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Abstract

This paper is concerned with inverse source problems for the time-dependent Lamé system
and the recovery of initial data in an unbounded domain corresponding to the exterior of a
bounded cavity or the full space R3. If the time and spatial variables of the source term can
be separated with compact support, we prove that the vector valued spatial source term can be
uniquely determined by boundary Dirichlet data in the exterior of a given cavity. If the cavity
is absent, uniqueness and stability for recovering source terms depending on the time variable
and two spatial variables in the whole space are also obtained using partial Dirichlet boundary
data.
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1 Introduction

1.1 Statement of the problem

Consider the radiation of an elastic source F' outside a cavity D described by the system
p(2)0uU(z,t) = Ly ,U(x,t) + F(t,x), == (z1,22,23) € R*\D, t >0 (1.1)

where p denotes the density, U = (ul,ug,ug)T is the displacement vector, D C R? represents the
region of the cavity and £, ,U stands for the Lamé operator defined by

L3, U = —p(2)V x V x U + (AN(x) + 2u(2))VV - U + (V- U)VA(z) + (VU) + (VU)))Vu(z)(1.2)
Here we assume that
p(x) >po >0, u(x)>p >0 Mz)>0, zeR> (1.3)
Together with the governing equation, we impose the initial conditions
U(z,0) = Vo(z), OU(z,0)=Vi(z), zeR\D, (1.4)
and the traction-free boundary condition on 9D:

TU(z,t) =0, (x,t) € D x RT, (1.5)



where TU is the stress boundary condition defined by (see Section 2). In this paper we
consider the inverse problem of determining the source term F' and the initial conditions V{ and
Vi from knowledge of U on the surface 0B = {x € R3 : |z| = R} with R > 0 sufficiently large.
According to [7, Remark 4.5], even for Vy = V; = 0, there is an obstruction for the recovery of
general time-dependent source terms F'. Facing this obstruction we consider this problem for some
specific type of source terms.

1.2 Motivations

We recall that the Lamé system — is frequently used for the study of linear elasticity and
imaging problems. In this context our inverse problems can be seen as the recovery of an external
force due to the source term F or internal data at the time point t = 0 given by the initial conditions
Vo and V7. The elastodynamic source terms corresponding to the product of a spatial function g and
a temporal function f can be regarded as an approximation of the elastic pulse and are commonly
used in modeling vibration phenomena in seismology and teleseismic inversion [2], 42]. This type of
sources has been also considered in numerous applications in biomedical imaging (see [3| 4] and the
references therein) where our inverse problem can be seen as the recovery of the information provided
by the parameter under consideration. We mention also that the recovery of the initial conditions
Vo and V; are related to problems of thermoacoustic and photoacoustic tomography. More precisely
our problem can be connected to mathematical model of the thermoacoustic tomography (TAT)
procedure where one wants to recover the absorption of a biological object subjected to a short
radiofrequency pulse (see [I] and the references therein for more detail).

1.3 Known results

Inverse source problems have received much attention over the last thirty years. These problems
take different forms and have many applications (environment, imaging, seismology ---) . For an
overview of these problems we refer to [26]. Among the different arguments considered for solving
these problems we can mention the approach based on applications of Carleman estimates arising
from the work of [14] (see also |33}, 34]). This approach has been applied successfully to hyperbolic
equations by [47] in order to extend his previous work [46] to a wider class of source terms. More
precisely, in [47] the author considered the recovery of source terms of the form f(z)G(z,t), where G
is known, while in [46] the analysis of the author is restricted to source terms of the form o(t)f(z),
with o known. More recently, the approach of [47] has been extended by [29] to hyperbolic equations
with time-dependent second order coefficients and to less regular coefficients by [48]. We mention
also the work of [16], B2] using similar approach for inverse source problems stated for parabolic
equations and the result of [43] proved by a combination of geometrical arguments and Carleman
estimates. Concerning Lamé system we refer to [22] where a uniqueness result has been stated
for the recovery of time-independent source terms by mean of suitable Carleman estimate and we
mention also the work of [24] 25] 28] dealing with related problems as well as [I0] where an inverse
source problem for Biot’s equations has been considered. We refer also to the recent work [7] where
the recovery of a time-independent source term appearing in the Lamé system in all space has been
proved from measurements outside the support of the source under consideration as well as the
work of [I3] dealing with this inverse source problem for fractional diffusion equations.

In all the above mentioned results the authors considered the recovery of time independent source
terms. For the recovery of a source depending only on the time variable we refer to [19] where such
problems have been considered for fractional diffusion equations, and for the recovery of some class



of sources depending on both space and time variables appearing in a parabolic equation on the half
space, we refer to [26, Section 6.3]. For hyperbolic equations, we refer to [12} [41] where the recovery
of some specific time-dependent source terms has been considered. For Lamé systems, [7, Theorem
4.2] seems to be the only result available in the mathematical literature where such a problem has
been addressed for time-dependent source terms. The result of |7, Theorem 4.2] is stated with
source terms depending only on the time variable. To our best knowledge, except the result of [12],
dealing with the recovery of discrete in time sources, and the result of the present paper, there is
no result in the mathematical literature treating the recovery of a source term depending on both
space and time variables appearing in hyperbolic equations.

Finally, for the recovery of initial data, without being exhaustive, we refer to the work of [1, 20]
where the recovery of initial conditions has been considered in the context of the TAT procedure.

1.4 Main results

In the present paper we consider three inverse problems related to the recovery of the source term
F and the initial conditions Vj and V;. First we assume that the cavity D # ) is a domain with c3
boundary 4D, with connected exterior R®\ D, and we consider source terms of the form

F(z,t) = f(t)g(z), = €R3\D, te (0,+00), (1.6)

with f a real valued function and g = (g1, g2,93) " : R3\D — R3 a vector valued function. Let
Bpr := {z : |z] < R} be the ball of radius R > 0 centered at the origin. Choose R > 0 sufficiently
large such that D C Bg. Throughout the paper, it is supposed that the density p € C?(R?) and the
Lamé coefficients u € C3(R3), A € C?(R?) are constant outside some compact set of R3. We assume
that Br contains the support of g, Vp and Vi (that is, Supp(g) U Supp(Vp) U Supp(V1) C Bg),
f € L*0,7T), Supp(f) C [0,T], g € L>(R3\ D)3, Vo € HY(R3\ D)3 and V; € L2(R?\ D)3. Then,
the problem — admits a unique solution

U € CH[0,+00); L2(R3\ D)3 NC([0,400); HL(R3\ D))3.

The proof of this result can be carried out by combining the elliptic regularity properties of Ly ,
(see e.g., [39, Chapters 4 and 10| and [2I, Chapter 5|) with [36] Theorem 8.1, Chapter 3| and |30,
Theorem 8.2, Chapter 3] (see also the beginning of Sections 4.1 and 4.2 for more detail). Our first
two inverse problems in the exterior of the cavity can be stated as follows.

