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ABSTRACT. We study the problem of determining uniquely a time-dependent
singular potential ¢, appearing in the wave equation 8t2u —Azu+q(t,z)u=0
in Q@ = (0,T) x Q with T > 0 and Q a C? bounded domain of R”, n > 2.
We start by considering the unique determination of some general singular
time-dependent coefficients. Then, by weakening the singularities of the set of
admissible coefficients, we manage to reduce the set of data that still guaranties
unique recovery of such a coefficient. To our best knowledge, this paper is the
first claiming unique determination of unbounded time-dependent coefficients,
which is motivated by the problem of determining general nonlinear terms
appearing in nonlinear wave equations.

1. Introduction. We fix Q a C? bounded domain of R", n > 2, ¥ = (0,T) x 09,
Q= (0,T) x 2 with 0 < T' < co. Then, we introduce the wave equation

(1.1) 0P — Ngu+q(t,x)u =0, (t,x)€Qq,

where the potential ¢ is assumed to be an unbounded real valued coefficient. In this
paper we study the inverse problem of determining uniquely ¢ from observations of
some solutions of (1.1) on 9Q.

1.1. Obstruction to uniqueness and set of full data for our problem. Let us
first recall that 0Q = ({0} x Q)UIU({T} x Q). According to [45], for T' > Diam(2),
measurements of solutions of (1.1) restricted to lateral boundary 3 determines
uniquely a time-independent potential g. Due to domain of dependence arguments,
this result can not be extended to time-dependent coefficients (see [36, Subsection
1.1]) where, even for large values of the final time T, some additional information
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on the bottom {0} x © and the top {T'} x Q of @, for solutions u of (1.1), can not
be avoided. In this context, we introduce the set of data

Cq = {(u|27u|t:078tu|t:0a 8I/u\27u\t:T7 8tu|t:T) fuc LZ(Q)7 Uu + qu = 0}7

where v is the outward unit normal vector to 92, 9, = v -V, the normal derivative
and O := 97 — A,. We recall that [28] proved that, for ¢ € L>(Q), the data C,
determines uniquely g. From now on we will refer to Cj; as the set of full data
for our problem and we mention that [35, 36, 37] proved recovery of bounded time-
dependent coefficients ¢ from partial data corresponding to partial knowledge of the
set Cy. The goal of the present paper is to prove recovery of singular time-dependent
coefficients ¢ from full and partial data.

1.2. Motivations. Our inverse problem can be seen as the determination of some
unstable properties such as some rough time evolving density of an inhomogeneous
medium from disturbances generated on the boundary and at initial time, and
measurements of the response. Moreover, singular time-dependent coefficients can
be associated to some unstable time-evolving phenomenon that can not be described
by the wave equation with bounded time-dependent coefficients or time independent
coefficients.

Let us also observe that, according to [13, 30], for parabolic equations the re-
covery of nonlinear terms, appearing in some suitable nonlinear equations, can be
reduced to the determination of time-dependent coefficients. In this context, the
information that allows to recover the nonlinear term is transferred, through a lin-
earization process, to a time-dependent coefficient depending explicitly on some
solutions of the nonlinear problem. In contrast to parabolic equations, due to the
weak regularity of solutions, it is not clear that this process allows to transfer the
recovery of nonlinear terms, appearing in a nonlinear wave equation, to a bounded
time-dependent coefficient. Thus, in order to expect an application of the strategy
set by [13, 30] to the recovery of nonlinear terms for nonlinear wave equations, it
seems important to consider recovery of singular time-dependent coefficients.

1.3. Known results. The problem of determining coefficients appearing in hyper-
bolic equations has attracted a lot of attention over the last decades. The recovery of
a time-independent potential g from measurement on the full boundary ¥ has been
addressed in [45] and extended to partial boundary measurements by [18, 42]. We
recall that several authors considered this problem by using the so called bound-
ary control method introduced by [2] and extended to Riemannian manifold in
[3]. We refer to [31] for a review of the boundary control method for recovery of
time-independent coefficients and we mention its recent extension to non smooth
coefficients derived in [39]. We recall also that the stability issue for this problem
has been studied by [6, 7, 34, 49].

Some authors considered also the problem of determining time-dependent coeffi-
cients appearing in wave equations. Without being exhaustive, we mention here the
work of [4, 8, 19, 28, 44, 46, 47, 48, 51] and we refer to [37] for the description of these
results. In addition to these works, we mention the papers [35, 36, 37], where the first
author proved uniqueness and stability in the recovery of several time-dependent co-
efficients from partial knowledge of the full set of data C,. More recently, [38] proved
unique determination of such coefficients on Riemannian manifolds. We mention
also the work of [50] who determined some information about time-dependent coef-
ficients from the Dirichlet-to-Neumann map on a cylinder-like Lorentzian manifold
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related to the wave equation. We refer to the work [12, 14, 22, 23, 40] for deter-
mination of time-dependent coeflicients appearing in fractional diffusion, parabolic
and Schrodinger equations.

In all the above mentioned results, only the recovery of time-dependent coeffi-
cients, that are at least bounded, has been considered. There have been several
works dealing with recovery of non-smooth coefficients appearing in elliptic equa-
tions such as [1, 11, 17, 21, 25, 26]. Nevertheless, to our best knowledge, except
the present paper, there is no work in the mathematical literature dealing with the
recovery of singular time-dependent coefficients ¢ even from the important set of
full data Cj.

1.4. Main results. The main purpose of this paper is to prove the unique global
determination of a time-dependent and unbounded coefficient ¢ from observations
of solutions on 9Q). More precisely, we would like to prove unique recovery of an
unbounded coefficient ¢ € LP1(0,T;LP2(Q)), p1 > 1, p2 € [n,+00) \ {2}, from
partial knowledge of the full set of data C,. We start by considering the recovery
of a general coefficient ¢ from restriction of C; only on the bottom ¢ = 0 and top
t =T of Q. More precisely, for ¢ € LP*(0,T; LP2(Q)), p1 > 1, p2 € [n,+0) \ {2},
we consider the recovery of ¢ from the set of data

Cy(0) :={(uyx, Opujt—0, Oy, Upp—r, Oplpp—r) :
u € K(Q),Ou+qu=0, up—o =0, ux € H' (D)},
or the set of data
Cy(T) :={(us, ut=0, Out|1—0, Opu, Ujp—r) :
u€K(Q), Du+qu=0, ux € H ()},

where K(Q) = C([0,T]; HX(Q)) N C1([0,T]; L*()). In addition, assuming that 7' >
Diam(€2), we prove the recovery of ¢ from

Cq(07 T) = {(u|23 atu\t:Oa al/u7 u|t:T) :
u€K(Q), Ou+qu=0, uyo =0, us € H'()}.
Our first main result can be stated as follows

Theorem 1.1. Let p; € (1,400), p2 € [n,+00) \ {2} and let ¢1, g2 € LP*(0,T; LP2
(Q)). Then, either of the following conditions:

(1.2) Cq, (0) = C4, (0),

(13) C(Il (T) = CQ2 (T)7

implies that g1 = q2. Moreover, assuming that T > Diam(Q2), the condition
(1.4) Cq,(0,T) = Cg, (0,T)

implies that q1 = q2.

We consider also the recovery of a time-dependent and unbounded coefficient ¢
from restriction of the data C,; on the lateral boundary ¥. Namely, for all w €
St ={z € R": |z| =1} we recall that the w-shadowed and w-illuminated faces
of 09 corresponds to the portions

0y, ={x€d: v(x) - w>0}, IN_,:={xed: v(z) w<0}.
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Here and in the remaining parts of this paper, for all £ € N*, - is the scalar product
in R¢ given by

Toy=az1y1 .. Ay, = (x1,...,20) €RY y=(y1,...,y) € R

We consider also the parts of ¥ associated to these two portions of 9 defined by
Yiw:i=(0,T) x 904 . We set wg € S""! and we introduce V = (0,T) x V' with
V' a neighborhood of 9Q_ ,,, in 9Q. Then, we study the recovery of ¢ € L?(Q),
p > n+ 1, from the data

Cq(T, V) = {(U‘E,U‘tzo,aﬂ”t:o, ay’U/‘V,’U/“:T) Lu e Hl(Q), Du —|— qu = 0}

and the determination of a time-dependent coefficient ¢ € L>°(0,T; LP(Q2)), p > n,
from the data
Cq(07 T7 V) :{(u|2a 8tu\t:[)a 8V“|V7 U’\t:T) :

ue L*(0,T; H'(Q)), Ou+ qu=0, ujy—o = 0}.

