; and w;. Let J; be the solution operator mapping the boundary to

Umea(zi)a i'e~, \Z(A(l)a e aA(NO)) = umea(zi)-
To solve the problem (3.83), we consider the objective function

1
F(A(l)v e 7A(NO)) = illj(A(l)a e aA(NO)) - UmeaHl22'
Then the inverse problem (IP’) can be formulated as the minimization problem

mi FAD, ... AWo)y,
A ... A(No) C2M+3 ’ ’

To apply the descent method, it is necessary to compute the gradient of the objective function. A direct
calculation yields that

8F(A(1), . 7A(No))

ALY
N,
e AT (A .o ANo)
_ Re{ 0Ti( 3’A<l)’ ) NTAD . AN _umea(zi):| }
=1 n

Set

-

aF(A(l),«-- 7A(No)) 0F(A(1>,~-« 7A(N0))

VA(L)F = ( aA(Z) cee 8A(l) , | = 172’... aNO~
1 2M—+3

The calculation of V) F' is based on Theorem 3.3 below, which is a consequence of Theorem 3.2.

Theorem 3.3. Let u be the unique solution of the variational problem (3.73) with fized incident direction and
frequency. Then the operator J; is differentiable in ASP and its derivatives are given by

3@(1\(1)7 . 7A(No))
AP

:ﬂo(zi)a l:17"'7N07 n:1772M+3a izl,"',Nmea,

where Uy, together with w; (j =1,---,Ny), is the unique weak solution of the boundary value problem:

V- (Cj: Vuy) + pjwu; =0 in Qj, j=0,1,---, No,
uj—up—f;=0 on Iy j=1,---,No,
NeTy—NiTa—g5 =0 on Ty j=1Lowe N,
Tug—Tuy=0 on Ig.

Here, fj=g9; =0 forj=1,---,No, j #1l, and

fi=—=(hi-v) [8;1” — OF (u® + um)] ,
g =w?(hy - v) [pou™ = po(u®® +u™)*]
— 07 [((o1(w))™ = (g0 (u +u™) ) (hr2, —hi1) '],
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where u; := ulg, and the functions hy 1, hi o are defined in the following way relying on n:
1, n=1,
0, n =2,
hi1(6) = < cos 9, n =3,

cos((n —2)0/2)cosf, n=4,6,8,---,2M + 2,
sin((n — 3)8/2)cosf, n=5,7,9,--- ,2M + 3,

0, n=1,
) n = 2,
hi2(0) = < siné, n =3,

cos((n—2)0/2)sinf, n=4,6,8,---,2M + 2,
sin((n — 3)0/2)sinf, n=>5,7,9,---,2M + 3.

We now propose an algorithm based on the descent method to reconstruct the coefficient vectors A,
[ = 1,---,Ny. We assume the number N of the disconnected components is known in advance. For
notational convenience we denote by A(+%7) the solution of the inverse problem at the i-th iteration
step reconstructed from the data set at the frequency w,, with the incident direction d;. Our approach
consists of the following steps:

Step 1. Collect the near-field data over all frequencies wy,, m = 1,--- , K and all incident directions d;,
j=1,-+,Nine.
Step 2. Set initial approximations A¢:9:0:9) for every I =1,--- , N.

Step 3. For alll =1,--- |, Ny, update the coefficient vector by the iterative formula
AGi+1Gm) A (Gisgm) _ eVawigmF, i=0,---,L—1,

where € and L > 0 are the step size and total number of iterations, respectively.

Step 4. Foralll =1,---, Ny, set AG0d+1m) — A(LLGm) and repeat Step 3 until the last incident directions
dn,,, is reached.

Step 5. Foralll =1,---, Ny, set A:0:0m+1) — A(LL:Ninesm)  Repeat Step 3 from the smallest frequency w
and end up with the highest frequency wg.

4. Numerical examples

In this section, we present several numerical examples in 2D to verify the efficiency and validity of the
finite element method solving direct scattering problems and the reconstruction scheme for inverse scattering
problems.

4.1. Numerical solutions to direct scattering problems

Firstly, we introduce an analytic solution to the elastic wave equation in a homogeneous anisotropic
medium; see [37, Chapter 1.7.1] for the details. Such a solution will be used to verify the accuracy of our
numerical scheme. For simplicity we assume that € consists of one component only, i.e., Ng = 1.

