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INVERSE MOVING SOURCE PROBLEMS IN ELECTRODYNAMICS

GUANGHUI HU, YAVAR KIAN, PEIJUN LI, AND YUE ZHAO

ABSTRACT. This paper is concerned with the uniqueness on two inverse moving source problems in electrody-
namics with partial boundary data. We show that (1) if the temporal source functionis'compactly supported, then
the spatial source profile function or the orbit function can be uniquely determified by the tangential trace of the
electric field measured on part of a sphere; (2) if the temporal function is given by.a'Dirac distribution, then the
impulsive time point and the source location can be uniquely determined atfour receivers.on a sphere.

1. INTRODUCTION

Consider the time-dependent Maxwell equations in a homogeneous medium:
wo H (x,t) +V x E(x,t) =0, e0E(x,t)—V x H(&yt) = —oB+ F(x,t), ®eR3 ¢t>0, (1.1)

where E and H are the electric and magnetic fields, respectively;, the source function F' is known as the
electric current density, € and p are the dielectric permittivity and ‘the magnetic permeability, respectively,
and o is the electric conductivity and is assumed.to be zero. Since the medium is homogeneous, we assume,
without loss of generality, thate = = 1.

Eliminating the magnetic field H from (1.1), we obtain the Maxwell system for the electric field E:

OE(x,t) +V x (V x B(x, 1)) = F(x,t) =: F(x,t), xecR3 t>0, (1.2)
which is supplemented by the homogeneous initial conditions
E(z,0) = 0,B(x,0) =0, zcR>3. (1.3)

The electrodynamic field is assumed to be.excited by a moving point source radiating over a finite time period.
Specifically, the source function F/is assumed. to be given in the following form

W F(ait) = (@ — a(t) o(1),
where J : R? — R3 is the sourcé profile function, g : R, — R the temporal function, and a : R, —
R is the orbit function of thexmoving source. Hence the source term is assumed to be a product of the
spatially moving source function J(&=a(t)) and the temporal function g(¢). Physically, the spatially moving
source function can be_thought as,an approximation of a pulsed signal which is transmitted by a moving
antenna, whereas the' temporal function is usually used to model the evolution of source magnitude in time.
Throughout, we make the following assumptions:

(1) The profilefunction<J () is compactly supported in B, := {z : |z| < R} for some R > 0;

(2) The source fadiates only over a finite time period [0, 7] for some T > 0, i.e., g(t) = 0 for t > Ty
and t <.0;

(3) The source moves in a bounded domain, i.e.,

a(t)| < Ry forallt € Ry and some Ry > 0.

These assumptions imply that the source term F' is supported in Br x (0,7p) for R > R + Ry. Unless
otherwise stated, we take T := Ty + R+ Ry + Rand set ' := {& € R® : |¢| = R}. Denote by v the unit
normal vector on I'r and let I' C I'r be an open subset with a positive Lebesgue measure.

In this work, we study the inverse moving source problems of determining the profile function J () and
the orbit function a(t) from boundary measurements of the tangential trace of the electric field over a finite
time interval, E(x,t) X v|py(o7). Specifically, we consider the following two inverse problems:

(i) TP1. Assume that a(t) is known, the inverse problem is to determine J from the measurement
E(z,t)xv,x et (0,T).



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - 1P-102061.R1

2 GUANGHUI HU, YAVAR KIAN, PEIJUN LI, AND YUE ZHAO

(ii) IP2. Assume that .J is a known vector function, the inverse problem is to determine a(t), ' €0, Tp)
from the measurement E(x,t) x v,z € I',t € (0, 7).

The IP1 is a linear inverse source problem, whereas the IP2 is a nonlinear inverse soutce problem. The
inverse source problems arise from many scientific and industrial areas such as antenna design and synthesis,
biomedical imaging, and photo-acoustic tomography [2]. The time-dependent inverse source problems have
attracted considerable attention [3,11, 14,15, 19,20, 25]. However, the inverse moving source,problems are
rarely studied for the wave propagation. We refer to [8] on the inverse moving source problems by using the
time-reversal method and to [21,22] for the inverse problems of moving obstacles.” Numerical methods can
be found in [16,18,24] to identify the orbit of a moving acoustic point source. To the best of our knowledge,
the uniqueness result is not available for the inverse moving source problem,which is the focuse of this paper.

Recently, a Fourier method was proposed for solving inverse sourceg problems for the time-dependent
Lamé system [4] and the Maxwell system [9], where the source term is assumed to be the product of a spatial
function and a temporal function. These work were motivated by the studies on thetmiqueness and increasing
stability in recovering compactly supported source terms with multiple frequency data [5-7,12,13,26,26]. It
is known that there is no uniqueness for the inverse source problemsiwith a single frequency data due to the
existence of non-radiating sources [1,23]. In [4, 9], the idea was to use the Fourier transform and combine
with Huygens’ principle to reduce the time-dependent inverse problem into an inverse problem in the Fourier
domain with multi-frequency data. The idea was further exténded in [10] to handle the time-dependent source
problems in elastodynamics where the uniqueness and stability were studied.