We give a more rigorous definition of these sets in Section 2. Our two last results
can be stated as follows.

Theorem 1.2. Let p € (n+ 1,400) and let q1, q2 € LP(Q). Then, the condition
(1.5) Co, (T, V) = Co, (T, V)
implies that ¢1 = q2.

Theorem 1.3. Let p € (n,+00) and let q1, g2 € L*°(0,T;LP(2)). Then, the
condition

(1.6) Ca (0,1,V) = Cos (0,7,V)
implies that ¢ = qs.

To our best knowledge the results of Theorem 1.1, 1.2 and 1.3 are the first
claiming unique determination of unbounded time-dependent coefficients for the
wave equation. In Theorem 1.1, we prove recovery of coefficients ¢, that can admit
some quite important singularities, by making restriction on the set of full data C|,
on the bottom ¢ = 0 and the top t = T of ). While, in Theorem 1.2 and 1.3, we
consider less singular time-dependent coefficients, in order to restrict the data on
the lateral boundary ¥ = (0,7) x 09Q.

We mention also that the uniqueness result of Theorem 1.3 is stated with data
close to the one of [35, 36], who established determination of general class of bounded
time-dependent potentials from, what seems to be, the weakest conditions so far.
More precisely, the result of [35, 36] differs from Theorem 1.3 by the restriction
on the Dirichlet input ([35, 36] consider Dirichlet boundary conditions restricted
to a neighborhood of the wy-shadowed face, while in Theorem 1.3 we consider the
Dirichlet input on the full boundary).

In the present paper we consider two different approaches which depend mainly
on the restriction that we make on the set of full data C;. For Theorem 1.1, we use
geometric optics solutions corresponding to oscillating solutions of the form

N
(1.7) u(t,z) = a;(t,x)e?Vi ")+ Ry(t ), (tz) €Q,

j=1
with A > 1 a large parameter, Ry a remainder term that admits a decay with respect
to the parameter A and ¢;, j = 1,.., N, real valued. For N = 1, these solutions
correspond to a classical tool for proving determination of time independent or
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time-dependent coefficients (e.g. [4, 5, 6, 8, 44, 46, 45]). In a similar way to [38],
we consider in Theorem 1.1 solutions of the form (1.7) with N = 2 in order to be
able to restrict the data at t = 0 and ¢t = T while avoiding a “reflection”. It seems
that in the approach set so far for the construction of solutions of the form (1.7),
the decay of the remainder term R) relies in an important way to the fact that the
coefficient ¢ is bounded (or time independent). In this paper, we prove how this
construction can be extended to unbounded time-dependent coefficients.

The approach used for Theorem 1.1 allows in a quite straightforward way to
restrict the data on the bottom ¢ = 0 and on the top ¢t = T of Q. Nevertheless, it is
not clear how one can extend this approach to restriction on the lateral boundary 3
without requiring additional smoothness or geometrical assumptions. Indeed, this
construction works quite well for restricting data on a flat part of Q) but it seems
to require more complex local construction and some geometrical assumptions for
restricting the data on more general boundary. For this reason, in order to consider
restriction on X, we use a different approach where the oscillating solutions (1.7)
are replaced by exponentially growing and exponentially decaying solutions. The
idea of this approach, which is inspired by [7, 35, 36, 37] (see also [10, 33] for elliptic
equations), consists of combining results of density of products of solutions with
Carleman estimates with linear weight in order to be able to restrict at the same
time the data on the bottom ¢t = 0, on the top t = T" and on the lateral boundary
Y of Q. For the construction of these solutions, we use Carleman estimates in
negative order Sobolev space. To our best knowledge this is the first extension of
this approach to singular time-dependent coefficients.

1.5. Outline. This paper is organized as follows. In Section 2, we start with some
preliminary results and we define the set of data C,(0), Cy(T), C,(0,T), C,(T,V)
and Cy(0,7,V). In Section 3, we prove Theorem 1.1 by mean of geometric optics
solutions of the form (1.7). Then, Section 4 and Section 5 are respectively devoted
to the proof of Theorem 1.2 and Theorem 1.3.

2. Preliminary results. In this section we give a rigorous definition of the set
of data Cy(T,V), C4(0,T,V) and we introduce some properties of (1.1) for any
q € LP1(Q), with p; > n+ 1, or, for ¢ € L>(0,T; LP2(Q)), with ps > n. We start
by considering some results that require some functional spaces borrowed from [36].
We introduce the space

Ho(Q) ={ue H'(Q): Du= (9} — A)u e L*(Q)},
Hp,.(Q) = {ue L*(0,T; H'(2)) : Du= (97 — Ay)u € L*(Q)},
with the norm
lalii@y = Nl gy + 1107 = Aa)ull32 g -

Il ) = N30 s 0y + 1007 = Aa)ul2 g -
We define also the space

S={ue H(Q): (0f — Ay)u=0}

(resp S = {u € L*(0,T; H'(Q)) : (9} — Ay)u = 0})

considered as a subset of H!(Q) (resp L?(0,T; H*(Q))). According to [36, Propo-
sition 4], the maps

Tow = (w\Ea Wt=0, atw\t:[)), TIw = (8l/w\27w\t:T7 atw|t:T>7 w e Coo(Q)a
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can be extended continuously to 7o : Ho . (Q) — H~3(0,T; H~3(9Q)) x H2(Q) x
H4(Q), 11 : Ho.(Q) — H™3(0,T; H%(8Q)) x H~2(Q) x H~*(Q). For all w €

C>(Q) we fix also
Tow = (To, 1w, To,2W, To3w), TIW = (T11W, T1 2W, T1 3W),
with
T0,1W = Wz, T0,2W = Wj¢t=0; T0,3W = atw|t:07
TIAW = QyW|s, T12W = W=7, T13W = QWs—7.
Using these operators, we define

H = {rou: ue Ho(Q)} C H3(0,T; H 2 (99Q)) x H2(Q) x H*(Q),
H* = {(Toﬁlu,Toyg’u) TS HD7*(Q), 7'0,2U == 0} C HiB(O;TvHié(ag)) X H74(Q)

In view of [36, Proposition 1], it is clear that the restriction of 79 to S (resp Sy) is
one to one and onto. Therefore, we can consider on H (resp H.) the norm

||(fa vOavl)H’H = ||(7_0|S)71(f7 UOavl)HHl(Q) ) (fa vavl) € Ha

(resp . v0) s, = 1 o1.) (10,00 Lo ooy - (Fo00) € o).
We consider now the initial boundary value problem (IBVP in short)
02v — Ayv+qu=F(t,z), (t,z)€Q,
(2.1) v(0,2) = vo(x), Ow(0,2) = v1(x), x €N
v(t,z) =0, (t,x)eX.

We have the following well-posedness result for this IBVP when ¢ is unbounded.

Proposition 1. Let p; € (1,400) and pa € [n,+00) \ {2}. For ¢ € LP'(0,T; LP?
(), vo € HY(Q), v1 € L*(Q) and F € LP(0,T; L*(Q)), problem (2.1) admits a
unique solution v € C([0,T]; H(2)) N CL([0, T); L3(Q)) which satisfies

(2.2)

lolleqo, 19512 02)) T 110ller o, 1352200y < CUlvoll gy +lIvill L2y +IE | Lo 0,73 02(02)))
with C' depending only on p1, p2, n, T, Q and any M > |q|| 1o, o 7,102 (00)) -

Proof. According to the second part of the proof of [43, Theorem 8.1, Chapter 3],
[43, Remark 8.2, Chapter 3] and [43, Theorem 8.3, Chapter 3|, the proof of this
proposition will be completed if we show that for any v € W?2°°(0, T; H}(2)) solving
(2.1) the a priori estimate (2.2) holds true. Without lost of generality we assume

that v is real valued. From now on we consider this estimate. We define the energy
E(t) at time t € [0,T] by

E(t) := /Q (|0 (t, z)|* + |Vau(t, 2)]?) da.