Inverse Problem 1 (IP1): Assume that Vj = V4 = 0 and f, D are both known in advance.
Determine the spatially dependent function g from the radiated field U measured on the surface
0B R X RT.

Inverse Problem 2 (IP2): Assume that g = 0, D is known in advance. Determine simultaneously

the spatially dependent functions Vg and V; from the radiated field U measured on the surface
aBR x RT.

Obviously, (IP1) is an inverse source problem, while (IP2) aims at recovering the initial value and
initial velocity. Below we give a confirmative answer to the uniqueness issue for IP1 and IP2. For
IP1 our result can be stated as follows.

Theorem 1. Let Vo =V =0, f € H}(0,T) and F takes the form (1.6)). Then the boundary data
{U(z,t) : (z,t) € OB x R} uniquely determine g.

The uniqueness result for (IP2) is stated as follows.



Theorem 2. Let F =0, V; € HY(R3\ D)3, Vo € H>(R3\ D)3, TVy = 0 on &D. Then the boundary
data {U(z,t) : (z,t) € dBr x R"} uniquely determine simultaneously Vo and V;.

For our third inverse problem, we consider the Lamé system without cavity (D = @) and with
constant coefficients. We assume here that F' takes the form

F(Z,23,t) = g(x3) f(&,1), Z€R? z3€R, te(0,+00), (1.7)

where the vectorial function f = (f1, f2,0)" is compactly supported on Bp x [0,T) and the scalar
function ¢ is supported in (—R, R) for some R > 0. Moreover, we assume that g does not
vanish identically. Here & = (z1,23) € R? for & = (21,22,23) € R and Bp denotes the set
Br :={# € R?: |Z| < R}. Then our last inverse problem can be stated as follows.

Inverse Problem 3 (IP3): Assume that Vj = Vi = 0 and ¢ is known in advance. Determine
the time and space dependent function f from the radiated field U measured on the surface I' x
(0,T1), with 77 > 0, Ry > 0 sufficiently large and I' C 0Bp, an open set with positive Lebesgue
measurement.

In this paper we give a positive answer to (IP3) both in terms of uniqueness and stability. Our
uniqueness result can be stated as follows.

Theorem 3. Let D =0, Vo = Vi = 0 and let p, \, u be constant. Assume that F takes the form
[T7) with f = (1, f2,0)" € H}(0,T; L*(R?))3, g € L*(—R, R) and

f(#,0)=0, #eR2%.

We fir Ry > V2R, T C 0Bgr, an arbitrary open set with positive Lebesque measurement and

T, =T+ 21?}/11/’3. Then the source F' can be uniquely determined by U(x,t) measured on T' x [0, T}].

By assuming that I' = 0Bpg,, we can extend this uniqueness result to a log-type stability estimate.

Theorem 4. Let Ry > V2R, Ty > T + 2&7@, Vo =V1 =0, p,\, u be constant and assume that
D=0, f € H3R x R?)3n H*(0,T; L*(R?))? satisfies

f(%,0) = 8, f(&,0) = 9} f(%,0) = 9} f(%,0) =0, &eR

Assume also that g has a constant sign (that is, either g > 0 or g < 0) and that there exists M > 0
such that

£l g3 mxr2ys + 1f | gago rir2meyys < M- (1.8)
Then, there exists C > 0 depending on M, Ry, p, X\, u, T, R, T1 and Hg”LI(R) such that

1) . (1.9)

I llz2or)x By < € (”U lirsozvzsr2oma s + [0 (1005 01009208,

1.5 Comments about our results

Let us first remark that to our best knowledge Theorem [I] is the first result of recovery of source
terms stated for the Lamé system outside a cavity. Indeed, it seems that all other known results
have been stated on a bounded domain (e.g. [22]) or in the full space R?® (e.g. [7]). In addition,



comparing to results using Carleman estimates like [22] 43] [47, 48] we make no assumption on the
sign of the known part of the source term under consideration at ¢ = 0. Indeed, for a source term
F of the form , such assumptions will be equivalent to the requirement that f(0) > 0. From
the practical point of view, this means that the results of [22, 43, 47, 48| can only be applied to
the determination of a source term associated to a phenomenon which has appeared before the
beginning of the measurement. This restriction excludes applications where one wants to determine
a phenomenon with measurements that start before its appearance. By removing this restriction in
Theorem [I| we make our result more suitable for applications in that context.

Let us observe that Theorem [2] seems to be the first result dealing with the recovery of initial
conditions stated for the Lamé system outside a cavity. Our result, which is connected to inverse
tomography problems related to the TAT procedure studied by [Il 18, 20], is stated, for what
seems to be the first time, without any assumptions on the propagation of the singularities of the
solutions of our problem. More precisely, we remove the non-trapping condition which seems to
be considered in all other papers studying this problem (see [T}, [I8, 20]). For wave equations, with
suitable assumptions, the non-trapping condition leads to a suitable decay in time of the solution
restricted to any compact set with respect to the space variable, also called the uniform local energy
decay (see [44, Chapter X]| and [45]) which seems to be one of the main requirement in the approach
developed so far for treating this problem (see [Tl [I8] [20] as well as more recent papers dealing with
the TAT procedure). Here the uniform local energy decay replaces the strong Huygens principle.
According to [30] (see also [23]), for the Lamé system in an exterior domain with free stress boundary
condition there is no hope to derive the uniform local energy decay used by [I], I8, 20]. Even the
result of [9], proving some specific type of logarithmic local energy decay designed for smooth initial
conditions, seems insufficient for the approach developed by [I} I8, 20] and the arguments used in
the present paper seems to be the first one which can be applied to this problem. Moreover, we
mention that our result seems to be the first one dealing with the simultaneous recovery of the initial
value and the initial velocity for hyperbolic equations in an unbounded domain with non-constant
coefficients (to our best knowledge, all other results consider only the recovery of the initial value
with the initial velocity fixed at zero).

To our best knowledge, even for a bounded domain, Theorems |3 and |4 seem to be the first results of
unique and stable recovery of a source term depending on both time and space variables appearing
in a hyperbolic equation. Indeed, it seems that only results dealing with recovery of source terms
depending only on the time variable (see [7, 4I]) or space variable (see [7, 22, [43] 47, [48]) are
available in the mathematical literature with the exception of [I2] where the recovery of discrete in
time sources has been considered. Therefore, the results of Theorems [3] and [] are not only new for
the Lamé system but also for more general hyperbolic equations. Moreover, it is worthy mentioning
that the source term stated in Theorem [3] covers the type of moving sources whose orbit lies on
the oxjze-plane. Hence, Theorem [3] provides insights into how to handle inverse moving source
problems; see Remark [I] for details.