In this paper, we use partial boundary measurements/of dynamical’ Dirichlet data over a finite time interval
to recover either the source profile function or the orbit function. In Sections 3 and 4.2, we show that the ideas
of [4,9] and [10] can be used to recover the source profile function as well as the moving trajectory which lies
on a flat surface. For general moving orbit functions, we.apply the moment theory to deduce the uniqueness
under a priori assumptions on the path of the movingsourcey see Section 4.1. When the compactly supported
temporal function shrinks to a Dirac distribution;we show in Section 5 that the data measured at four discrete
receivers on a sphere is sufficient to uniquely determine the impulsive time point and to the source location.
This work is a nontrivial extension,of the Fourier approach from recovering the spatial sources to recovering
the orbit functions. The latter is nonlinear and more difficult to handle.

The rest of the paper is organized.as follows. In Section 2, we present some preliminary results concerning
the regularity and well-posedness [of the directyproblem. Sections 3 and 4 are devoted to the uniqueness of
IP1 and IP2, respectively. In Section\S, we show the uniqueness to recover a Dirac distribution of the source
function by using a finite number of receivers.

2. THE DIRECT PROBLEM

In addition to those assumptions given in the previous section, we give some additional conditions on the
source functions:

J e H*R?), divJ=0inR* g¢gecC'(R,), acC'Ry).

It follows from [1] that/any source function can be decomposed into a sum of radiating and non-radiating
parts. The non-radiating part cannot be determined and gives rise to the non-uniqueness issue. By the
divergence-free condition of J, we eliminate non-radiating sources in order to ensure the uniqueness of the
inverse.problem. Since the source term J has a compact support in B x (0,7"), we may show the following
result by Huygens’ principle.

Lemma 2.1 It holds that E(x,t) = 0 for all x € Bg,t > T.

The proof of Lemma 2.1 is similar to that of Lemma 2.1 in [9]. It states that the electric field E over
Bpr, must vanish after time 7'. This property of the electric field plays an important role in the mathematical
Justification of the Fourier approach.

Page 2 of 16
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Noting V - J = 0, taking the divergence on both sides of (1.2), and using the initial conditions (1.3), we
have
D2(V-E(xz,t) =0, zcR3 t>0
and
V- E(x,0) =0,V - E(x,0)) =0.
Therefore, V - E(x,t) = 0 for all x € R3 and ¢ > 0. In view of the identify V x Vx = <A + VV, we
obtain from (1.2)—(1.3) that

O?E(x,t) — AE(z,t) = J(z — a(t))g(t), xcR3, t>0, @.1)
E(z,0) = 0,E(x,0) = 0, x aR?. '

~
We briefly introduce some notation on functional spaces with the time variable. Given the Banach space
X with norm || - || x, the space C'([0,T]; X') consists of all continuous,functions/f : [0,7] — X with the
norm

Y = t4 .
1o = mase 1t

The Sobolev space W™P(0,T; X), where both m and p are/positive.integers such that 1 < m < oo,1 <
p < oo, comprises all functions f € L?(0,T; X) such that 8ff, k =0,1,2,--- ,m exist in the weak sense
and belong to LP(0,T"; X'). The norm of W™P(0,T; X) isigiven by

T m v 1/p
[ fllwmromx) 7 </O > Jlor ft, -)H’%) :
k=0

Denote H™ = W2,
Now we state the regularity of the solution for the\initial value problem (2.1). The proof follows similar
arguments to the proof of Lemma 2.3 in [9] by taking p = 2.

Lemma 2.2. The initial value problem (2.1) admits. a unique solution
EcC0,T; H¥R*)> N H™(0,T; H* "1 (R))3, 7=1,2,
which satisfies

| B o,y 3 @8 ML Mt - (0,7 12— +1 (r3))3 < Cllgllz20,m) 1T | 52 (r3)3

where C' is a positive constant depending on R.

Applying the Sobolev embeddingtheorem, it follows from Lemma 2.2 that
Be ©((0,T]; H*(R?)? N C' ([0, T]; H'(R?))°.
Denote by I the,3-by-3 identity matrix and by H the Heaviside step function. Recall the Green tensor
G(z, t) to the Maxwell.system (see e.g., [9])
1

G(z,t) = prp

(o) = 0= VY (= H | —1)),

which satisfies
PG (x,t) + V x (V x G(x,t)) = —6(t)6(x) T
with the homogeneous initial conditions:
G(x,0) = 0,G(x,0) =0, |x|#0.

Taking the Fourier transform of G(x, t) with respect to the time variable yields

A~

G(x, k) = (g(m, k) + %VVTQ(J:, n)), (2.2)
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which is known as the Green tensor to the reduced time-harmonic Maxwell system with the wavenumber «.
Here g is the fundamental solution of the three-dimensional Helmholtz equation and is given/by

1 el
g(x, k) = yrp
It is clearly to verify that @(x, k) satisfies
V x (VxG)—r’G=06(x), =cR3 |z|£0.

3. DETERMINATION OF THE SOURCE PROFILE FUNCTION

In this section we consider IP1. Below we state the uniqueness result. The idea of the proof is to adopt the
Fourier approach of [9] to the case of a moving point source.

Theorem 3.1. Suppose that the orbit function a is given and that fOT Yg(t)dt #£0. Then the source profile
function J(x) can be uniquely determined by the partial data set {E(x,t) Xw,: x € I';t € (0,T)}.