Multiplying (2.1) by Orv and integrating by parts we get
(2.3)

¢ t

E(t)— E(0) = —2/ / q(s,z)v(s, )0 (s, x)dxds + 2/ / F(s,z)0(s,x)dxds.
0o Ja 0o Ja

On the other hand, we have

t t
/O / a(s,2)0(s, 2)0p0(s, @) dads| < / lqv(s, M 12y 10005, ) g .
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Let us observe that, since v € C([0,T]; H(Q)) and since, for n > 3, we have

2po 2n 2n

2< = n S 9
Py — 2 n—2p—2 n—2

the Sobolev embedding theorem implies
(25) ot s, < Ol ingey» t € O.T),
with C' depending only on €2, pz, n. Moreover, since v|z, = 0, an application of the
Poincaré inequality yields
1
(2.6) ot M) < ClIVevt, )2 < CE®)Z, e (0,T),

with C' depending only on €, ps, n. Therefore, combining (2.5)-(2.6) with the
Hélder inequality, for all s € (0,7T), we get

1
2po < OHQ(Sa)||LPQ(Q) E(8)27

lav(s, Miacay < 1066 Miosgon 005, s,

with C' depending only on €, po, n. Thus, from (2.4), we get
(2.7)

/0 /Qq(s,x)v(s,x)@tv(s,x)dxds §C/O la(s, )l oz () E(s)ds

¢ p1—1
_P1 P1
<l rsoncan | B)7705)
In the same way, an application of the Holder inequality yields
t t b1 ‘”LIl
/ / F(s,2)0v(s, x)dzds| < [|F| 101 1. 12(0)) </ E(s) 2<p11>d5>
o Ja 0

2(p1—1)

P1

¢ P11
< ||FH2LP1(0,T;L2(Q)) + (A E(s) 2(P11)d3)

Then, using the Cauchy-Schwarz inequality, we get

t
//F(s,m)@tv(s,x)dxds
0o Jo

(p1=1)

2 (p1=1) ¢ _p1 P1
S HF||LP1(O7T;L2(Q)) +T n | E(S) r1-D s

Combining this estimate with (2.3)-(2.7), we deduce that

pp—1
P1

t
E@SEWHWFQMMMMW+C<AE@MI%) ,

where C' depends only on T', Q, p1, p2, n and any M > ||¢||;», (0,T;LP2 (Q))" By taking

p1
p1—1

the power on both side of this inequality, we get

2py

J 5 - t
= p1—1 Pl
E(t) p1—1 S C (H'UO”Hl(Q) + ||U1||L2(Q) + HFHLZDl (O,T;LQ(Q))> 1 +C/O E(S) P1-1(g.
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Then, the Gronwall inequality implies
2p3
<o F P et
E(t)n=T < C ([lvoll gy + il 2y + 1F M pes 0,7 12(02)) e
2p3

< € (Ilooll s oy + o1l gy + DFlLos orizegan) ™ €7

From this last estimate one can easily deduce (2.2). O

Let us introduce the IBVP

O?u — Aypu+ q(t,z)u =0, in Q,
(2.8) u(0,) =vo,  u(0,) =vi, inQ
u=gq, on 3.

Combining Proposition 1 with the arguments used in [37, Proposition 2.1], we obtain
the following result of existence and uniqueness of solutions of the IBVP (2.8) for
(gvv()vvl) € M and qc LP(Q)’ p>n+ L

Proposition 2. Let (g,vo,v1) € H, g € LP(Q), p > n+ 1. Then, the IBVP (2.8)
admits a unique weak solution u € H*(Q) satisfying

(2.9) [ull 1) < Cll(g: vo, v1)lly

and the boundary operator By : (g,vo,v1) = (T11u)v, T12u) is a bounded operator
from H to
H=3(0,T; H-2(V')) x H-2(Q).

Applying these results, we fix
Cy(T, V) = {(g,v0,v1, By(g;v0,v1)) : (g,v0,v1) € H}.
Proposition 3. Let (g,v1) € H. with vg = 0 and let g € L*°(0,T; LP(Q2)), p > n.
Then, the IBVP (2.8) admits a unique weak solution u € L*(0,T; H*(Q)) satisfying
(2.10) HUHLZ(O,T;Hl(Q)) < Cll(g,v1)ll5.

and the boundary operator By . : (g,v1) = (Ti1ujyv,T12u) is a bounded operator
from H, to
H=3(0,T; H-3(V')) x H™2(Q).

We define the set C,(0,7,V) by
Cq(0,T,V) = {(g,v1, Bg,x(g,v1)) : (g,v1) € H.}.

Now let us define the sets Cy(T'), Cy4(0), C4(0,T) introduced before Theorem
1.1 for ¢ € LP*(0,T; LP>(2)), p1 > 1, p2 € [n,+00) \ {2}. Note first that for any
u € K(Q) satisfying 0?u — Au + qu = 0, u solves the IBVP

Zu— Ayu=G(t,z), (t,r)€Q,
U(O,JL‘) = UO('T’)a 8tu(07x) = ’01(55), z €
u(t,:c) =9, (t7$) € X.

with G = —qu € LI(OaT; L2(Q))7 Vo € HI(Q)a v € L2(Q)v g € H1(2)7 g\t:O =
vojae- Thus, applying [5, Theorem A.1] we deduce that d,u € L*(¥) and we can
consider the sets Cy(T), Cy(0), C,(0,T).
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3. Proof of Theorem 1.1. The goal of this section is to prove Theorem 1.1. For
this purpose, we consider special solutions u; of the equation

(31) afuj — Az'LLj + q]"LLj = 0
taking the form
(32) Uj = ajyleiij’l(t’I) + aj,gei’\w“(t’w) + Rj’)\

with a large parameter A > 0 and a remainder term R; ) that admits some decay
with respect to A\. The use of such solutions, also called oscillating geometric optics
solutions, goes back to [45] who have proved unique recovery of time-independent
coefficients. Since then, such approach has been used by various authors in dif-
ferent context including recovery of a bounded time-dependent coefficient by [38].
In this section we will prove how one can extend this approach, that has been
specifically designed for the recovery of time-independent coefficients or bounded
time-dependent coefficients, to the recovery of singular time-dependent coefficients.

3.1. Oscillating geometric optics solutions. Fixingw € S""!, A > 1 and a; €

C>®(Q), 7=1,2, k=1,2, we consider solutions of (3.1) taking the form
(3.3)
Ul(t7 J,‘) = al,l(ta 'r)eii)\(ter.w) + a1,2(t7 x)eii)\((QTit)JrI‘w) + Rl,)\(ta 1’), (ta J?) S Qv

(34) u2(t7 I) = a2,1(t7 x)eD\(HFZ.UJ) + a2,2(t7 'T)ei)\(inziw) + RQ,)\(t7 1'), (ta J?) € Q

Here, the expression a; x, j, k = 1,2, are independent of A and they are respectively
solutions of the transport equation

(3.5) dajr + (—1)fw-Vea;n =0, (t,z)€Q,
and the expression R; y, j = 1,2, solves respectively the IBVP

O2Ry \— AyRiy+ @Ry =Fiy, (tx) €Q,
(3.6) RiAT,z) =0, O,RiA(T,x) =0, z€Q
Ria(t,z) =0, (t,z) € X,

02Ry )y — AyRox+ q@Ron = Fs )y, (t,x) €Q,

(3.7) Ry 2(0,2) =0, O;R2(0,2) =0, z€Q
Roa(t,x) =0, (t,x) € 3,
with Fj » = —[(0+ ¢;)(u; — R;»)]. The main point in the construction of such

solutions, also called oscillating geometric optics (GO in short) solutions, consists
of proving the decay of the expression R; ) with respect to A — 4-00. Actually, we
would like to prove the following,

(38) W Rl e 0,122 (0)) = 0-

For ¢ € L*(Q), the construction of GO solutions of the form (3.3)-(3.4), with a; &
satisfying (3.5) and R; » satisfying (3.6)-(3.8), has been proved in [38, Lemma 2.2].
The fact that ¢ is bounded plays an important role in the arguments of [38, Lemma
2.2]. For this reason we can not apply the result of [38] and we need to consider the
following.
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Lemma 3.1. Let ¢; € LP*(0,T;LP*(Q2)), j = 1,2, p1 > 1, pa € [n,+00) \ {2}.
Then, we can find u; € K(Q) solving (3.1), of the form (3.3)-(3.4), with R;x,
Jj =1,2, satisfying (3.8) and the following estimate

(3.9) iliIiJH:l%)é ||Rj,/\||Loo(o,T;H1(Q)) < 0.
Proof. We will consider this result only for j = 2, the proof for j = 1 being similar
by symmetry. Note first that, (3.5) implies that
Foa(t,z) = =0+ gy)as,(t, 2) — e )0 + go)ag o (t, @)
= H)(t,x)
= MH At 2) + e "M Hy A (¢, 2),

with
(3.10)
[HA Lor (0,722 (0)) < B+ g2)az,1]

LP1(0,T;L2()) + ”(D + QZ)QQ,ZHLm (0,T;L2(Q))
Thus, in light Proposition 1, we have Ry » € K(Q) with