We mention also that the stability result of Theorem [ requires a result of stability in the unique
continuation already considered by [I1] 15 B1] for the recovery of time-dependent coefficients. Note
also that, in contrast of Theorems [I] and [2] thanks to the strong Huygens principle we can state
Theorems [3 and ] at finite time.

In Corollaries [f] and [6] we prove that the results of Theorems [T] and [2] can be reformulated in terms
of partial recovery of the source term or the initial data from measurements on a subdomain where
the source term or the initial data are known. This situation may for instance occur in several
applications where the source under consideration has large support and the data considered in



Theorems [I] and [2] are not accessible. What we prove in Corollaries [ and [6] is that even in such
context one can expect recovery of partial information of the source term under consideration by
measurements located on some subdomain where the source is known.

Both Theorems and Corollaries[f [6] remain valid if the cavity D is absent or if D is a rigid elastic
body (i.e., U vanishes on 0D). The proofs can be carried out by investigating the eigensystem of
the Lamé equation with the Dirichlet boundary condition in place of the traction-free boundary
condition.

All the results of this paper can be applied to the wave equation (see Remark . Actually, the
proof for the wave equation will be easier in several aspects and the particular treatment for the
Lameé sytem leads to some difficulties inherent to this type of systems (see for instance the proof of
Theorems |3| and .

1.6 Outline

This paper is organized as follows. In Section 2 we study the inverse problems (IP1) and (IP2). More
precisely, we prove Theorems [I] and [2] as well as their Corollaries [5] and [6] In Section 3 we treat the
inverse problem (IP3). We start with the uniqueness result stated in Theorem (3] Then, we extend
this result by proving the stability estimate stated in Theorem 4] For the readers’ convenience,
some results related to solutions of the problem — are given in the appendix.

2 Inverse source problem with traction-free boundary condition

This section is devoted to the uniqueness results of inverse problems (IP1) and (IP2) that are
stated in Theorems [1| and More precisely, we consider the radiation of an elastic source in an
inhomogeneous medium in the exterior of a cavity D (see Figure 1):

p(2)0uU(z,t) = L3 U (2, t) + f(t) g(x), == (21,29,73) € R*\D, t >0, (2.1)

where p € C*(R3) and £, ,U stands for the Lamé operator given by (L.2)).

Figure 1: Radiation of a source in an inhomogeneous isotropic elastic medium in the exterior of a
cavity. Suppose that the cavity D is known. The inverse problem is to determine the source term
from the data measured on B = {z € R?®: |z| = R}.



In this section, we assume that (1.3]) is fulfilled. Together with the governing equation ([2.1)), we fix
the initial conditions ([1.4)) at ¢ = 0 and the traction-free boundary condition 7U on 9D given by

TU:=c(U)r=0 on 9D xRT, (2.2)

where v = (v, 9, 12) stands for the unit normal direction pointing into the exterior of D and the
stress tensor o(U) is given by

o(U) == A div UTs + 2uE(U), E(U) = %((VU) +(VO)T). (2.3)

Note that I3 means the 3-by-3 unit matrix and that the conormal derivative o(U)v corresponds to
the stress vector or surface traction on 0D. With these notation the Lamé operator ([1.2]) can be
written as £y ,U = div o(U).

We suppose that D C R? is a bounded domain with C3-smooth boundary 0D and with connected
exterior R®\D. Below we give a confirmative answer to the uniqueness issue for IP1 and IP2.
We start with IP1 and more precisely the proof of Theorem [I] If the cavity D is absent and the
background medium is homogeneous isotropic, it was shown in [7] via strong Huygens principle
and Fourier transform that the boundary data of Theorem [I| can be used to uniquely determine g.
According to [30], in the context of Theorem , the strong Huygens principle is not valid and we
can not even expect a uniform local energy decay (see [30, Corollary 0.3]). It seems that, only some
specific type of logarithmic local energy decay, stated in [9] for smooth initial data, are available
for our problem, but again such type of decay are not integrable on R™ with respect to the time
variable. For this purpose, we use the Laplace transform in place of the Fourier transform. Below
we shall present a proof valid not only in three dimensions but also in two dimensions.

Proof of Theorem (1, Assuming U(z,t) =0 for |z| = R and t € R*, we need to prove that g = 0.
For Ry > R, we fix Qi := Bg,\D and, using the fact that R3\ D is connected, without loss of
generality we can assume that R is chosen in such a way that 2 is connected. Since Supp(g) C Bg,
the wave field U fulfills the homogeneous initial and boundary conditions of the Lamé system in
the exterior of Bpg:

p(z)0uU(x,t) — Ly, U(x,t) =0  in R3\Bp x RT,
U(x,0) = 0;U(z,0) =0 in R3\Bpg, (2.4)
U(z,t) =0 on OBpr x RT.

Applying the elliptic regularity properties of £y ,, (see e.g., [39, Chapters 4 and 10| and [21], Chapter
5]) and the results of [36, Theorem 8.1, Chapter 3|, [36, Theorem 8.2, Chapter 3| (see also the
beginning of Section 4.1 and 4.2 for more detail), one can prove the unique solvability of the initial
boundary value problem . Consequently, we deduce that U = 0 in (R*\ Bg) xRT. In particular,
since R; > R, we get the vanishing of the traction of U on |z| = Ry, that is,

TU(x,t)=0 on OBg, x RT.

Therefore, we deduce that U € C1([0, +00); L2(91))? N C([0, +00); H*(Q4))? is the unique solution
to the boundary value problem

p(z)02U — Ly ,U = F(z,t) in O x (0,400),
U(-,0)=0U(-,0) =0 in Q, (2.5)
TU=0 on 0,

with F(z,t) = f(t)g(x). Further, using standard idea for deriving energy estimates, one can prove
that the solution has a long time behavior which is at most of polynomial type (see Proposition |§|



in the Appendix ). This allows us to define the Laplace transform of U with respect to the time
variable as following:

~

U(x,s) ::/U(a:,t)e_Stdt, s>0, zef,
R

and, we have U(-,s) € H'()? for all s > 0. In the same way, using the fact that f € HZ(0,T),
we deduce that Uy = ;U € C*([0, +00); L2(£21))3NC([0, +00); H(£21))3 solves ([2.5) with F(z,t) =
f'(t)g(x). In addition, repeating the arguments of Proposition |9, we can show that 0,U;(x,s) =

_ —_—
At

O?U(x,s) € L*(1)% and L) ,U(z,s) = E,\#(A](x, s) € L?(Q4)? are both well defined for all s > 0.
It follows that, for all s > 0, 92U (z, s) = s*U(z, s) and U(z, s) solves the boundary value problem

{ —E)\,ﬂﬁ(a:, s) + p(w)szU(x, s) = F(x, s) in  Q, (2.6)

TU(z,s) =0 on 09;.