Proof. Assume that there are two functions J; and J5 which satisfy
{agEl(w,t) FV X (VxE(z,t) = Ji(m—-a(t) gll)y, xcR3 t>0,
E(z,0) = 0;E1(x,0) = 0, x € R3,
and 4
{azEz(m,t) +V x (V x Es(zft) = Jo(®— alt)) g(t), =xecR3 t>0,
Ey(z,0) = 8;E5(x,0) = 0, z € R3.

It suffices to show J1(x) = Jo(x) in Brif Eq(x,t)x v = Es(x,t) x viorallz € I',t € (0,T).
Let E = E — E5 and

fa,t) = Ji(x —aft)) g(t) — J2(z — a(t)) g(t).
Then we have
O?E(z,t) +V x (Vox E(z,t)) = f(x, ), xeR3 t>0,
E(x,0) = OpE(x,0) = 0, x € R3,
E(z,t)% v =0, xel, >0

Denote by E(x, x) the Fourier tdnsform of E(x, t) with respect to the time ¢, i.e.,

B(x, k) = /RE(:E,t)e_i“tdt, x € Bp, k€ RT. 3.1
By Lemma 2.1, the improper integral on the right hand side of (3.1) makes sense and it holds that

E(x, k) = /OTE(:n,t)ei“tdt, x € Bp, k> 0.

Hence

~

E(x,k) xv =0, Vxecl, xR
Taking the Fourier transform of (1.2) with respect to the time ¢, we obtain

T
V x (Vx E)—k’E = / flx,t)e "dt, x e R3. (3.2)
0

Since supp(J) C Bj, and |a(t)| < Ry, it is clear to note that E is analytic with respect to @ in a neighbour-
hoodwofI'r DO I' and E satisfies the Silver—Miiller radiation condition:

lim (V x E) x x —ikrE) =0, r=|z|,
r—00
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for any fixed frequency x > 0. In fact, the radiation condition of E canbe straightforwardly derived from the
expression of E in terms of the Green tensor G(x, t) together with the radiation condition of G(# ). The

details may be found in [9]. Hence, we have E(x, k) x v = 0 on the whole boundary I'g. It follows from
(2.2) that

T
Ba) = [ -y [ fly.0e iy
R3 0

Let E x v and H x v be the tangential trace of the electric and the magnetic fields in the frequency domain,
respectively. In the Fourier domain, there exists a capacity operator 7' : H~Y/?(div, Tg)s~ H~/?(div,T'g)

such that the following transparent boundary condition can be imposed on I'gi(see e.g.,[17]):
~

Hxv=T(Exv) onlg. (3.3)

This implies that Hxvis uniquely determined by E xvonTlg, provided H and E are radiating solutions.
The transparent boundary condition (3.3) can be equivalently written as

(V x E) x v =ixT(E x v)mon L'g. (3.4)

Next we introduce the functions £ and H by

inc

E™(2) = pem® 4 andd H o (w) % g, (3.5)

where d € S? is a un1t Vector and P, q are two unit polarization vectors satisfyingp-d = 0,q = p x d. Itis

easy to verify that E™ and H” satlsfy the homogeneous time-harmonic Maxwell equations in R3:

V x (V x B SR2E™ = 0 (3.6)
and : .
Vx(VxH ™) - *H"™ =0. (3.7)

Let § = —rd with [§] = x € (0,00). We have from (3.5) that E™ = pe € and H" = qe €.
Multiplying both sides of (3.2) by E" and using the integration by parts over Br and (3.6), we have from
E (z,k) x v =0on g and the transparent boundary condition (3.4) that

/ / F(a,t)ext CE™At da
Br

~ inc

_/ x (Vx E)—k’E)-E  da
Br
:/ yx (VxE)-E™ —vx(VxE™). Eds
¥
:—/ (imT(Exy)-Einc—k(E’xu)-(VinnC)> ds
Tr

=0. (3.8)

Hence from (3.8) we obtain

/BR/ pe T . g(t)J1(x — a(t))e mtdtda:—/BR/ pe T g(1) To(x — a(t))e "tdtde.

By Fubini’s theorem, it is easy to obtain

T T
p-Ji(kd) / g(t)ewdal) mintqr — p . Jo(kd) / g(t)e~rdalt) mintqy. (3.9)
0 0
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Taking the limit x — 07 yields

T . i T
lim [ g(t)e "da®eintqs — / g(t)dt > 0.
0

Kk—0 0

Hence, there exist a small positive constant ¢ such that for all x € (0, ),

T
/ g(t)e—imta(t)e—intdt £0,
0
which together with (3.9) implies that
p-Ji(kd) = p- Ja(kd).
Similarly, we may deduce from (3.7) and the integration by parts that
q-Ji(kd) = q- Ja(kd) foralld e S?, r €0, d):
On the other hand, since J;, ¢ = 1,2 is compactly supported in B and V ;J; = 0 in B, we have
) 1 )
/ de . Ji(x)dr = —— Ve "y (x)da
R3

iK Bf?