[| R |l ‘ + || R2 x|l ‘
(3.11) ([0, T];L2(9)) C([0,T1;H(2))

<C(1+ ||QZ||LP1(0,T;L172 (Q)))(H@,lnwz.w@) + [laz,2] Wz,oo(Q))~

In particular, this proves (3.9). The only point that we need to check is the de-
cay with respect to A given by (3.8). For this purpose, we consider v(t,z) =
fot R2 (s, x)ds and we easily check that v solves
v —Av=G,, (t,7)€Q,
(3.12) v(0,z) =0, Ow(0,z) =0, z e
U(tvx) =0, (t,$) €3,

with
t t
Gi(t,x) :—/ qg(s,x)RZ)\(s,x)ds—i—/ Hy(s,z)ds, (t,x)€ Q.
0 0

Note first that, since Rpy € CL([0,T]; L%(Q)) N C([0,T); HY(Q)), we have v €
C2([0,T); L3(2)) nCL([0,T]; H*(€)). Moreover, using the fact that, by the Sobolev
embedding theorem, gaRs x € LP1(0,T; L*(Q)), we deduce that G\ € WP1(0,T;
L2(2)) C L?(Q) and v solves the elliptic boundary value problem

—Av=>5, (t,x)€(0,T)xQ,
(3.13) {v(m):o, (t,x) € (0,T) ><X397

with S = —0%v + Gy € L*(0,T;L%*()). Then, from the elliptic regularity of
solutions of (3.13), we deduce that v € L?(0,7; H*(Q)) and it follows that v €
H?(Q). We define the energy E(t) at time t associated with v and given by
E(t) ::/ (|8tv|2(t,x) + \va|2(t,x)) dx > / |R27,\(t,x)|2dac.
Q Q

Multiplying (3.12) by d;v and taking the real part, we find

E(t)=—-2% </Ot/9 (/0 @2 (T, ) Ra 5 (T, a?)dT) atv(s,x)dxds)
+ 2R (/Ot/Q (/0 Hy(r, x)dT) Btv(s,ac)dmds) .
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Applying Fubini’s theorem, we obtain

T
:—29%<//q27'xR2AT;U /atvs;v )dmd7>

- +om ( / / ( / Hy(r, dT) B0, x)dazds)
— _om ( /0 /Q 4o (7, 2) R (7, 2) (08, 7) — U(T,x))dm)
+ 2% (/Ot/Q (/0 Hy(r, x)d7> atv(s,x)dxds> .

On the other hand, applying the Holder inequality, we get

[/ [ tr s

t
< / 100007, M e 1027 Yoty Ml oy b
t
< (/0 ||8tU(T7')||L2(Q) ||q2(T7')||LP2(Q) dT) (¢, )N 202

LP2-2(Q)

Combining this inequality with the estimates (2.5)-(2.6) and applying the Holder
inequality, we obtain

q2 (T7 x)RZ,)\(Ta x)v(t, .Z‘)dl‘dT

t
<C (/O [0ev(7, M 20y la2(T, M ez 0 dr) o(t,
t
<C (/ E(q—)l/2 HqQ(T’ ')HL’“Z(Q) dT) E(t)1/2
0

2

! E(t
C? (/ E(r)'/? ||q2(7,.)||Lm(Q) d7'> + %
0
‘ p1-t\ 2
Py P1 E(t
< C? ||q2HLP1(O7T;LP2(Q)) </ E(7) 2(?1—1)d7'> + %
0
2(p1—1)
E()

t
2 _ P P1
S 02 HCI2||Lp1 (0,T;LP2(2)) (/0 E(T) 2(p1—1) d7-> + 77

with C' depending only on €2, ps, n. Then, applying the Cauchy-Schwarz inequality,
we get

q2(T, ) Ra A (T, z)u(t, z)dedr
Q
p1—1

¢ o N\ 7 E(t
(3.15) < C? H‘D”im (0,T;LP2(Q)) <</0 E(T) 2(?1—1)d7’> + %

—1

t _p1 gD E(t
< Clalnoranen (¢ [ B0 ) "+ 2D
0
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LB
(r1—-1) P1 E't
<C H(ZQHLpl(OTLpQ Q))T P1 (/ E (Pl 1)d7-) +T'

In the same way, we obtain

q2(1, ) Ra A (T, x)v (T, x)dxdT

t
(3.16) <cC / E() a2, ) o ) A

p1—1

t by 1
gc( / Emm—lch) PR

A (L, ) ::/0 Hy(r,x)dr

Finally, fixing

we find
([ #strar ) Ot ans
Q 0
t Pl
_p P1

< HBAHLH (0,T;L2(2)) (/0 E(T) 2(p1—1) dq—)

(3.17) . 201-1)
P1 P1
< Hﬂkuim(o’T;Lﬁ(Q)) + <\/0 E(T) 2(1’1_1)(1’7’)

pp—1
pP1

< Hﬁ/\HLm OTLQ(Q))+T z </ E P1— 1d7->

Combining (3.14)-(3.17), we deduce that

E(t) 2 t p1 P1 2
— TCUazll o077 ) 1) E(r)m=Tdr HIBATer (0,722 (02))
0

and we get

py—1

EB(t) <

2
4B Ler (0,522

p1—1
¢ " T
B0) < Clltlln o enony + 0 [ B)Far) 7 4 (1L

on both side

with C' depending only on 2, T, p1, p2, n. Now taking the power ppil
of this inequality, we get

_P1 _P1 Pl _2p1 ¢ _P1
E(t)mn-T < 2p1_1c’p1_1(||q2||LP1(O,T;LP2(Q)) +1)7-1 ; E(r)m=1dr
3]

2 p1—1
97T <4||BAHLP1(0’T;L2(Q))> |

3

and applying the Gronwall inequality, we obtain

_2p1 _2p1

E(t)m—T e <y ||B)\||LP1(0,T;L2(Q) eC2t < HB)\HLPl 0,T:L2(Q)) € CQTa

where C; depends only on p; and Cs on |2l p, (0,T:L72(Q))> P1s P2, 1, Q and T.
According to this estimate, the proof of the lemma will be completed if we prove
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that
(3.18) /\EIEOO ||5/\||L<>o(o,T;L2(Q)) =0.

This last property follows from some arguments similar to the end of the proof of
[38, Lemma 2.2]. This completes the proof the lemma. O

3.2. Proof of Theorem 1.1 with restriction at ¢ = 0 or t = T'. This subsection
is devoted to the first part of Theorem 1.1, which consists of showing that (1.2) or
(1.3) implies ¢1 = ¢g2. We start by assuming that (1.2) is fulfilled and we fix
q = q2—q1 on Q extended by 0 on R1T"\ Q. Weset A > 1, w € S*"! and £ € R*"
satisfying (1, —w) - £ = 0. Then, in view of Lemma 3.1, we can consider u; € K(Q),
j = 1,2, solving (3.1), of the form (3.3)-(3.4), with a1 1 (t,2) = (27)~ "2 e~i(t2) €,
a12 =0, a21 =1, ag» = —1 and with condition (3.8)-(3.9) fulfilled, that is,

n+1

uy(t,z) = (2m) "7 e ihRSemiMttTw) L By (¢ 1),

Ug(t,x) — ei)\(t+z~w) _ ei)\(—t+z~w) + R27,\(t,l‘).

(3.19)

Obviously, we have uy (0, z) = 0, since Ry »(0,x) = 0 by (3.7). In view of Proposition
1, there exists a unique weak solution v € K(Q) to the IBVP:
Rv—Av+qu=0 in Q,

V]t=0 = uzli=0 = 0, Oyv|t=0 = Oruzlt=o0, V| = uals.
Setting u := v — ug, we see

(3.20) Ofu—Au+qu= (g2 —q)us in Q,
. u‘t:O = 07 8tu|t:0 = O7 u|E =0.