Thus, using the elliptic regularity of the Lamé equation (see e.g. [21, Theorem 5.8.1]), we have
U(-,s) € H?(f1)3. We set Lz(91)3 the space of measurable functions u taking values in R® such

that p%u € L?(21)3. We associate to L%(Ql)3 the scalar product

<u,v>L§(Ql)3 = /Q u(z) - v(@)p(x) de, u,ve L)

1
This implies that ||u[12q,) = <u’u>12/§(§21)3 = ||Ql/2u\|L2(Ql).

We recall that the elliptic operator —p~1L Au» With the traction-free boundary condition on 0§2; =
0D U 0Bp,, is a selfadjoint operator acting on Lz(Ql)3 with a compact resolvent. Therefore, the
spectrum of this operator is purely discrete. Denote by v, > 0, | € N*, the increasing sequence of
eigenvalues of the elliptic operator _Pilﬁk,u in £ with the traction-free boundary condition on

€Yy, and denote by ¢y, k = 1,2,--- ,my, the orthonormal eigenfunctions associated with ;. By
the ellipticity of the Lamé operator and the fact that the coefficients p, A € C3(Q1), pu € C3(Qy),
we deduce that ¢y, € H*(Q)3, k = 1,2,--- ,my, £ € NT. Note that the set of eigenfunctions

{por : £ €Nt m=1,2,- my} forms a basis of L%(Ql):g, and that the norm of L3(91)3 is equivalent
to the one of L2(;)3, since p € C%(Q) and p > py > 0. Therefore, the unique solution to (2.6)) can
be represented as

OU(x,s) = f(s) 3 >t (079, Pum) Grn(@)

5 s> 0,
54+ Y

LeNt

where (-,-) denotes the inner product over L2(€1)? and the above series converges in the sense of
LZ(Ql):s. Using the fact that f € L'(Ry) is supported in [0, 7] and it does not vanish identically,
we deduce that the function f is holomorphic in s € C and not identically zero. Thus, there exists
an interval I C (0,+00) such that | f(s)| > 0 for s € I. Moreover, the sequence

N
A A an:£1<p—lg’ ¢Z,n> ¢Z,n($>
Un(z,s) = f(s)
N ;_:1 5%+

converges to U(z,s) as N — oo in the sense of L3(91)3. Since Lg(ﬂl)‘3 is embedded continuously
into L2(Dg,)?, with Dp, := {# € R : R < |z| < Ry}, we deduce that Uy(z, $)|zeDp, also



converges to [7(:6, s)\zGDRl in the sense of L?(Dg,)3. These properties together with the fact that
U(s)=01in Dg,, | f(s)| > 0 for s € I imply that, for all s € I, we have

ZT:Z1<p_1ga ¢€,N> ¢€,N(x)
Z s%+

=0 fora.e. x€ Dpg,.
LeNt

On the other hand, the function

G(x,z): z— Z Lty <p_zlj_’ ﬁe,d@,n(%)’ z€C\{—y:LeNT}
¢

can be regarded as a holomorphic function in the variable z taking values in L?(Dg, ). Hence, by
unique continuation for holomorphic functions we deduce that the condition

G(x,s%) = Ulx, $)|zepp, =0 for all sel
implies that
G(x,2)=0 for all 2z € C\{—,: £ Nt}
It then follows that
(z+7) G(z,2) =0, 2€C\{—y:£eN"}, jeNT ze Dg,. (2.7)

Therefore, letting z — —v; in (2.7)) yields
m;

(b](x) = Z <,0_19, ¢j,/€> ¢j,n($) =0 for S DRl.

k=1
On the other hand, we deduce that ¢; satisfies the elliptic equation
Lan®i(x) + p(x)y;05(x) =0, x € Q1.

Combining this with the unique continuation theorem of [5] and the fact that € is connected, we
get

m;j
> (079, 0im0in(x) =0, weq.
r=1
Since {¢j . : k=1,2,--- ,m;} is an orthonormal family of vectors of L%(Ql), it follows that

<p_lga¢j,/{>:0, k=1,2,--- ..

Finally, by the arbitrariness of j € N* and the fact that Supp(g) C €1, we obtain

g=p(plg)=0.
O

We remark that the boundary surface data on dBp are utilized in the proof of Theorem [T} As a
corollary, we prove that interior volume observations can also be used to extract partial information
of the spatial source term. Below we consider again the problem —, with f, g being given
as in Theorem [l



Figure 2: Suppose that g is known in ' and the data are collected on w. The inverse problem is to
determine the value of g on €.

Corollary 5. Suppose that f is given, Vy = Vi = 0 and let Q be a C3-smooth domain satisfying
D C Q C Bg for some R > 0. Let Q' C Br\Q be a neighborhood of 9Q such that (i) 0Q C 9SY;
(ii) Q' is connected; (iii) g is known in Q'; see Figure @ Let w C (Bgr\D) be an open set satisfying
the condition w N # (. Then the wave fields U(x,t) measured on the volume w X RT uniquely
determine glq.

Proof. Assuming that g = 0, we need to prove that the condition U(z,t) = 0 for (z,t) € w x R+

implies that glg = 0. Taking the Laplace transform U(z,s) of U(z,t) with respect to the time
variable, we deduce that, for all s > 0, U(z, s) solves

Ly, Uz, s) + 8%p(x)U(z,8) =0 in €,
Ulz,s)=0 on w.

Note that in this step, we make use of the a priori information that g is known in €. Applying the
unique continuation for Lamé system (see [5]), we get

U(xz,s) =0 for all reQ, s>0.

Now using the fact that ' is a neighborhood of 92, we deduce that, for all s > 0, TU(JC, s) =0 on
0. Therefore, repeating the arguments of Theorem [I| with ©Q; = Q, we deduce that gl =0. O

Corollary 5| shows that, the observation data on the volume w in a neighbourhood of 2 determines
uniquely the source term g on ). This gives partial information of g only. However, in the special
case that Q C Supp(g) (for instance, Q = B and w C R3\Bg), one may deduce from Corollary
that g can be uniquely determined by the data of U on w x R™.

Now let us turn to the inverse problem (IP2) and more precisely to the proof of Theorem [2f which
follows a path similar to Theorem [T}

Proof of Theorem Assuming U(z,t) = 0 for |z| = R and ¢t € R*, we need to prove that
Vo = Vi = 0. Since Supp(Vp) U Supp(Vi) C Bpg, in a similar way to Theorem (I} we can prove
that U = 0 in (R3\Bg,) x Rt for Ry > R. Consequently, we get the vanishing of the traction
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of U on |z| = Ry. We fix 1 := Bg,\D and, again, we assume that R is chosen in such way
that €2 is connected which is possible since R*\D is connected. Therefore, we deduce that U €
C2([0, +00); L2(£1))2 N C([0, +00); H' (1)) is the unique solution to the boundary value problem

p(x)0}U — Ly ,U =0 in Q x(0,+00),
U(',O) = Vo, atU(',O) = V1 in Ql, (2.8)
TU =0 on 0.