1 :
= — | e /"®A: J(x)dx = 0.
1K BR

This implies that d - J i(kd) = 0. Since p, q, d are:orthonormal vectors, they form an orthonormal basis in
IR3. It follows from the previous identities that

Ji(kd) = p Jualsd)p +q-Ji(kd)g+d- Ji(kd)d
—p- Jo(kd)p + q- J2(rkd)q + d - Jo(rd)d
=.J,(kd)

for all d € S? and x € (0,8). Noting thatl,, i = 1,2, are analytical functions in R, we obtain J;(£) =
Jo(&) for all £ € R3, which completes the proof by taking the inverse Fourier transform. O

4, DETERMINATION OF MOVING ORBIT FUNCTION

In this section, we assume that the:source profile function J is given. To prove the uniqueness for IP2, we
consider two cases:

Case (i): The orbit {a ()t €0, Tp]} C Br, NR3 is a curve lying in three dimensions;

Case (ii): {a(t)st € [0,Ty]} C Bgr, NII, where II is a plane in three dimensions.

The second case.means that the path of the moving source lies on a bounded flat surface in three dimen-
sions. Cases (i) and (ii) will.be discussed separately in the subsequent two subsections.

4.1. Uniqueness to IP2 in case (i). Before stating the uniqueness result, we need an auxillary lemma.
Lemmad.1. Let fi, fo, g € C[0, L] be functions such that
f{>07fé>07.q>00n [07L]7 f1(0>:f2(0)
In addition, suppose that
L L
| s = [ (s @)
0 0

Jor all integers n = 0,1,2---. Then it holds that f; = fs on [0, L].

Page 6 of 16
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Proof. Without loss of generality we assume that f1(0) = f2(0) = 0. Otherwise, we may ‘consider the
functions s — f;(s) — f;(0) in place of f;. To prove Lemma 4.1, we first show fi(L) = 4f>(L)rand then
apply the moment theory to get f1 = fo.

Assume without loss of generality that f1(L) > fo(L). Write f1(L) = c and supye¢ g, ,)9(®),= M- Since
f1(s) > 0and f1(0) = 0, we have ¢ > 0. Therefore, there exists sufficiently small pesitive numbers € > 0
and 01, 2 > 0 such that

fi(s) > c—d1, fa(s) <c—201, g(s) >0 forall se€[L—2eL— e,
f1(s) > fa(s) forall s e [Lé=2e, L.

Using the above relations, we deduce from (4.1) that
L
0= [ R - Fs)gtas

L L—e
= [T (s)g(s) = f3'(s)g(s)ds + /L f1s)g(s) =2 (s)g(s)ds

L—e¢ —2¢

L—2¢
+A 2(5)g(s) — FE()g(s)ds

—2e

L—e¢ L—2¢
zl ﬁ%M@ﬁ%M@w—A £5(9)9(5)ds

> ¢b [(c )" — (e 251)71} (L Lo2e)M(c - 20,)"

> (c— &))" [652 — (eda + (L'= 2€)M) (cc—_26511)n},

which means that

— 25\
(c— &))" [652 —(eoy+ (L—Qe)M)(c 51) } <0
cC—0
for all integers n = 0,1,2 - - -. However, since % < 1, there exists a sufficiently large integer N > 0 such
that

_ 985\ N
€0y — (652 +- (L — 26)M)<CC (551) > 0.
— 01
N

(c Lo [652  (edy + (L — 26) M) (CC__Z(;?)N} >0,

Then we obtain

which is a contradiction. Therefore, we obtain f1(L) = fa(L).
Denote ¢ = f1(0) =uf2(0)andid = f1(L) = fo(L). Since f; is monotonically increasing, the relation

T = f;(s) implies that s = fj_l(T) forall s € [0, L] and T € [c, d]. Using the change of variables, we get

/L 11(s)g(s)ds = /dT”QO (N (), j =12
0 J c J J ’ re

Hence, it follows from (4.1) that
d d
/ Py = / v, 42)
C C

where + and vrare two Lebesgue measures such that
dp=go (fi '(m)(f ) (r)dr,
dv=go (f5 (M) (f3 ) (r)dr.
By the.Stone—Weierstrass theorem, it is easy to note from (4.2) that diu = dv, which means

go (fi U (1) =go (fa (7)) (f 1) () forall T € [c,d]. 4.3)
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Introduce two functions

) f31()
Fl(T):/O g(s)ds, FQ(T):/O g(s)ds.

Hence, from (4.3) we deduce Fj(7) = F4(r) for 7 € [c, d]. Moreover, since f; *(c) =4fy ' (c) =0, we have
Fi(c) = Fa(c) = 0and then Fy(7) = Fa(r) for T € [¢,d], i.e.,

) £
/ g(s)ds = / g(s)ds. 4.4)
0 0

From (4.4), it is easy to know that f; !(7) = f, () for all 7 € [c,d]. Otherwise, suppose f; *(79) #
f5 *(m0) at some point 79 € [c, d]. Since g(s) > 0 for all s € (0, L), we obtain thata

fi ' (r0) f5(r0)
/0 g(s)ds # /0 o(s) 8

which is a contradiction. Consequently, we obtain f; ' = f,  and'thus f1(s) = fa(s) forall s € [0, L]. The
proof is complete. O

Our uniqueness result for the determination of a is statedfas follows.