In 2D, the symmetry of the stiffness tensor C = {C’Z—jkl}f’ jki=1 leads to at most 6 different elements of
stiffness. Using the Voigt notation for tensor indices, i.e.,
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1y =11 22 12,21

L
a=1 2 3

one can rewrite the stiffness tensor as

Cii Crp Ci3
Cijrt = Cap = | C12 C22 Cag
Ciz3 Caz Cs3

In particular, we have

A+2u A 0
Cop = A A4+2u 0
0 0 o

)

if the elastic medium is homogeneous isotropic with Lamé constants A and p.
In a homogeneous anisotropic medium, we consider the propagation of a plane wave which is perpendicular
to a fixed unit vector d = (di,dz)" € S'. The plane wave takes the form

u=rpe " (4.84)

where p = (p1,p2)" and vp are the polarization vector and phase velocity to be determined, respectively.

Inserting the solution (4.84) into the elastic equation (2.3) gives

Acp=puyp,
where
2
2
Ao =1 " Cinjdid
k=1 .
1,7=1
Cnn Ciz| o [ 2C13 C12+C33} {033 023} 2
= dyd ds. 4.85
{013 033} V| Cha + Csg 2Co3 102 ¥ Cas O] 2 (485)

It follows from the uniform Legendre ellipticity condition of C that the matrix A¢ is positive definite. Thus,
the eigenvectors of A¢ give the vector p with the corresponding eigenvalue pvg.

In order to check whether our code provides the true solution, we consider the elastic transmission
problem: Given f € (H'Y/?(T))? and g € (H~'/2(T))?, find u € (H'(Q))? and u*® € (H},,(Q°))? such that

V-(C:Vu)+pw’u=0 in Q (
AU + pow?u® =0 in QF, (
u—u*=f on 09, (4.88
Ngu—Ty,u=g on 09, (
and the scattered field u°¢ satisfies the Kupradze radiation condition. If €2 is specified as a homogeneous

isotropic medium characterized by the density p; > 0 and the Lamé constants Ay and p; are such that
w1 > 0 and A + pg > 0, then the problem (4.86)—(4.89) is reduced to
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Au+prw’u=0 in Q, (4.90)
AU + pow’u* =0 in Q°, (4.91)
u—u*=f on 09, (4.92)

oy nu—=Thpu* =g on 09, (4.93)

where AT := 1 A + (A + pp)grad div.
We modify the definition of the far-field pattern of the total displacement (2.11) as

u™(@) = uX (@) 7+ ul(2) T,

where ux®(Z) = u™(Z) - T, u®(Z) = u™(Z) - T+ are two scalar functions given by the asymptotic behavior

ik /4 N
_ exp(ikpz +im/ )ugo(x):v—i—
\/ 8k x|

We decompose the scattered field into

exp(iksz +im/4)

\/8mks|x| s

scC

@)zt + 0|z 73/?).

—
u® = grad ¥,, + curl ¥y,
where

U, =Y Up HD (kplz)e™?=, o= Wt HD (ki|a))e™%,  ¥p, W eC.
nez nez

Then it follows from the asymptotic behavior of Hankel functions that

u? (B) = up? (0) = 4ky, Y Wy e O=7/2),
nez
u (B) = uP(0) = —4k, Y _ Wm0/,
newZ

In numerical computations, the computational domains €2 and 2y are discretized by uniform triangle

elements and we employ piecewise linear basis functions to construct the finite element space of (H*(())?

and (H'(Q0))?.

Example 1. In the first example, €2 is specified as a homogeneous isotropic medium and we consider the
problem (4.90)—(4.93). Let f and g be such that the analytic solution of the above boundary value problem
is given by

w(z) = Vio(kpalz]), z€Q,  w(x)=VH" (ky|z]), ze€Q,

where k, 1 = wy/p1/(A1 + 2u1). We choose A\ =2, 3 =3, p1 =3, A =1, p =2, po = 1 and the boundary
0f is selected to be a circle

0N ={recR?:|z| =1},
or a rounded-triangle-shaped curve

00 ={rcR?: 2= (240.5cos3t)(cost,sint) "t € [0,27)}.
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Table 1
Numerical errors for Example 1 where I' is a circle, hg = 0.4304 and R = 2.
w h Ey Order FEq Order
1 ho 1.55E-2 - 2.29E-1 -
ho/2 3.97E-3 1.97 1.07E-1 1.10
ho/4 1.00E-3 1.99 5.22E-2 1.04
3 ho 1.52E-1 - 6.66E-1 -
ho/2 3.81E-2 2.00 2.95E-1 1.17
ho/4 9.62E-3 1.99 1.43E-1 1.04
Table 2

Numerical errors for Example 1 where I' is a rounded-triangle-shaped curve,
ho = 1.1474 and R = 5.