Then, using arguments similar to Theorem |I| we deduce that the Laplace transform in time U
of U is well defined on (0,400) and for all s > 0 we have U(-,s) € H'(€;)?. Combining this
with the fact that V4 € HY(R?\ D)3, Vo € H*(R3\ D)3 with 'TVO = 0 on 0D, we deduce
that U; = 0,U € C([0,+00); L2(£1))? N C([0, +00); H(Q1))3 solves with Uy(-,0) = V4 and
oU1 (-, ) =p Ly qu In addition, repeating the arguments of Prop051t10n |§|, we can show that
x atUl(x s) = 62 U(z,s) € L?()3 and = +— L MU( 5) = Ly, Ul(z,s) € L*(Q)? are both well

defined for all s > 0. It follows that, for all s > 0, x — 8t2U(x, s) = s2U(z,s) — Vi —sVp and U(-, s)
solves the boundary value problem

{ —LuU(@,8) + p(2)s*U(z, 5) = p(a)(sVo(x) + Vi(2)) in €, (2.9)

7'(7(3:, s)=0 on 09;.

Using the notation of Theorem [I] and applying similar arguments, we deduce that, for all s > 0,
this problem admits a unique solution U(-,s) € H?(Q;)? taking the form

2 Z [3 (E,{m:el <‘/07 ¢€,n>¢€,n(x)) + (Z:Lﬂ <VY17 ¢€,/€>¢€,n(x))]

52 4+ e

, s§>0,
¢eNT

where (-,-) denotes the inner product over L2(€1)* and the above series converges in the sense of
L2(€1)?. Then, using the notation of Theorem l we get

Z [S (Z?ﬁl(%? ¢€,n>¢é,ﬁ(x)) + (Z:lzélﬂfh ¢Z,N>¢€,n(x))]

=0 forae x€Dpg, s>0. (210
2 or a.e. T Rys S (2.10)

(eNt

On the other hand, one can easily check that the map

(Ve me (W,
s Z f-c 1 07(25@ K>¢€ n( g) + (anl< 1 ¢€,K>¢f,ﬁ(x)>], = (C\{:E’L\/’% = N-‘r}
LeNt S
can be regarded as a holomorphic function in the variable z taking values in L?(Dg, )3. Hence, by
unique continuation for holomorphic functions we deduce that the condition (2.10)) implies that, for
all z € C\{#i\/ ¢ : £ € NT}, we have

Z [2 (Oomty (Vo, ) Pes (%)) + QOomly (V1 bu.) Pe.s ()]

—0, forae. ¢ Dg,. 2.11
27 or a.e. Ry (2.11)

(eNt

Fixing j € Nt | multiplying this expression by z — i,/7; and sending z — i,/7; we get

Y4 <i<%7¢j,n>¢j,ﬁ(x>> + (ZJ<V17¢]’,H>¢]',R($)> = 07 HAS DRl' (2~12)

k=1 k=1
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In the same way, multiplying (2.11) by 2z + i,/7; and sending z — —i,/7; we get

—i\/Yj <Z<V07¢j,n>¢j,n(x)> + (Z<Vla¢j,n>¢j,n(l’)> =0, zexzeDpg,.

k=1 k=1

Combining this with (2.12]), we obtain

<Z<V17¢j,ﬂ>¢j,li(x)> = 07 S DR1> .7 € N+'

k=1

Then repeating the arguments used at the end of the proof of Theorem [I we deduce that this
condition implies that V; = 0. Then, applying (2.12)), we deduce that

<Z<Vb’ ¢j,ﬁ>¢j,l€(x)> =0, z€ DRla Jj=2
k=1

Note that the term for j = 1 is not involved in the previous relation, because 73 = 0 under our
traction-free boundary condition. In any case transferring all these information in (2.11]) we get

(20 urate) <Z<%,¢m>¢m<x>> i

k=1

for z € C\{+i\/77: £ € NT} and x € Dp,, which clearly implies that

mi1

Z<V07¢71,/<>¢1,n(1') =0, =ze€ DR1-

k=1

Thus, we have

<Z<V07¢j,n>¢j,n(x)> = 07 HAS DR17 ] € N+

k=1
and again we deduce that Vj = 0. This completes the proof of the theorem. ]

In a similar way to Corollary [5] the result of Theorem [2] can be reformulated with internal data as
follows.

Corollary 6. Suppose that g = 0 and let Q be a C3-smooth domain satisfying D C Q0 C Bg for
some R > 0. Let Q' C Bg\Q be a neighborhood of O such that (i) 0Q C 9Q; (ii) Q' is connected;
(iii) Vo and Vi are known in . Let w C (Br\D) be an open set satisfying the condition w N Q' # ().
Then the wave fields U(x,t) measured on the volume w x R™ uniquely determine Vol and Vi|q.

3 Determination of the source term g(x3)f(Z,1)

In the previous section, we established uniqueness of recovering a spatial source term in an inho-
mogeneous background medium with or without embedded obstacles. However, the dependance
of the source term on time and spatial variables are completely separated. The counterexamples
constructed in [7] show that it is impossible to recover general source terms of the form F'(x,t) from
the boundary observation on dBg x (0,00). This implies that a priori information on the source
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term is always necessary for a uniqueness proof. In this section we restrict our discussions to the
inverse problem (IP3) for treating an alternative source term of the form g(z3)f(Z,t), where the
vectorial function f = (f1, f2,0) is compactly supported on Bg x [0,T) and the scalar function g is
supported in (—R, R) for some R > 0.

In this section, we assume that D = () and suppose that background medium is homogeneous with
constant Lamé coefficients A, p and a constant density function p. Below we shall consider the
initial value problem

{p@ttU(a:,t) =L, U(x,t) + g(z3) f(3,t), z€R3 >0, (3.1)

U(z,0) = 0, U(x,0) =0, z € R3.

The function g(x3) f(Z,t) can be used to model source terms which mainly radiate over the oxjzs-
plane and g(x3) can be regarded as an approximation of the delta function §(z3) in the x3-direction.
Suppose that the function g is known in advance. Our inverse problem in this section is concerned
with the recovery of f from U(z,t) measured on I' x (0,7}) for some 77 > 0. Note that I" is an
open subset of 9Bg, for some R; > v/2R. The proof of the uniqueness result, stated in Theorem
[} together with the stability result stated in Theorem [4 will be presented in the subsequent two
subsections.