Theorem 4.2. Assume that a(0) = O € R3 is located af the originand that each component aj,j=1,2,3
of a satisfies |a;(t)| < 1 fort € [0, Tp]. Then the function a(t),t € [0, To] can be uniquely determined by the
data set {E(z,t) xv:xz €T, te (0,T)}

Proof. Assume that there are two orbit functions'a, and.b such that

O?Eq(x,t) + V x (V X Eq(x,t)) = J(2— a(t))g(t), xcR3 t>0,
Eq(z,0) = 0, E1(x,0) =0, x € R3,

and

Es(z,0) = 0, Eo(z,0) =0, x € R3.

Here we assume that b(0) = O.and{b(t)| < 1 fort € [0,70] and j = 1,2, 3. We need to show a(t) = b(¢)
in (0,7p) if E1(x,t) x v(x)/= Eg(x,t) X vforxz € T',t € (0,T).

For each unit vector d, we can'choose two unit polarization vectors p, q such that p-d = 0,q = p x d.
Letting E = E; — E;"and following$imilar arguments as those of Theorem 3.1, we obtain

{a,%EQ(a,-,t) +V x (Wi Eo(z,t)) = J(z — b(t))g(t), xeR3 t>0,

5 T

p - J(rd) / g(t)ew et gy — p . J(kd) / g(t)e Kdb®) ikt gy 4.5)

0 0
A~ T . . A T . .

q - J(kd) / g(t)e*‘“d'“(t)e*mtdt =q - J(kd) / g(t)eﬂ”d'b(t)eﬂ“tdt, (4.6)

0 0
and
d-J(kd) =0,

whichaneans

J(kd) =p- J(kd)p + q - J(rd)q.
Therefore, since J # 0, for each unit vector d there exists a sequence {; };;O‘f such that lim;_,o x; = 0 and
for each '}, either p - J(k;d) # 0 or q - J(r;d) # 0. Hence from (4.5)-(4.6) we have

T T
/ e—irsda(t) =irst g () gy :/ e~iRsd b0 —iRst ()t = 1,2, (4.7)
0 0

Page 8 of 16
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d-a(t)ef d-a(t)

e~ %' into power series with respect to rj, we write (4.7)as

> Zﬁ’: ) @)

n=0

Expanding e 1%t and e~1Ki

where

T T
an = / (d-a(t)+1)"g(t)dt, Bn:= / (d-b(t) +1)"g(t)dt, w=1,2--
O O

In view of the fact that supp(g) C [0, Tp], we get

To To
o = / (d-a(t) +t)"g(t)dt, B = / (d-b(t) + t)"glt)dt, M=, 2
0 0

Since (4.8) holds for all x; and lim;_,, x; = 0, it is easy to conclude that o, = 3, forn = 0,1,2---.
Choosing d = (1,0, 0), we have
(a1(t) +t) =1+aj(t) >0, (bi(t)+t) =1+b(#). >0,/ a1(0)=b(0).

It follows from «,, = 3, and Lemma 4.1 that a;(t) = by (¢) for ¢ ‘€0, Tp]. Similarly letting d = (0,1,0)
and d = (0,0,1) we have az(t) = ba(t) and a3(t) = bz(t)for t € [0,Tp], respectively, which proves that
a(t) = b(t) for t € [0, Tp]. O

Remark 4.3. In Theorem 4.2, it states that we can only recover the’”unction a(t) over the finite time period
[0, To] because the moving source radiates in this time period, i.e., supp(g) = [0,Ty]|. The information of
a(t) for t > Ty cannot be retrieved. The monotonicity assumption a;- > 0forj =1,2,3 can be replaced by
the following condition: there exist three linearly independent unit directions d;, j = 1,2, 3 such that

ld;-d' @<l t€0,Ty], j=1,2,3.
Note that this condition can always be fulfilled,if the source moves along a straight line with the speed less

than one.

4.2. Uniqueness to IP2 in case (ii).-Forsimplicity of notation, let & = (z1,z2) for x = (21, z2,x3) and
R? = {x € R?: 23 = 0}. Let a(t) € R? forall ¢ € [0, Ty]. In this subsection, we assume that

F(mat) N(i = d(t)) h($3) g(t)> T < R37 le R+7
where J () = (J1(z), J2(2),0) € H2(R?)? depends only on & and h € H2(R), supp(h) C (—R, R)v/2/2.
Moreover, we assume thatth does not vanish identically and
supp(JY@{x € R? : || < RV2/2}, 04 J1(&) + OpyJo(&) = 0.

The temporal function g is defined the same as in the previous sections. The above assumptions imply that we
still have supp(F')'C By, x [0,p] and div F' = 0 in R3. We consider the inhomogeneous Maxwell system

{agE(w,t) YV % (VX E(z,t) = J(& — a(t)) h(zs) g(t), x€R3 t>0, @)

E(#,0) = 0,E(x,0) = 0, x € R3.

Since the equation,(4.9) is a special case of (1.2), the results of Lemmas 2.1 and 2.2 also apply to this case.
For our.inverse problem, it is assumed that J € A is a given source function, where the admissible set

A={J = (J1,J2,0) : J;(0) > J;i(x) for i =1ori=2andall & # 0}.