Note that the inhomogeneous term (g2 — q1)uz € LP(0,T; L?(12)), due to the fact
that go — ¢1 € LP1(0,T; LP2(Q)) and us € L>(0,T; H'(2)). Hence, using again
Proposition 1 gives that u € C([0,T]; H3(£2))NC([0,T]; L*(2)). Moreover, u solves
Ru—Au=2 in Q,
’U,|t:0 = 0, atu|t:0 = 0, U|2 =0.
with Z = —qru + (g2 — q1)ug € LY(0,T; L*(2)). Therefore, in light of [5, Theorem
A.1], we have d,u € L*(X). In the same way, we can prove that u; € K(Q) with

d,u1 € L?(X). Thus, we can multiply u; to the equation in (3.20) and apply Green
formula to get

(g2 — q1)uguy dedt = | Owu(T, x)uy (T, z)dx — | w(T,x)0puy (T, z)dx
I -

—/8,,u(t,m)u1(t,:c)da(x)dt.
5

Since Cy, (0) = C4, (0) and v|;=¢ = u2|i=0 = 0, we see J,u|s = u|i=r = Ou|i=r = 0,
in addition to the boundary conditions of u in (3.20). Consequently, it follows from
(3.21) that

/ (g2 — q1)uguy dzdt = 0.
Q
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Inserting the expressions of u; (j = 1,2) given by (3.19) to the previous identity
gives the relation

0= (27r)7(n+1)/2/ q(t, z)e "€ dudt + Ry,
Q

Ry = (277)_(”+1)/2/

Q
+/ q(t,I)Rl,)\(t,l‘) (ei)\(ter-w) _ giM—ttzw) + R27)\(t,I)) dxdt
Q

alt, 2)e S (TN T Ry (1)) dnde

for all A > 1. Using the fact that ¢ € LP*(0,7T; L?(2)) and applying the Riemann-
Lebesgue lemma and (3.8), we deduce that

‘/ q(t, z)eiB2) ¢ (—672i/\t 4 e~z w) RQ,A(t,x)) dxdt‘ -0,
Q
‘ / q(t, z) Ry A(t, ) (e“““‘w) - eW*’f“‘w)) dxdt‘ -0

Q

as A — 00. On the other hand, by Holder inequality it holds that

’/Q(J(t,x)RL)\(t,x)Rg,)\(t,x) dxdt‘

<|lg Rix

|L1(0,T;L2(Q)) |\R2,A||L°C(0,T;L2(Q))

< Cllgl|ze 0,102 (@)) 1R Al Lo 0,157 () [ R2.a || o< (0,722 (02)) 5
which tends to zero as A — oo due to the decaying behavior of R; x (see (3.8)) and
estimate (3.9). Therefore, |[Ry| — 0 as A — oco. It then follows that

n+1

(3.22) Fq(&) = (2m)~ = / q(t, z)e ") Edpdt = 0.
Rl+n

Since w € S"~! is arbitrary chosen, we deduce that for any w € S"~! and any &
lying in the hyperplane {¢ € R'*" : (. (1,—w) = 0} of R1™, the Fourier transform
Fq is null at £&. On the other hand, since ¢ € L'(R'*") is compactly supported in
@, we know that Fgq is a complex valued real-analytic function and it follows that
Fq = 0. By inverse Fourier transform this yields the vanishing of ¢, which implies
that g1 = ¢2 in Q.

To prove that the relation (1.3) implies ¢; = g2, we shall consider u; € K(Q),
j = 1,2, solving (3.1), of the form (3.3)-(3.4), with a11 = 1, a12 = —1, as1 =
(271')*%r1 e "0 € gy 5 = 0 and with condition (3.8)-(3.9) fulfilled. Then, by using
the fact that ui (T, z) = 0, z € Q, and by repeating the above arguments, we deduce
that ¢ = g2. For brevity we omit the details.

We have proved so far that either of the conditions (1.2) and (1.3) implies g1 = ¢a.
It remains to prove that for T' > Diam(2), the condition (1.4) implies ¢1 = ¢a.

3.3. Proof of Theorem 1.1 with restriction at { = 0 and ¢t = 7. In this
section, we assume that 7' > Diam(€?) is fulfilled and we will show that (1.4) implies
g1 = qo. For this purpose, we fix A > 1, w € S* ! and € = %am(ﬂ). We set also
X € C§°(—¢,T + Diam(Q) + ¢) satisfying x = 1 on [0,7 + Diam(2)] and zg € Q
such that
To-w = inf - w.
€
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We introduce the solutions u; € K(Q), j = 1,2, of (3.1), of the form (3.3)-(3.4),
with

)
)= —(2m) " F x (2T — 1) + ( — mo) - w)e *CTH)E
) = x(t+ (z — z0) - w),

and with condition (3.8)-(3.9) fulfilled. Then, one can check that ui(T,z) =
uz(0,2) = 0, z € 2, and repeating the arguments of the previous subsection we
deduce that condition (1.4) implies the orthogonality identity

(3.23) / q(t, x)uz(t, x)uy (t, z)dzdt = 0.
Q
It remains to prove that this implies ¢ = 0. Note that

/Q(tax)uz(t,x)m(t,x)dxdt
Q

+

= (27r)_nTl / q(t, )Xt + (x — x0) - w)e” B Edzdt

(3.24) R 4

—|—/ 6_2’>‘tqa171a272dxdt +/ e_QM(T_t)qal,gag,lda:dt
Q Q

+ e*Qi)‘T/ gai 202 2dzdt + / Z\(t, x)dzdt,
Q Q
with
Zyx = q(u1 — Ri\)Rax + q(uz — Ro\) Ry + qR2 2R x.

In a similar way to the previous subsection, one can check that (3.8)-(3.9) imply
that

lim | Zydadt=0.

Moreover, the Riemann-Lebesgue lemma implies

lim (/ e‘zmqal,lag,gdazdt—i—/ e_Qi’\(T_t)qal,zazldxdt) =0.
A—+o0 Q Q

In addition, using the fact that for (¢,z) € Q we have
0<t+(x—m) w<T+H|x— 20| <T+ Diam(Q),
we deduce that
gt @)t + (@ —20) - w) = q(t,z), (t,w) RV
and that

_n+1

(2m)= = /R at, ) (4 (2 = w0) - w)e ™" dadt = Fq(8).

Thus, repeating the arguments of the previous subsection we can deduce that g1 = go
provided that

(325) / qa1’2a2’2d$dt =0.
Q

INVERSE PROBLEMS AND IMAGING VoLUME 12, No. 3 (2018), 745-772



760 GUANGHUI HU AND YAVAR KIAN
Since as2(t, ) = —x(—t+ (r —x0) -w) and a1 2 = —(27)~ (2T =) + (x — m0) -
w)e ") € we deduce that

supp(az;2) C {(t,x) € R"™: (z—x0) - w>t—e},

supp(ar 2) C {(t,2) € R*™ . 2T —t + (z — 2p) - w < T + Diam(Q) + ¢}.
But, for any (t,z) € {(t,x) € R™*": (z —x¢)-w >t — €}, one can check that
2T —t+ (x —x9) -w > 2T — e = T + Diam(Q) + 3¢ > T + Diam(Q2) + ¢.
Therefore, we have
{(t,x) e RM™™ : (x —x0) - w >t —¢}
N{(t,z) € R™™: 2T —t + (v — xg) - w < T + Diam(Q) + e} = 0

and by the same way that supp(az,2) Nsupp(ai2) = . This implies (3.25) and by
the same way that ¢; = ¢o. Thus, the proof of Theorem 1.1 is completed.

4. Proof of Theorem 1.2. In the previous section we have seen that the oscil-
lating geometric optics solutions (3.2) can be used for the recovery of some general
singular time-dependent potentials. We have even proved that, by adding a second
term, we can restrict the data on the bottom ¢ = 0 and top ¢ = T of @ while
avoiding a “reflection”. Nevertheless, as mentioned in the introduction, it is not
clear how one can adapt this approach to restrict data on the lateral boundary X
without requiring additional smoothness or geometrical assumptions. In this sec-
tion, we use a different strategy for restricting the data at 3 which is not a flat
part of the boundary 9Q. Namely, we replace the oscillating GO solutions (3.2)
by exponentially growing and decaying solutions in order to restrict the data on X
by means of a Carleman estimate. In this section, we assume that g1, g2 € L?(Q),
with p > n + 1, and we will prove that (1.5) implies ¢g; = ¢2. For this purpose, we
will start with the construction of some suitable solutions of (1.1). Then we will
show Carleman estimates for unbounded potentials and we will complete the proof
of Theorem 1.2.

4.1. Geometric optics solutions for Theorem 1.2. Let w € S ! and let £ €
R'*™ be such that £ - (1, —w) = 0. This section is devoted to the construction of
exponentially decaying solutions u; € H'(Q) of the equation (02 — A, + q1)u; =0
in @ taking the form

(4.1) urt, ) = e MO (D€ L (1),

and exponentially growing solution uy € H'(Q) of the equation (97 — A, +q2)us = 0
in @ taking the form

(4.2) ug(t, z) = AT (1 4wy (t, x)),

where A > 1 and w; € H'(Q), j = 1,2, fulfills the following decay property

(4~3) ”wj”Hl(Q) + A ||wj||L2(Q) <C,

with C independent of A\. The main results of this section can be stated as follows.