3.1 Proof of Theorem [3

By Lemma [I| in the appendix, the boundary value problem (3.1) admits a unique solution U €
C2([0, +00); L2(R3))3NC([0, +00); H?(R?))3. Below we state a uniqueness result with partial bound-
ary data measured over a finite time. More precisely, assuming that the condition

U(z,t)=0, z€T,tel0,Ti (3.2)

holds true, we will prove that f = 0. Note first that, since Supp(f) C Bg x [0,7) and since
U(-,0) = 8;U(-,0) = 0, the extension of U by 0 to R? x R solves the problem

pattU(mvt) - E)\,;LU('Z'7t) +g($3) f(j;at% T e R37 teR,

U(z,0) = 8, U(x,0) =0, z € R,

From now on, we denote by U the extension of U by 0 to R? x R. Let us observe that, since f is
compactly supported on Br x [0,T") and ¢ is supported in (—R, R), for

F(&,x3,t) := f(&,t)g(x3), Z€R? z3€R, te(0,+00),

one can easily check that Supp(F) C B VaR X [0,T). Therefore, by the strong Huygens principle
(see e.g. [7, Lemma 2.1]), for any r > 0, it holds that U(z,t) = 0 for all |z|] < Ry + r and

t>T+ W' It follows that, for all » > 0, we have

2(R
U(z,t) =0, |z|<Ri+r t¢ O,T—I—M (3.3)
Vi
In particular, using the fact that 77 =T + 2%/5, we get
U(x,t) =0, |z| <Ry, t¢][0,Ty]. (3.4)

13



In view of (3.3]), applying the Fourier transform in time to U gives
E,\,M(A](x,w) + w2 pU(z,w) = —g(x3) f(Z,w), z €R3, weR, (3.5)

where

U(z,w) = / Uz, t)e”“tdt, weR
R

satisfies the Kupradze radiation condition as |2| — oo (see [7,[35]) for any fixed w € R. Here f(Z,w)
denotes the Fourier transform of f(Z,t) with respect to the time variable. Combining with
(3-4), we obtain the boundary condition U(:J:,w) =0,z €T, weR. Since, for all w € R, the
support of the function z — f (Z,w)g(x3) is contained into Bpg,, by elliptic interior regularity, we
deduce that x — U (z,w) is analytic with respect to the spatial variable z in a neighborhood of
0Bpr. By analyticity of both the surface 0Bpr, and the function U (-,w), we get the vanishing of
U (z,w) on the whole boundary dBpg, for any w € R. In view of the uniqueness to the Dirichlet
boundary value problem in the unbounded domain |z| > R; (see e.g., [8]), we get

U(z,w) =0, |z| > R, weR.

Consequently, we have TU(x,w) =0 on OBg,. Since the source term f = (f1, f2,0) " is compactly
supported on Bpr, by Hodge decomposition the function F' can be spatially decomposed into the
form

(i) = (w f%@,w)) N (V% ff)(f,w)) 7 (3.6)

where fp(-,w) and fs(-,w) are scalar functions compactly supported on Bp as well. Here V; =
(61,(92)T, V%‘ = (—82,81)T. For f = ({1,52) € R2 satisfying

2
2, Wy 2., WwWp
1€ > max(|ky|, |ks|), kK, = o ki = 0

we introduce the test functions

—ié1

Viow) = | i€ | eiear PR
2 _ 1.2

\1EF — k5

i€2
Vi(z,w) = | —i&y | e7€FHVIEP—AT oa,
0

The numbers k, and kg denote respectively the compressional and shear wave numbers in the
frequency domain. One can easily check that V%‘ Vp=0,Vz-Vg=0in R3 and, using the fact that

VexVp=0, A+2u)V,Vy -V, =—w?pVj,

Vo Ve=0, —pVux (Vyx Vi) =—wpl,

we deduce that V,, (a = p, s) satisfies the homogeneous Lamé system in the frequency domain

Ly Va(r,w) +wp Vo(z,w) =0 in R reR3  a=np,s,
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for any fixed w € R. Now, taking the scalar product with V,, on both sides of the equation (3.5
and applying Betti’s formula, we obtain

/ (E)\,“U(a:, w) + w2pU(:C, w)> Vp(z,w) dz
Bg,

= / TU(z,w) - Vy(z,0) — TVp(2,w) - U(z,w) ds(z)
0B,
= 0,
where we have used the vanishing of the Cauchy data of U(-,w) and TU(-,w) on dBg,. On the
other hand, making use of 1} together with the relation V% -V, = 0 yields

o~ | Vo) P gt

—i&1 e R
_ / —igy | e T (ngfp(g:c,w)> i </ o(ws)e [EP—K2 a3 d:x3>
B 0 —R

R

for all w € R and ¢ € R? satisfying |¢| > max(k,, ks). Since g is compactly supported and lying in
L'((—R, R)), the function

R
Coz~ / g(x3)e* 2 dxs
-R

is holomorphic in C. Then, using the fact that ¢ is not uniformly vanishing, for every w € R, we
can find an open and not-empty interval I, C (max(k,, ks), +00) such that

R
/ glas)eVIEP=RE® gps £ 0. ¢ € R?, [¢| € L.
—-R

Hence, for every w € R, we have

[ e 8Ef(F,w)dE =0 forall &eR2 || el (3.7)
B

This implies that, for w € R and for f,(-,w) : # — fy(&,w), the Fourier transform Fz[f,)(€) of
fp(-,w) with respect to & € R? vanishes for £ € {n € R? : || € I,}. On the other hand, since, for
all w € R, fp(-,w) is supported in Bpg, the function

¢ / cTETf (7, w) dF = / T f(,w) di
R3 Bgr
is real analytic with respect to & € R%. Then, using the fact that the set {£ € R? : [¢| € I,} is an
open subset of R? it follows from (3.7) that

/ e (Z,w)di =0 forall &eR2
B
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Applying the inverse Fourier transform in &, we get fp(-,w) = 0 for all w € R. Further, applying
the inverse Fourier transform in ¢ yields f,(Z,t) =0 for all € Bp and t > 0. The fact that f, =0
can be verified analogously by considering the scalar product with Vs on both sides of . This
finishes the proof of the relation f =0 in Bg x (0, 7).

3.2 Proof of Theorem [4]

To derive stability estimate of f, we need extra regularity assumptions on the source term. As
done in the previous section, we still assume that Supp(f) € Bg x [0,T), Supp(g) C (=R, R) and
g € L*(—R, R). In the following lemma, the dynamic data are measured over the whole boundary
0Bpr and the proof is carried out in the time domain without using the Fourier transform. As done
in , we can split f via Hodge decomposition into the form

f(E.1) = (ngf%(iat)> n <V%f6(i‘,t)> ’ (3.9)

where f,(-,t) and f,(-,t) are scalar functions compactly supported on Bp. Fixing w > 0 and ¢ € R?
such that

2
2 2 w-p
> hy = ) 3.9
€] P Nt 2 (3.9)
we introduce the time-dependent test function
—i&1
Vpla, t;6,w) = —ily | i IEP R v it
€12 — k2
In the same way, for
2
€]? > k2= 20 (3.10)
I
we introduce the function
&2
V(o tw) = | ity | e 6T VIR o it
0