The x3-dependent function h is also assumed to be given. We point out that these a priori information of J
and h arephysically reasonable, while J and h can be regarded as approximation of the Dirac functions (for
example, Gaussian functions) with respect to & and x3, respectively. Our aim is to recover the unknown orbit
function a(t) € C*([0,Tp])? which has a upper bound |a(t)| < R; for some R; > 0 and for all ¢ € [0, Tp).
LetR> R+ RyandT =Ty + R+ R+ Ry.



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - IP-102061.R1

10 GUANGHUI HU, YAVAR KIAN, PEIJUN LI, AND YUE ZHAO

Below we prove that the tangential trace of the dynamical magnetic field on I'g x (0,T") can be uniquely
determined by that of the electric field. It will be used in the subsequent uniqueness proof withithe data
measured on the whole surface I'g.

Lemma 4.4. Assume that the electric field E € C([0,T); H*(R3))2 N C([0, T]; HY(R3))? satisfies

O?E(x,t) +V x (V x E(z,t)) =0, |x| >R, te€ (0,T),
(x,0) = 0, E(x,0) =0, x € R3.

IfExv=00nTg x(0,T), then (Vx E)xv=00nTg x (0,T).
Proof. Letus assume that E X v = 0onI'g x (0,7") and consider V' defined by

~
V(x,t) /Eccs (z,t) € R® x (0, ).

In view of (4.4) and the fact that E(x,t) x v =0onI'p x (0,7), we find

02V (z,t) + V x (V x V(z,t)) =0, lzp> R, t € (0,7),
V(z,0) = 0,V (x,0) =0, < R3; (4.10)
oV (x,t) x v(z) =0, (x,t) € Tr x (0,T).

We define the energy & associated to V on  := {x € R¥: |@|.> R}
&)= [ (0V(@. P+ V. % Ve )P)ia. te 0.7)
Q
Since E € C([0,T]; H3(R3))3 N C*([0, T); H(R?))3;,we have
V e C([0,T]; H*(R?)? 0 CH([0,2); HHR?))? N C*([0, T; L*(R?))*.
It follows that & € C([0, T]). Moreover, we.get
Et) = 2/ [O2V (ayt) - OV (x, 1) (Ve x V(2,1)) - (Vg x 0;V (x,1))] de.
Q
Integrating by parts in € {2 and applying(4.10), we obtain
£(1) = 25[ 02V + Vi x (Vo x V)] - 0,V (@, ) da
Q

+ 2/ (Ve x V) (vx9V(x,t))ds
= 0. -
This proves that £ is/a constant function. Since
e0) = [ (0 (@0 + 19, x Via.0)P)dz =0,
we deduce £(t) = 0 forall ¢ € [0, T. In particular, we have
/Q |E(x,t)|* da = /Q 0,V (x,t)*dx < E(t) =0, t€][0,T].

This proves, that
E(z,t)=0, |z|>R, te(0,T),
which implies that (V x E) x v =0 on ' x (0,7) and completes the proof. O

In the following lemma, we present a uniqueness result for recovering a from the tangential trace of the
electric field measured on I'g. Our arguments are inspired by a recent uniqueness result [10] to inverse source
ptoblems in elastodynamics. Compared to the uniqueness result of Theorem 4.2, the slow moving assumption
of the source is not required in the following Theorem 4.5.

Page 10 of 16
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Theorem 4.5. Assume that J € A and the non-vanishing function h are both known. Then the function
a(t),t € [0, Ty] can be uniquely determined by the data set { E(x,t) x v :x € T'g,t € (0,T)}.

Proof. Assume that there are two functions @ and b such that

O?Eq(xz,t) + V x (V x E1(z,t)) = J(& — a(t))h(z3)g(t), x € R3 &> 0, @.11)

El(w70):8tE1($70):07 $€R3, '
and

OPEy(x,1) + V % (V x Eo(x,t)) = J(& — b(t))h(x3)g(t), & eR3, >0, “12)

EQ(%, 0) = 8tE2(33,0) =0, & € R3. )

~ ~
It suffices to show that a(t) = b(t) in (0, 1) if E1(x,t) x v = Es(x,t) X vforz € I'r,t € (0,T). Denote
FE = E1 — E2 and

F(@ 1) = J(@—a(t)g(t) — J (& — b(t))gt):
Subtracting (4.11) from (4.12) yields

RE(x,1) +V x (Vx E(z,t)) = f(&)h(x3)9(),, xR t>0, @13)
(x,0) = 0, E(x,0) =0, x € R3. '
Since h does not vanish identically, we can always find/an interval Ay= (a_, a4) C R such that
Rv2/2
/ €>\x3h($3)dl‘3 #£0; VA eA. (4.14)
—Rv2/2

Set H := {(x1,22) : a® < 23 — 2% < a%,21 > 0z >0}, which is an open set in R?. We choose a test
function F'(«, t) of the form

F(ZB, t) b pefinlte—inga-izey/ngfn%mg’
where d = (dy,ds) is a unit vector, p = (pi,pa) is a unit vector orthogonal to d, d := (d,0) € R,
p = (p,0) € R3 and k1, k2 are positive'constants such that (k1, ko) € H. It is easy to verify that
O'F(x,t) %V x (V x F(zx,t)) = 0. (4.15)

Since E(x,t) x v = 0 on I'g, from Bemma 4.4, we also have (V x E(x,t)) x v = 0 on I'g. Consequently,
multiplying both sides of the Maxwell system by F' and using integration by parts over [0, 7] x Bg, we can
obtain from (4.15) that