w h Ey Order E, Order
1 ho 3.03E-2 - 1.56E-1 -
ho/2 6.83E-3 2.15 7.16E-2 1.12
ho/4 1.79E-3 1.93 3.56E-2 1.01
3 ho 5.22E-1 - 1.94E0 -
ho/2 1.32E-1 1.98 7.81E-1 1.31
ho/4 3.59E-2 1.88 3.75E-1 1.06
Table 3
Numerical errors for Example 2 where I' is a circle, hg = 0.4304 and R = 2.
w h Eq Order E; Order
1 ho 1.95E-2 — 2.46E-1 —
ho/2 5.11E-3 1.93 1.15E-1 1.10
ho/4 1.32E-3 1.95 5.60E-2 1.04
3 ho 2.86E-1 - 1.27E0 -
ho/2 8.62E-2 1.73 5.15E-1 1.30
ho/4 2.32E-2 1.89 2.28E-1 1.18

Denote U = (u,u*®) and U, = (up,u;°) the exact and numerical solutions, respectively. The numerical
errors (see Tables 1 and 2)

Eo = |IU = Unllz2@pzxz2(@onz:  Er = U = Unllcr @z @02 (4.94)
indicate the convergence order
Eo = O(h?), E;=O0(h), (4.95)
where h denotes the finite element mesh size for discretizing our variational formulation.

Example 2. In this example, 2 is supposed to be a homogeneous anisotropic medium. Consider the problem
(4.86)—(4.89) and let f and g be such that the analytic solution is given by

u(@) =pd BT weQ w(@) = VH (b)), zeo
where d = (v/2/2,/2/2)" and pug is the first eigenvalue of the matrix A¢ (see (4.85)). We choose
Ci1 =10.5,C = 13,33 = 4.75,C12 = 3.25,C13 = —0.65, Co3 = —1.52,
p:3u)‘:17/1':27p0:1~

The boundary 0f2 is selected to be a circle or a rounded-triangle-shaped curve given in Example 1. In Tables 3
and 4 we illustrate the numerical errors of Ey and E; (see (4.94)) which also indicate the convergence order
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Table 4
Numerical errors for Example 2 where T'" is a rounded-triangle-shaped curve,
hg = 1.1474 and R = 5.

w h Ey Order FEq Order
1 ho 9.08E-2 — 3.12E-1 —
ho/2 2.26E-2 1.97 1.30E-1 1.10
ho/4 5.87E-3 1.99 6.30E-2 1.04
3 ho 1.82E0 - 5.78E0 -
ho/2 5.73E-1 2.00 2.04E0 1.17
ho/4 1.59E-1 1.99 7.35E-1 1.04
08 o 08 08 B
04 02 04 * .
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Fig. 1. Real parts of the numerical solutions up = (up,1, uh’g)—r7 up® = (upty, ufﬁz)—r and exact solutions u = (u1,uz) ', u®¢ =

(u$®, us®) T for Example 2. We set w = 3, h = 0.1076 and R = 2.

(4.95). We plot the numerical solutions in Figs. 1 and 2 from which it can be seen that they are in a good
agreement with the exact ones. To compare the errors for far-field patterns, we observe that the exact
far-field pattern takes the explicit form u™(Z) = 4k,Z. From Figs. 3 and 4 it can be seen that the numerical
far-field patterns provide good approximations to the exact ones.

4.2. Numerical solutions to inverse scattering problems

We consider the reconstruction of multiple anisotropic elastic bodies in 2D using the inversion algorithm
described in Section 3. Set po = 2000 Kg/m3, ¢, = /(A + 21)/po = 3000 m/s, cs = \/u/po = 1800 m/s and
R =5 m. The number of measurement points and iterations are taken as N,,., = 64, L = 10, respectively.
For each frequency, we set the step size as ¢ = 0.005/k,. The boundary of the unknown anisotropic obstacles
together with the initial guess are illustrated in Fig. 5, in which Obstacle 1 is kite-shaped and Obstacle 2
is an ellipse. The density of the anisotropic medium is selected as p = 2400 Kg/m?. We choose the stiffness
tensor as

6 8 2
Crimn = Cag = |8 21 10| x 10'° Pa.
2 10 30
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Fig. 2. Imaginary parts of the numerical solutions up, = (un,1,un,2) , up® = (u%;,ur%) and exact solutions u = (u1,u2) ,

u®® = (uj® ,ugc)T for Example 2. We set w = 3, h = 0.2869 and R = 5.

330

240 300 240 300
270 270
(a) Reuf® (b) Reu$®

Fig. 3. Exact and numerical far-field pattern «* = (u3°, u;’o)—r for Example 2 when T is a circle.