Proposition 4. There exists \y > 1 such that for A > A1 we can find a solution
up € HYQ) of Ouy + quuys = 0 in Q taking the form (4.1) with w; € HY(Q)
satisfying (4.3) for j = 1.
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Proposition 5. There exists Aa > A1 such that for X > Ay we can find a solution
uy € HYQ) of Oug + quus = 0 in Q taking the form (4.2) with wy € HY(Q)
satisfying (4.3) for j = 2.

Since Proposition 4 and 5 are similar, we will only consider Proposition 4. To
build solutions u; € H'(Q) of the form (4.1), we first recall some preliminary tools
and a suitable Carleman estimate in Sobolev space of negative order borrowed from
[37]. For all m € R, we denote by H{*(R'*") the space

HP(RY") = {ue SR ((rP +X)Fae LR},

with the norm

lallypaneny = [ [ (P + X fatr. ¢ Paar.

Note that here we consider these spaces with A > 1 and, for A = 1, one can check
that H{*(R1t") = H™(R!™). Here for all tempered distributions u € &'(R**"),
we denote by @ the Fourier transform of u. We fix the weighted operator

P, iy = eTAEFz0)eAttew) — 4 9)\(9;, —w - V,)
and we recall the following Carleman estimate
Lemma 4.1. (Lemma 5.1, [37]) There exists \] > 1 such that
(4.4) ol L2gisny < C ||Pw,/\UHH;1(R1+n)7 veCT(Q), A> A\,
with C' > 0 independent of v and .
From this result we can deduce the Carleman estimate

Lemma 4.2. Let p; € (n+1,400), p2 € (n,+00) and g € LP(Q) U L>=(0,T; LP>
(Q)). Then, there exists N{ > N\ such that

(4.5) [Vl p2(greny < C|Puav+ qv||H;1(R1+,,L) , veClCE(Q), >\,
with C' > 0 independent of v and \.
Proof. We start by considering the case ¢ € LP*(Q). Note first that
(4.6) ([ Poav + qU”H;l(RlJrn) 2 ||Pw,>\”HH;1(R1+n) - ||qv||H;1(R1+n) .
Fixing

n+1 1 1 1 n+1-—2r

pr ps 2 p1 2n+1)

by the Sobolev embedding theorem we deduce that for any w € H"(R'*") we have
w € LP3(R™) with

(4.7) ||w||Lp3(R1+n) <C Hw||H7'(R1+") , we H(R™™),

with C' > 0 depending only on p3 and n. Applying (4.7) we deduce that for any
z € L%(RH‘") we have

/R zwdxdt\ S Nal 55, gy 10l ey < Gl s N0l oy -

It follows that z € H~"(R"*!) and

_P3 n
(48) lell sy S Clall s, o 2 € LESTRYE)
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Applying (4.8) to qu and using the fact that supp(qv) C Q, we find
ol ereny = [, (6P + 8PP

< [0 ) @) P
< X lqulliy ey

< O ||gu||? ea =N Ygu))® e
LPa=T (Rr+1) L7=1(Q)

Combining this with the fact that
—1 1 1 1
D3 T
D3 P32 p

we deduce from the Holder inequality that

)

||qv||H;1(R1+n) <oxt ||q||LP1(Q) ||U||L2(Q) :

Thus, applying (4.4) and (4.6), we deduce (4.5) for A > 1 sufficiently large. Now
let us consider the case ¢ € L*(0,T; LP2(2)). Note first that

H(JU”H;I(RHn) < ||‘1U||L2(0,T;H;1(Rn))'

Therefore, by repeating the above arguments, we obtain

n_q
||qv||HA—1(R1+n) < CAre ||Q||Loo(o,T;Lpz Q) HUHLz(Q)

which implies (4.5) for A > 1 sufficiently large. Combining these two results, one
can find \{ > A such that (4.5) is fulfilled. O

Using this new carleman estimate we are now in position to complete the proof
of Proposition 4.

Proof of Proposition /. Note first that

D(e—)\(t+x-w)e—i£-(t,x)) — [Qi)‘<1a _w) .ge—ig-(t,x) + De—i§~(t,x)]e—)\(t+x~w)
[Defig-(t,z)]ef)\(t+z~w),

D(ef)\(t+:c<w)wl) _ efA(ter-w)Pw’_)\wl'

Therefore, we need to consider w; € H'(Q) a solution of
(4.9)
Py wi+quuwy = =) (@04 ) (e AHF@)e e (00) — —(O4gy)e 00 = F

and satisfying (4.3) for j = 1. Combining the Carleman estimate (4.5) with a
classical application of the Hahn Banach theorem (e.g. [37, Lemma 5.3]), we
prove that there exists wy € Hj (R such that P, _ w1 + w1 = F in @ and
||w1||H;(R1+n) < C||F|l2(g)- This proves that wy fulfills (4.3) which completes the
proof of the proposition. O

4.2. Carleman estimates for unbounded potentials. This subsection is de-
voted to the proof of a Carleman estimate similar to [37, Theorem 3.1]. More
precisely, we consider the following estimate.
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Theorem 4.3. Let p1 € (n +1,400), p2 € (n,+00) and assume that ¢ € LP1(Q)
(resp q € L>(0,T; LP2(Q))) and u € C*(Q). If u satisfies the condition

(4.10) Ug = 0, Ujt=0 = 8tu|t:0 =0,

then there exists A3 > Ao depending only on Q, T and M > ||q||;», (@) (resp M =
g/l oo (0,7, 12 (2))) Such that the estimate

(4.11)
Ay e M THw @) 15 (T, ) |* da + )\f2+ e” D) 19 u? |w - v(z)| do(x)dt

+ [ e PR ) 4 |0pu)? + [Vaul*)dzdt
<C (fQ e~ (ttwz) ’(8? — AL+ q)u|2 dzdt + A3 fQ e~ Ttwa) |u(T, x)|2 dx)
+C ()\ Jo e 2T+ D) |1y (T, )| do + A e 2D 19 u? |w - v(z)] da(m)dt)

holds true for A > A3 with C depending only on Q, T and M.

Proof. Since the proof of this result is similar for ¢ € LP*(Q) or g € L>(0,T; LP?
(€©)), we assume without loss of generality that ¢ € LP*(Q). Note first that for
q =0, (4.11) follows from [37, Theorem 3.1]. On the other hand, we have

He_’\(H_w'w) |(3t2 - Az + Q)u”

L2(Q)
> ef)\(t+w-z) 82 — A ’ efA(ter-m) U‘
- 0 = Azl L2(Q) 2
and by the Holder inequality we deduce that
—A(t4w-z) 82 —A ’
He |0 = Aa + 0], o)
> He—Q)\(t—i-w‘a:) 82 —Au ‘ _ He—)\(t-i-ww)u‘
> |( t ) | L2(Q) ||‘1||Lm(Q) Lrs(Q)
with p3 = 1)21%12. Now fix s := "p—tl € (0,1) and notice that
i ~n+1-—2s
p3 2(n+1)°

Thus, by the Sobolev embedding theorem, we have

He—)\(t+w'r)u‘

<C He—)\(t+w'r)uH
Lr3(Q)

and by interpolation we deduce that

H#(Q)

He—)\(t-ﬁwz)ul

LP3(Q)
S C He_k(t-‘rw"m)uH
H#(Q)

s 1—-s

< C "e—)\(t+w~m)u

He—)\(t-f—w-z)u

HY(Q)

s
<C (/ e D () 410w — Ml + [Vapu — )\uw\zdxdt) Heﬂ(”“'z)u
Q

L2(Q)
1-s

L2(Q)

5
<C (/ e AT (21012 4 |Bpul? + |un|2dxdt) He_’\(Hw'm)U‘
Q

1-s
L2(Q)

-

2

<conl (/ 672A(t+mz)()\2‘u|2 + 10eul? + |Vzu|2dxdt)
Q
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On the other hand, in view of [37, Theorem 3.1], there exists A5 > 1 such that, for
A > )5, we have

[ PR + 0P+ (e

Q

<c (/ 6_2>\(t+w.w) |(8152 _ Az)U‘Qd(Edt + )\3/ 6—2/\(T+w»:v) |u(T, x)|2 d$)
Q Q

n C)\/ e~ T+wn) |7 (T, 2) | da
Q

+CA e 29 D) 15wl |w - v(x)| do(z)dt.

o

Thus, we get

/ e 2\ (tHw-z) ’@tz A, +q)u|2dxdt+)\3/ e~ 2M(T+w-x) \u(T,m)|2dx
Q Q

+A / e~ MTHwn) |7 (T, )| do + N / e~ D) 15y w - v(z)| do(z)dt
Q

—w

1
> 5/ e 2A(tHwz) (07 — Am)u|2 dzdt + )\3/ e AT+ 2) |(T, )| de
Q Q

+ )\/ e~ THe2) |17 (T, 2)? dx + )\/ e~ 22 19w |w - v(z)| do(x)dt
Q

Y w

s— — w-T 2
— gl ) A2V /Q A (@2~ AVl duds
—I—)\3/ e~ A THw2) |7 )| dx)
Q

= Clllin g W6 (A [ TR V(1) da

Y e~ 2 m) 15 4 w - ()| do(x)dt).
S,

Therefore, fixing A sufficiently large and applying [37, Theorem 3.1] witha=¢ =0
we deduce (4.11). O
Remark 1. Note that, by density, (4.11) remains true for u € C*([0, T]; L2(2)) N
C([0,T]; HY(£2)) satisfying (4.10), (07 — Az)u € L*(Q) and d,u € L*(X).