T
/ f(@.t)h(xg) - F(x,t)dedt
0 Br
_ /T/ (BB.t) + ¥ x (V x Ba.1))) - F(a, dadt
0 Bgr
L /T/ b UV x E(@,1)) - F(m,) — v x (V x F(z,1)) - B(z, )dsdt
0 I'r

= /T/ v x (Vx E(z,t)) - F(x,t) — (E(x,t) xv) - (V x F(x,t))dsdt
0 Jrg

Noteithat in the last step we have used Lemma 4.4. Recalling the definition of F' and f, we obtain from the
previous identity that

Rvaz o
—R\/i/z
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In view of (4.14) and the choice of x1, k2, we get

T ~ o~
p- / / f(@, t)e Mtemim2d2qzdt = 0.
0 JBp

For a vector v(Z,t) € R3, denote by #(£),& € R? the Fourier transform of v with respect to the,variable
(z,t),1.e

(&) = / v(@, t)e €@ dzdt.
R3
Consequently, it holds that
p- f(rod, k1) =0

for all ko > k1 > 0 and |&| =1. ) .
On the other hand, since 0,, J1 + 0, J2 = 0, fixing f = (f1, f2), we have Va* f = 0. Hence,

/ / f 7m1t flnzdmdmdt
/ / .f —mgdmd dt
1/12
Q
_ //Vf Yo 2% 3¢
1/<52

which means d - f(rod, 1) = 0 for all (r1,x2) € H and |d| = 1. Since both d and p are orthonormal
vectors in R2, they form an orthonormal‘basis in R2, Therefore we have

f(kod, k1) = d- flkad, k1)d+p - f(kod, k1)p =0
for all (k1,%2) € H and |d| = 1. Singe. f is analytic in R3 and {(k1, kod) : (k1,%2) € H, |d| = 1} is an
open set in R3, we have f (&) = 0 for all € € R3, which means f(&,t) = 0 and then
Az —alt))g(t) = J (& - b(1))g(1)
for all £ € R? and ¢ > 0. This particularly gives
J(@& —a(t) =J(&—0bt)) forall te(0,Tp), & ecR> (4.16)

Assume that there exists one'time point to € (0,Tp) such that a(ty) # b(to). By choosing & = a(ty) w
deduce from (4.16) that

J(0) = J(a(to) — b(tn)),

which is a contradiction toour assumption that J € A. This finishes the proof of a(t) = b(t) for t €
[0, Tp]. O

Remark 4:6." The proof of Theorem 4.5 does not depend on the Fourier transform of the electromagnetic
field in time, but it requires the data measured on the whole surface I'r. However, the Fourier approach
presented._in the proof of Theorems 3.1 and 4.2 straightforwardly carries over to the proof of Theorem 4.5
without any additional difficulties. Particulary, the result of Theorem 4.5 remain valid with the partial data
{E(x,t) xv:x el CTg,t € (0,7)}

Remark4:7. In the case of the scalar wave equation,

O2u(z,t) +V x (V x u(z,t)) = J(& — a(t)) h(zs) g(t), zeR3 t>0,
u(z,0) = dru(x,0) =0, x € R3,

Page 12 of 16
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where J : R? — R is a scalar function compactly supported on {(x1,z2) € R? : x% + x% < RZ} Then,
following the same arguments as in the proof of Theorem 4.5, one can prove that a(t),t & [0, Tp} can'be
uniquely determined by the data set {u(x,t) :x € I' C I'g,t € (0,7)}.

5. INVERSE MOVING SOURCE PROBLEM FOR A DELTA DISTRIBUTION

As seen in the previous sections, when the temporal function g is supported on' [0, 7], itis possible to
recover the moving orbit function a(t) for ¢ € [0, Tp]. In this section we consider the case where the temporal
function shrinks to the Dirac distribution g(t) = 0(¢ — to) with some unknown time point ¢y > 0. Our aim is
to determine ¢y and a(to) from the electric data at a finite number of measurement points.

Consider the following initial value problem of the time-dependent Maxwell equation

2E(z, 1)+ V x (V x E(m,1)) = —J(z — ()t — th), 'z &R, ¢ >0, 50
(x,0) = 0:E(x,0) =0, xle R3. ’
Since V - J = 0, the electric field E(x) in this case can be expressed as
E(x,t) / G(x —y,t —s)J(y —a(s))d(s < to)dyds
R3
- Awmm—w (12— ] — (¢~ =@ ()3(s — to)dyds
[ L Ve (g e Al = 0) T = a(e)d(s - to)dyas
- Awmm_w&m—m—a—ﬁuw—a@m@—mmmw
[T v s (e tils — v+ 5~ ) Ty — a(s)d(s — to)dyds
- [ el il = =17 — alta)dy. 52

Before stating the main theorem/of this section, we describe the strategy for the choice of four measurement
points (or receivers) on the sphere I' . The geometry is shown in Figure 1. First, we choose arbitrarily three
different points 1, z2, z3 € I'r. Deénoteby P the uniquely determined plane passing through x;, 2 and
x3, and by L the line passing through the origin and perpendicular to P. Obviously the straight line L has
two intersection pointsiwith I'p."Choose one of the intersection points with the longer distance to plane P as
the fourth point 4. If the two intersection points have the same distance to P, we can choose either one of
them as 4. By our choice of @, j'= 1,2, 3, 4, they cannot lie on one side of any plane passing through the
origin, if the plane P determined by x;, j = 1,2, 3 does not pass through the origin.