Then, in a similar way to the proof of the uniqueness result, one can check that V,, (o = p, s) are
solutions to the homogeneous elastodynamic equation

2
P or
for any fixed ¢ € R? and w € R satisfying (3.9) or (3.10). Moreover, one can easily check that

Valz, t;&,w) — Ly, Valz, t;6,w) =0 in R3xRT (3.11)

Vi Vol t) =Vz-Vi(x,t) =0, (x,t) €R3 xR, (3.12)
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Therefore, taking the scalar product with Vj(z,¢; £, w) to the right hand side of the equation (3.1,
using (3.11) and applying integration by parts yield

Th 82
/ / (patQU(x,t) — L, U(t, x)> Vp(x,t; €, w) dadt
0 JBg,
Ty

— _/ TU(z,t) - Vp(x,t;€,w0) — TVp(t, 25€,w) - Uz, t; €, w) ds(x) ds(x) dt
h 82 32
+/0 /BR1 (pat?U(“) Vo, 656,w) = s Vol 1) - U(x,t;g,w)> dedt

Ty
= —/ TU(z,t) - Vp(x, t; €, w) — TVp(t, 26 ,w) - Uz, t; €, w) ds(z) dt
0 aBRl

oU (2, T, AV, (x, Th; €,
+p/ (thl)-‘/})(x?Tl;é"w)—W'U(l’,Tl)dl‘-
Br,

Again recalling the strong Huygens principle, we know that (3.3|) holds true and, using the fact that

T >T+ 2}3%/5, we deduce that, U(z,T1) = 0;U(z,T1) = 0, x € Bp,. Hence, the integral over Bp,

on the right hand side of the previous identity vanishes. Following estimate (4.6|) of Proposition
in the appendix, the traction of U on the boundary 0Bp, can be bounded by the trace of U itself.
Hence, the left hand side can be bounded by

T1 82
[/ (patzwx,t)—m,uv(t,x))%(a:,t;f,w)dwdt
0 JBg,

T

/ TU(x,t) - Vp(x, t;6,w) — TVp(t, ;& w) - Uz, t; €, w) ds(x) dt
0 6BR1

IN

T Ul 20,1y x08r,)2 1Vall L2011y x0BR, )2 + Ul L2((0,11)x0B8,)2 |1 T Vol L2((0,10) %08, )2

IN

C (HU||H3(0,T1;H3/2(8BR1)3 VollL2(0,m)x08r,) + Ul L2((0,11) %088, )2 ||V10||L2(0,T1;H2(BR1)))

IN

C NN g2 0,115m302 088, )2 Vol L2(0130:182(BR, )

C V0 gz g, (1 1(6:0) el VIS

IN

for all |{] > k,, where C' > 0 depends on M, Ry, T1, p, A and p. On the other hand, using the
governing equation (3.1]) together with the relations (3.8]), (3.12) and using the fact that the sign of
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g is constant, we obtain

T1 82
[ ] (rgatten - £a,0n) Vito.tig aoat
0 JBg,

T
= / / F(z,t)g(xs) - Vp(z,t; &, w) da dt
0 JBg,

- /0T1 /BR (vjf%(:i,t)> o(ws) - V(o t:€,w) da dt

1
T B |
- ‘§|2 / fp(.f,t)g(xg) eiZE'er\/m 3 e—zwt dx dt
o JBg,

T o R
_ |£|2 (/ ] fp(.i,’t)e—z@x—zwtdjdt) </ g(xg)e |§|2_l~cz2J 3 d:@,)‘
0 Br —R

Tl . ~ .
> |¢]? ( /0 ) fp<:z,t>e—lf“—wtdfdt)'HgHD(R) e”WIEP=kpR

Bgr

for all [£| > k. Since f,, is supported on Bp x (0,T1), the first integral on the right hand of the last
identity is the Fourier transform of f,, with respect to (z,t) at the value (£, w), which we denote by
fp(§,w). Combining the previous two relations we obtain

(L+ & D) WUl g3 0,512 0,y €V I
€17 Nlgll 2 r)

fp(&w) < C (3.13)

for all |{] > k,(w). We note that gives the estimate of fp over the cone {(£,w) € R : €2 >
w?p/(A+2u)}. In order to derive from a stability estimate of fp on B, for a large r > 0,
we will use a result of stability in the analytic continuation, following the arguments presented in
[15, 3I]. Note that in contrast to [I5) [3I] we also need to overcome the difficulty arising from the
fact that the right hand side of is singular at & = 0. Below we state a stability estimate
for analytic continuation problems; see [6l, Theorem 4| (see also [38] [40], where similar results were
established).

Proposition 7. Let s > 0 and assume that g : Bas C R? — C is a real analytic function satisfying

HVBQHLOO(B%) = (sT)

|/3|7 5 = (Bl?ﬁ?vﬂ?) S N37
for some N >0 and 0 < 7 < 1. Further let A C By be a measurable set with strictly positive

Lebesgue measure. Then,
_ b
”gHLOO(BS) <CNUY ||9||Loo(A) ) (3.14)

where b € (0,1), C > 0 depend on 7, |A| and s.

To proceed with the proof of Theorem [4] we follow the lines in [31] by introducing the function

H (6 w) == fy(r(&w) = @m) 2 | fy(@,t)e "D dzat
R3
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for some r > 1 and |(£,w)| < 2s. In a similar way to [31], we fix s = [max(Ty,2R)]~! + 1, choose

N = Ce?", with C some constant independent of r, and take 7 = M = (s —1)/s. Then
we obtain

|

In contrast to many other results (actually all the results that we know) established by an application
of a stability estimate for analytic continuation problems similar to the one of Problem [7] (see for
instance [11], 15], 31]), the right hand side of our initial estimate is singular at £ = 0. For this
reason, we can not apply Proposition [7] with a set A independent of . However, we need to choose
A in such a way that the parameters N and b appearing in will be independent of r. For this

purpose, fixing ¢ := ﬁ, d:= \/T and a, € (0

3 B NBn!
e” fin _ VBl neN,, BeN. (3.15)

anaﬁ <C
L2 (Bzs) ([max(T, 2R)]~1)IBHn — (s7)lBl+n

) we define

I f I

A= {60 € Bux [man ] 5 a2, velol <161}

Ve
It is easy to check that A, is a subset of By in R3, and it is also a subset of the cone {(£,w) €
R3: €2 > w?p/ (A + 2p)}. We remark that |A,| = k,(—a,), where

d_
nrzy'%/ﬁ/ dédw.
y max(r—2,y/clw|)<|€|<d

Note that &, <—%) = 2k,(0) and one can check that

o2rd®  2mr— 6
3y/c 3¢

Thus, there exists rg > 1 depending only on R, p, A, p, T', such that

kr(0) =

wd3 2rd3

NG < Kr(0) < N

r>Trg.