4.3. Completion of the proof of Theorem 1.2. This subsection is devoted to
the proof of Theorem 1.2. From now on, we set ¢ = g2 — ¢; on Q and we assume
that ¢ = 0 on R1™"\ Q. For all § € S*~! and all r > 0, we set

0Ny, g={2€d: v(x)-0>r}, 0N_,g={x€dQ: v(zx) -§<r}

and Xy .9 = (0,7) x 0Q4 ;9. We set £ > 0 such that for all w € {§ € S"~! :
|0—wo| < e} wehave dQ_ ., C V'. Let A > Az and fixw € {# € S ! : |§—wy| < e}
Applying Proposition 4, we define

ui(t,x) = e M) (T Ly (¢,2)), (L) € Q,

where u; € HY(Q) satisfies 0?u; — Agzui +qrup =0, €+ (1, —w) = 0 and w; satisfies
(4.3) for j = 1. Moreover, from Proposition 5, we fix us € H'(Q) a solution of
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02uy — Agus + gaug = 0, taking the form
us(t, x) = MO (1 4wy (t, ), (t,z) € Q,
where w9 satisfies (4.3) for j = 2. In light of Proposition 2, the IBVP

(412) { a1&221 - Arzl + qi1z1 = 0 in Qa
ToR1 =— ToUu2.

admits a unique weak solution z; € Ho(Q). Choosing u = z; — ug, we deduce that
u solves

Ofu — Agu+ qru= (g2 — q)uz in Q,
(4.13) u(0,2) = pu(0,z) =0 on €,

u=0 on X.
Since ug € H'(Q), by the Sobolev embedding theorem we have (g2 —q1)us € L*(Q).
Hence, again using Proposition 1 gives that u € C([0, T]; H} (2))NC ([0, T); L?(£2)).
Therefore, we have u € K(Q) N Hg(Q). Combining this with the fact that u; €
HY(Q) N Ho(Q), we obtain

(Opu, =V ), (Spur, —Vyur) € Haw(Q) = {F € L*(Q;C") : divy .\ F € L*(Q)}.

Now, according to [32, Lemma 2.2], we can multiply u; to the equation in (3.20)
and apply Green formula to get
(4.14)

/ (g2 — q1)uouy dadt
Q

= ((O¢u, —Vu) - k,uqg) ((Bpu1, —Vzur) - k,u)

H™2(0Q),H2 (0Q) H™2(0Q),H (0Q)
where k is the outward unite normal vector to Q. On the other hand, we have
Ujp—o = Osup—o = ujx = 0 and condition (1.5) implies that uj;—7 = d,u)y = 0. In
addition, in view of [41, Theorem 2.1], we have d,u € L?(¥). Combining this with
the fact that u € C*([0,T]; L*(Q)) and w; € HY(Q) C H'(0,T; L?(f2)), we obtain

(4.15) /quzuld:cdt:— 8yuu1d0(x)dt+/ Owu(T, x)uy (T, x)dx.
Q Z\V Q

Applying the decay (4.3), the Carleman estimate (4.11) and the fact that uj,—p =
8VU|E—,w =0, aQ+,e,w C OQ-{-,UJ, we obtain

2 2
‘/ quourdzdt] < e 1CXT! (/ ’e*A(H“"I)un’ dxdt)
Q Q

<etoat (/ lg(1 + wa)|? dxdt) ,
Q

with C' > 0 a constant independent of A. On the other hand, in a similar way
to Lemma 4.2, an application of the Holder inequality and the Sobolev embedding
theorem yields

(4.16)

1+ ws)[* dzdt < C||q|?, 1+ ws)|? »
a1+ 4l iy I3+ w2) g

2
<C ”qHLP(Q) (1+ ||w2||H1(Q))2'
Combining this with (4.3) and (4.16), we obtain

/ quaudxdt
Q
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It follows

(4.17) lim quaurdxdt = 0.
Q

A—~+o00

Moreover, (4.1)-(4.3) imply
/unuldmdt:/ q(t,x)e*ig'(t’w)dxdt—i—/ Wi (t, x)dxdt,
Q R1+n Q

with
/ |W(t, )|dedt < CA7L.
Q

From this estimate and (4.17) we deduce that, for all w € {y € S"~1 : |y —wp| < €}
and all ¢ € (1,—w)t = {¢ € R™ : (. (1,—w) = 0}, we have F(q)(¢) = 0.
Combining this with the fact that F(q) is a complex valued real-analytic function,
we deduce that ¢ = 0. Therefore, we have g1 = ¢2 and the proof of Theorem 1.2 is
completed.

5. Proof of Theorem 1.3. Let us first remark that, in contrast to Theorem 1.1,
in Theorem 1.2 we do not restrict the data to solutions of (1.1) satisfying uj;—o = 0.
In this section we will show Theorem 1.3 by combining the restriction on the bottom
t =0, the top t =T of @ stated in Theorem 1.1 with the restriction on the lateral
boundary ¥ stated in Theorem 1.2. From now on, we fix ¢1,¢2 € L*>(0,T; LP(Q)),
p > n, and we will show that condition (1.6) implies ¢g; = ¢o. For this purpose
we still consider exponentially growing and decaying GO solutions close to those of
the previous subsection, but this time we need to take into account the constraint
u2(0, ) = 0 required in Theorem 1.3. For this purpose, we will consider a different
construction compared to the one of the previous section which will follow from a
Carleman estimate in negative order Sobolev space only with respect to the space
variable.

5.1. Carleman estimate in negative Sobolev space for Theorem 1.3. In
this subsection we will derive a Carleman estimate in negative order Sobolev space
which will be one of the main tools for the construction of exponentially growing
solutions ug of (3.1) taking the form

(5.1) us(t,) = XL w8, @) — AT,

with the restriction 7gouz = 0 (recall that for v € C*(Q), To2v = Vj4=0). In a
similar way to the previous section, for all m € R, we introduce the space H{*(R")
given by

HY'(R") == {ue S'(R"): (&> +2*)%ae L2(R")},
with the norm

2m L= 2 )\2 m| s 2d .
e 2= [ (P + 33 a(e) P

In order to construct solutions ug of the form (5.1) and satisfying 7o ous = 0 we
consider the following.

Theorem 5.1. There exists Ny > 0 such that for A > X, and v € C*([0,T];C5°(12))
satisfying

(5.2) o(T,z) = (T, x) =v(0,2) =0, x€R",
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we have

(5.3) HU”Lz((o,T)an) < C[Py—xv+ Q2U||L2(0,T;H;1(Rn))’
with C' > 0 independent of v and \.

In order to prove this theorem, we start by recalling the following intermediate
tools. For m € R and ¢ € R™, we fix

(€2 = (I + %)=
and we denote by (D,, \)"™ u the operator
(Dy, V" uw=F (&, )™ Fu).
We recall also the class of symbols of order m € R given by
Sy = {ex € CO(R" x R™) : |0200ex(2,€)| < Cap (6N, 0,8 € N}

In view [27, Theorem 18.1.6], for any m € R and ¢, € SY', we fix cx(z, D,), with
D, = —iV,, defined by

_n

ex(z, Dy)u(z) := (2m) ™2 /n ex(, €)a(€)e ™€ de.

For any m € R, we introduce OpSY* := {cA(z,D;) : cx € SV} and for m = —oo
we set

OpS5 > = (1) OpSy".
meR
Now let us consider the following intermediate result.