Theorem 5.1. Letthe measurement positions x; € I'r, j = 1,- -+ ,4 be given as above and let J be specified
as in the introduction part.,\We assume additionally that supp(J) = Bj, and there exists a small constant
8 > 0 such that|Ji(z)| > 0 forall R — 6 < |&| < Randi = 1,2,3. Then both to and a(ty) can be uniquely
determined'by the data'set { E(x;,t):j=1,--- 4, t € (0,T)}, where T =ty + R+ Ry + R.

Proof. Analogously to Lemma 2.1, one can prove that E(x,t) = 0 for all ¢ € Br and t > T'. Taking the
Fougier transform'of E(x,t) in (3.1) with respect to ¢ and making use of the representation of E in (5.2), we
obtain

. (to+lz—yl) q
Blow) = [ ST —alt)dy

. o1
= emto / e — / J(y - a’(tO))dydpa (53)
0 P JT ()
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x1

I'p

Ty ~

FIGURE 1. Geometry of the four measurement,points:

where I'p(z) := {y € R3 : |y — x| = p}. Assume that there are two,orbit functions a and b and two time
points tq and %, such that

{8t2E1(m,t) LV X (VX Ey(z,t) = —J(x Da)st —t)), zcR3 t>0,

E(x,0) = 0,E(x,0) =0, 3 x € R3,

and
O?Ey(x,t) + V x (V x Eg(x,t)) ==J(x =b(t))5(t —1y), x€R3 t>0,
E;(x,0) = 0 Ex(x,0) =0, x e R
We need to prove ¢y = to and a(ty) = b(fs)munder the condition E;(z;,t) = Es(xj,t) for t € [0,7] and

Jj =1,2,3,4. Below we denote by x € I'r one of the' measurement points x; (j = 1,--- ,4). Introduce the
functions F', F,, F'y,: Ry — R as follows:

1
F(p) = p/r,,@) J(y)dy,
1
Bip) 7, / ey,
1 -
Filr) = / vty

Since supp(J) = Bggand by our assumption, each component J;(z) (j = 1,2,3) is either positive or
negative in a small neighborheod of I' 5, we can obtain that

inf{p.€ supp(F)} = |z| - R, sup{p € supp(F)} = |z| + R,
inf{p €' supp(Fa)} = |z — a(to)| — R, sup{p € supp(F,)} = |z — a(to)| + R,
inf{p € supp(Fy)} = |& — b(ip)| — R, sup{p € supp(F})} = |& — b(ip)| + R. (5.4)

Since Ej(x,t) =F2(x,t), t € [0,T] for some point € dBg, from (5.3) we have
ei“tolf'a(/i) = ei"‘folf‘b(n)
for all k > 0, which means
Iﬁa(/ﬁ) = e_i”(to_fo)lﬁb(ﬁ). (5.5)

Recalling the property of the Fourier transform,

o —

Fy(p — (to — 10)) (r) = e 0" By (1),
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we deduce from (5.5) that )
Fb(p_(to_tO)) :Fa(p)7 p€R+'
Particularly,

inf{supp(Fy(- — (to — f0)))} = inf{supp(Fa(-))},
sup{supp(F(- — (to — t9)))} = sup{supp(Fa(-))}.
Therefore, we derive from (5.4) that

which means Dy
|£C — b(£0)| — |$ — a(to)’ == 2?0 — to. (56)
Physically, the right and left hand sides of the above identity represent the difference of the flight time between
x and a(ty), b(tp). Note that the wave speed has been normalized'to.one for simplicity.
Finally, we prove that the identity (5.6) cannot hold simultaneously for our choice of measurement points
xj € TR (j=1,---,4). Obviously, the set {x € R® : |z — b(to)| =& — a(to)| = to — to} represents one
sheet of a hyperboloid. This implies that z; (j = 1,2, 3,4)4hould be located on one half sphere of radius R

excluding the corresponding equator, which is a contradigtion:to our choice of ;. Then we have ¢y = to and
(5.6) then becomes &

|z — b(te)| — |z — a(ty)| = 0.
This implies that @1, @2, X3, 4 should be on the same plane. This is also a contradiction to our choice of

@i, i =1,---,4. Then we have a(ty) = b(to). O

Remark 5.2. If the source term on the right hand.side of (5.1) takes the form
E(z,t) = —J@—a(t)) Y ot —t)),
j=1

with the impulsive time points

<ty <l < tmy, |tj+1—tj|>R.
One can prove that the set {(t;, a(tj\)) 1§ =1,2,--- ,m} can be uniquely determined by {E(xj,t) : j =
1,---,4,t€(0,7)}, where T.=t,, + R+ Ri + R. In fact, for 2 < j < m, one can prove that (t;, a(t;))
can be uniquely determined by {E(aj.t) : j = 1,---,4,t € (Tj-1,T})}, where T; = T;_1 + tj and
Ty =ti+R+ R +R
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