0 55
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2
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0 180 0
210 330
240 300 240 300
270 270
(a) Reu® (b) Reug®

Fig. 4. Exact and numerical far-field pattern u* = (u{®, u3 )T for Example 2 when T' is a rounded-triangle-shaped curve.
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6 T T T T T
Obstacle 1: Exact
— — — Obstacle 2: Exact
4l Obstacle 1: Initial guess |
— — — Obstacle 2: Initial guess
Measurement surface
2r 1
or 1
2+ 1
4 |
5 N N N N s
-6 -4 -2 0 2 4 6

Fig. 5. The obstacles to be reconstructed and initial guess.

6 v Y . . v 6 r . . . .
Obstacle 1: Exact — Obstacle 1: Exact
— — — Obstacle 2: Exact — — — Obstacle 2: Exact
al Obstacle 1: Reconstruction ] 4t — Obstacle 1: Reconstruction 1
— — — Obstacle 2: Reconstruction — — — Obstacle 1: Reconstruction
Measurement surface Measurement surface
2t 1 2t E
of . of .
27 R 2 ]
ar 1 4r 1
5 . . . . \ 5 A . A . .
6 4 -2 0 2 4 6 6 -4 -2 0 2 4 6
(a) w = bkHz (b) w = 6kHz
Fig. 6. Reconstruction results from four incident directions at distinct frequencies. We set M = 10.
To examine the reconstruction results, we compute the residual error RError;;1, i = 0,--- , K of the total
field where

HJN(A(laLvNincvi)7 PP 7j\(]vavj\]inc-,i)) — U’ITL
1Unealliz

callp2

RError;+q =

In the first experiment, we use four incident plane waves (i.e., Nj,. = 4) incited at two frequencies
w1 = 5 kHz and ws = 6 kHz (i.e. K = 2). The reconstruction results at each frequency are shown in Fig. 6.
For different choice of M (see (3.82)), the residual errors listed in Table 5 indicates that the residual error
decreases as frequency increases. Note that the errors corresponding to M = 10 and M = 20 are almost the
same, because the underlying scatterers possess smooth boundaries.

In the second experiment, we use the data generated by one fixed direction d = (—v/2/2,v/2/2)T (i.e.,
Nine = 1) and by three distinct frequencies wy = 5 kHz, wy = 6 kHz and w3 = 7 kHz (i.e., K = 3). In
this case the number of iterations at each frequency is set as L = 20. The parameter M for truncating the
Fourier series is taken as M = 20. The reconstruction results shown in Fig. 7 are very satisfactory.
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Change of residual reconstruction errors with respect to frequen-
cies.

M RError; RErrors RErrors
10 0.3042 0.0656 0.0521
20 0.3042 0.0738 0.0528
6 T T
Obstacle 1: Exact
— — — Obstacle 2: Exact
JH Obstacle 1: Reconstruction |
— — — Obstacle 2: Reconstruction
Measurement surface
2r J
ot
2F g
4r 4
5 L s . s
-6 4 -2 2 4 6

Fig. 7. Reconstruction result from the data of one

299

incident direction and three frequencies.

6 6 T
ar T ar
2F 1 2r
or or
| i) ] L
2 Y=< r =
— Obstacle 1:Exact Obstacle 1: Exact
| — — — Obstacle 2:Exact i | — — — Obstacle 2: Exact
-4 — Obstacle 1:Reconstruction -4 ——— Obstacle 1: Reconstruction
— — — Obstacle 2:Reconstruction — — — Obstacle 2: Reconstruction
Measurement surface Measurement surface
5 L . : n 6 A . T T
-6 2 0 2 4 6 6 -4 -2 2 4
(a) =51 (b) §= 52

Finally, we discuss the limited-view case. Assume that the measurement surface S is confined to an open

Fig. 8. Reconstruction results from limited-view measurement data.

arc in R2. We shall consider the following two different curves

with I; = [0, 7] and Iy = [7/2, 37 /2]. The other settings and parameters are the same as the second example.
Due to the limited number of observation angles, it is expected to accurately reconstruct part of the elastic
inclusion only. We present the numerical reconstructions in Fig. 8 and the residual reconstruction errors in
Table 6. It can be seen from Fig. 8 that the interface within the scope of observation angles can be better

S;:={x €R?: 2 = R(cos,sinf)",0 € I},

reconstructed than the remaining part which cannot be ‘seen’.

i=1,2,
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Table 6
Change of residual reconstruction errors with respect to frequen-
cies for limited-view case.

S RError; RErrorsy RErrors RErrory
S1 0.3275 0.0920 0.0667 0.0670
Sa 0.3474 0.1026 0.0541 0.0503
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