Lemma 5.2. There exists Ny > 0 such that for X > X and for all v € C%([0,T];Cs°
(Q)) satisfying (5.2), we have

(5.4) HU||L2(0,T;H;(Rn)) <C|F ,*)\UHL?((O,T)XR"))’
with C' > 0 independent of v and .

Proof. Consider w(t,z) = v(T — t,x) and note that according to (5.2), we have
w € C%([0,T];C5°(£)) and

w(0,z) = dyw(0,z) = w(T,x2) =0, z€R™
Therefore, in a similar way to the proof of [36, Lemma 4.1], one can check that

(5.5) /|P,M,Aw|2dxdt2/ \Dw|2dxdt+cA2/ |w|*dxdt,
Q Q Q

with ¢ > 0 independent of w and A. Now, recalling that w solves

2w — Ayw =0w, (t,z) € Q,
w(0,z) =0, Jww(0,z) =0, x e
w(t,z) =0 (t,z) €,

we deduce that

/ |V, w|*dzdt < C/ |Ow|*dxdt,
Q Q
where C' depends only on T and Q. Combining this with (5.5), we obtain
2
wllZ2 0,71 @) < C/Q | P w|*dzdt.

Using the fact that P_, xw(t,z) = P, _xv(T —t,z), we deduce (5.4). O
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Armed with this Carleman estimate, we are now in position of completing the
proof of Theorem 5.1.

Proof of Theorem 5.1. Let v € C2([0,T1; C5°(2)) satisfy (5.2), consider Q;, j = 1,2,
two bounded open smooth domains of R™ such that @ C Qi, Q1 C Qs and let
¥ € Cg°(Q2) be such that 1 = 1 on a neighborhood of Q;. We consider w €
C2([0, T}; C°()) given by

’U)(t, ) = 1/1 <Dz7 >‘>71 ’U(t, )
and we remark that w satisfies
(5.6) w(T,z) = w(T,z) =w(0,2) =0, zeR".

Now let us consider the quantity (D, A)™" P, _» (D, X\)w. Note first that

-1
1P 3 (D NVl o iz gy = [P )™ Pr o (D N

L2((0,T)xR")
Moreover, it is clear that
(Do, \) ! Py ox (D, A) = Py .

Therefore, we have

[P, <Dw7)‘>w”L2(0,T;H;1(Rn)) = 1P, 2wl 20,7y xrm)
and, since w satisfies (5.6), combining this with (5.4) we deduce that
(5.7) ||wHL2(0,T;H;(R")) S COllPo,-x (Da, A) w||L2(0,T;H§1(R")) )
On the other hand, fixing ¥ € C§°(2;) satisfying ¥; = 1 on Q, we get

w(t,") = (Dg, N (t, ) + (¥ — 1) (Dy, A) " hyot, )

and, combining this with (5.7), we deduce that
(5.8)
101l 22 (0, 7) xRem)

= (Dg, At
H< B A L2(0,T;HL (R™))

-1
< ol rmyaen + |06 = 1) (Da ) e L2(0.3H ()
< CPuror (Do N Wl oo oy + [ (0 = 1) (D 7 0]

L2(O,T;Hi (R™))
< CllPo-xvll 20,1152 )

i) HP (D, \) (¢ — 1) (D, N) W‘
+[|@=1 e e

L2(0,T;H ' (R™))

L2(0,T;HE (R™))

Moreover, since (¢ — 1) = 0 on neighborhood of supp(¢1), in view of [27, Theorem
18.1.8], we have (¢ — 1) (Dy, A) "4y € OpSy >°. In the same way, [27, Theorem
18.1.8] implies that

Fo,-x (Dz, A) (¢ = 1) (Dq, )‘>_1 U € OpS}TOO
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and we deduce that

C HP Ca(Da ) (0 — 1) (DI,A>_17,Z;1U’
| @ = 1 Da, N v

llvll 2 0,T) xR™
< (()\2’ )XR™)

L2(0,T;Hy M (R™))

L2(0,T;Hy ' (R™))

Combining this estimate with (5.8) and choosing A sufficiently large, we find (5.3)
for go = 0. Then, we deduce (5.3) for g2 # 0 by applying arguments similar to
Lemma 4.2. 0
Applying the Carleman estimate (5.3), we can now build solutions ug of the form
(5.1) and satistying 79 2u2 = 0 in order to complete the proof of Theorem 1.3.

5.2. Completion of the proof of Theorem 1.3. We start by proving exis-
tence of a solution uy € L%(0,T; H(Q2)) of the form (5.1) with the term wq €
L2(0,T; HY(Q)) N e~ +=@) 0o (Q), satisfying

(5.9) Hw2||L2(O,T;H1(Q)) +A HwQHLz(Q) <G,

(510) 7'072102 = 0
This result can be stated in the following way.

Proposition 6. There exists Ao > A1 such that for X > Ay we can find a solution
ug € L2(0,T; HY(Q)) of Oug + qeua = 0 in Q taking the form (5.1) with wy €
L2(0,T; HY(Q)) N e MHe@) Hy (Q) satisfying (5.9)-(5.10).

Proof. We need to consider we € L?(0,T; H'(2)) a solution of
(5.11)
Pkawg + qows = 767)\(t+x'w)(|] + q2)(e)\(t+gg-w) . e)\(ftjtrw)) _ *Q2(1 _ 672)\15),

satisfying (5.9)-(5.10). Note that here, we use (5.11) and the fact that P, yws =
e AtHTw)TeA(tH+2-w) )y in order to prove that wy € e~ 2w o (Q) and we define
To,2W2 by To w2 = e*M'“TO’QeA(t”'W)wQ. We will construct such a function ws by
applying estimate (5.3). From now on, we fix A2 = A\J. Applying the Carleman
estimate (5.3), we consider the linear form M on

T={P, zv+qu: veC*0,T];C(Q)) satisfying (5.2)},
by

M(P, v+ qu) = f/ vga(1 — e MYdadt, veT.
Q
In view of (5.3), we have

|M(Pw,—>\v + q1v)| <C ||q2||L2(Q) ||Pw,—>\v + Q1’U”L2(O,T;H;1(R") , v€ETL,

with C' > 0 independent of X\ and v. Applying the Hahn Banach theorem we can
extend M to a continuous linear form on L2(0,T; H; ' (R™)) still denoted by M
and satisfying [ M| < C'llgz]|2(g)- Thus, we can find wy € L*(0,T; H}(R")) such
that

<ga w2>L2(O,T;H;1(R”),L%O,T;Hi(R”)) = /\/l(g), RS L2(O7 T; H;l(Rn)

Choosing g = P, _ v + ¢g2v with v € C§°(Q), we deduce that ws is a solution of
Pyws + gawy = —ga2(1 — e2*) in Q. In addition, taking g = P, _\v + quv, with
v € Z and v arbitrary, proves that (5.10) is fulfilled. Finally, using the fact
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that HU}Q”L?(O,T;H}\(R")) < M| < Cllall 2y proves that ws fulfills (5.9) which
completes the proof of the proposition. O

Using this proposition, we are now in position to complete the proof of Theorem
1.3.
Proof of Theorem 1.3. Let us remark that since Lemma 4.2 and Theorem 4.3
are valid when g € L*(0,T; LP(2)) one can easily extend Proposition 4 to the
case q1 € L>®(0,T; LP(Q2)). Therefore, in the context of this section, Proposition
4 holds true. Combining Proposition 4 with Proposition 6, we deduce existence
of a solution u; € HY(Q) of Ouy + qru; = 0 in Q taking the form (4.1), with
wy € HY(Q) satisfying (4.3) for j = 1, as well as the existence of a solution uy €
L2(0,T; HY(Q)) of Quz + gous = 0 in @, 7o2us = 0, taking the form (5.1) with
the term wy € L?(0,T; H'(Q)) satisfying (5.9). Repeating the arguments of the
end of the proof of Theorem 1.2 (see Subsection 4.4), we can deduce the following
orthogonality identity

(5.12) lim quiugdadt = 0.

Moreover, one can check that

/qu1u2dxdt:/ q(t,x)efié'(t’z)dxdth/ Y\ (t, x)dxdt,
Q Ri+m Q

with
Ya(t,z) = q[e_i(t’”’)'gwg +wy + wiwy — e e he)E 6_2’\tw1].

Combining (4.3), (5.9) with the fact that

1

. +oo 2 1
|ttt fer e 0 st < gt (e ) < oah,
0
we deduce that

lim / Ya(t, z)dzdt = 0.
Combining this asymptotic property with (5.12), we can conclude in a similar way

to Theorem 1.2 that ¢; = qo. O
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