Therefore, we have
d nd®  2mwd?
Ry (_\/E> = 2/417-(0) > % > 37\/6 > Kr(0)7 r>T0
and, from the continuity of the map x,, we deduce that we can choose a, in such way that

d?
ﬁ?
This implies that, with such choice of a,, the volume |A,| depends only on R, p, A, p and T7.
Consequently, combining (3.15])) with Proposition |7}, we deduce that

[Ar| = kr(ar) = > o,

. b
(&) = Hr(€ )| < COV ([ gy, ) 16 <57 >0
where C' > 0, b € (0,1) depend only on R, p, A\, p and T3. In addition, applying (3.13)), we get

[ Hy [ pooa,y < Cr2et” WU 30,7 13/2(0B1))3 »
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where C' and ¢; depend only on R, p, A, u and T7. Therefore, we can find C, ¢ depending only on
R, p, A\, u and T7 such that

|fp (&) < Ce Ul gao.rysmsrrompys » - |(Ew)| <7, v > smo.
It follows that

/B | (&, w)[Pdédw < Ce WU s 0,15 32 0BR))3 > [(§w)| <1y 1> s, (3.16)

by eventually replacing the constants C' and ¢. On the other hand, using ([1.8]) and the fact that
Az fp = Vi - f, we deduce that f, € H*(R?) and prHHQ(W) < CM, with C depending only on T
and R. Thus, we find

/ | fp(€,w)Pdédw < r~* / (1 + (& w) ) fp (& w)[Pdédw
[(§w)|[>r [(§w)|>r
rt prHH2(R3) < C?r— M2,

Combining this with (3.16|), for all r > srg, we find

/ (€. 0) Pdedi = / (€ w)Pdedw + / (€. 0) Pdedus
R3 B [(§w)|>r

<C (6“ U s 0,73 103/2 (0B, )2 + 7474) :
Recalling the Plancherel formula, it holds that
prHLQ 0T1)><BR ) < C ( ”UHH3(0,T1;H3/2(8BR1))3 + 7"_4) , T > S8ro.

Now, choosing r = ¢! ln(HUHH3(0,T1;H3/2(BBRl))3)’ we get for ||UHH3(07T1;H3/2(83R1))3 sufficiently

small that
-2
)

which can be obtained by applying the classical arguments of optimization (see for instance the end
of the proof of [31, Theorem 1]). This gives the estimate of F}, by our measurement data taken on
OBR, .

2
HfPHL?((O,Tl)xBRl) <C <||U|H3(O,T1;H3/2(QBR1)3 + ‘ln (HU||H3(0,T1;H3/2(8BR1)3)

Using similar arguments, we can prove

_2> . (3.18)

2
||f8HL2((0,T)X]§R) <C <”UHH3(07T1;H3/2(813R)3 + ‘ln (HU||H3(0,T1;H3/2(8BR)3)

On the other hand, by interpolation and the upper bound (|1.8), we have

1
I9z2(015 30 < 198l 20080 * [VES] o010y

< O(||fp||H1((()7T1)><E;R) + ”fSHHl((o,Tl)xBR))

1
C <pr‘;[2 0,T ||fP”L2( OT ><B + ”fSHHQ( OT ><B HfSHLQ (0T1 XBR)>

<”fp|L2 ((0,T1)xBgr )+Hf5||L2(0T ><BR)>

with C depending on M, T7 and R. Then, combining this with (3.17))-(3.18]), we obtain (1.9).
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Remark 1. The uniqueness and stability results presented in Theorems [3 and [{] carry over to the
scalar inhomogeneous wave equation of the form

204U (x,t) = AU (z,t) + f(&,t)g(x3), (z,t) € R? x (0,00),
U(z,0) = Uy(z,0) =0, z¢€R3,

where ¢ > 0 is a constant, both f and g are compactly supported scalar functions. If the function
g(x3) is a known non-vanishing function, one can determine the source term f(Z,t) from par-
tial boundary data. In particular, [ is allowed to be a moving source with the orbit lying on the
ox1xo-plane. In the frequency domain, the above wave equation gives rise to an inverse problem
of recovering the wave-number-dependent source term f(&,k) from the multi-frequency boundary
observation data of the inhomogeneous Helmholtz equation

k2 .
Au(z, k) + c—Zu(a:, k) = f(z,k)g(zs3).

Progress along these directions will be reported in our forthcoming publications.

4 Appendix

4.1 Well-posedness result and estimation of surface traction

In this subsection, we consider the inhomogeneous Lamé system

{ p(z)03U — L, U = F(z,t), (z,t) € R3 x (0, +00), (41)

U(-,0)=0,U(-,0) =0, T € R3,

where the operator £y , is given by with the density function p and the Lamé coefficients A
and 4 fulfilling the condition (1.3). We assume that Supp(F) C Bg x [0,T), with Bg := {z €
R3 : |z| < R}. It is well-known that the operator £, is an elliptic operator and the standard
elliptic regularity holds; see e.g., [39, Chapters 4 and 10| and [2I, Chapter 5|. The quadratic form
corresponding to £y , is given by

EWU,V):=X(div U)(div V) +2uE(U) : E(V)

where the stress tensor F is defined via 1) with the notation A : B := Zij:l aijbi; for A =

(aij)%j:p B = (b’ij)?,jzl' Hence, for a bounded Lipschitz domain D C R3 there holds the relation

(see e.g., |5l Lemma 3])

—/ ﬁx,uU~de:/5(U,V)da;— V-TUds (4.2)
D D oD

for all U,V € H?(D)3. By the well-known Korn’s inequality (see e.g. [39, Theorem 10.2], [I7,
Chapter 3]), it holds that

3
[ e v e [Vlisgoy 2 2 [Vl U € H' @Y (1.3
R
for some constants c1,co > 0. In the particular case of constant Lamé coefficients, we have

Ly U = pAU + (A4 2u)V(V - U),
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and

3
EU,V)=2p > 0xU; 0,V + A(div U)(div V) — peurl U - curl V.
7, k=1

In this case, the surface traction can be simplified to be

TU =20, U+ AXdivU)v +pv xcurl U on 9D.

We refer to the monograph [35] for a comprehensive studies on the Lamé system. Below we state a
well-posedness result to the elastodynamic system in unbounded domains by applying the standard
arguments of [30, Chapter §|.

Lemma 1. Let F € H'(Ry; L?(R?))? be such that F(-,0) = z + F(0,x) = 0. Then problem (4.1
admits a unique solution U € C2([0, +00); L?(R?))3 N C([0, +oo) H?(R3))3.

Proof. Without lost of generality, we assume that p = 1. We define on L?(R3)? the sesquilinear
form a with domain D(a) := H*(R?)3 given by

a(UhUz) = 5(U1,U2)dl’.
R3

In view of (4.2]), by density, we find
<_£)\,uU1> UQ)H*1(R3)3,H1(R3)3 - G(Ula UQ), U17 U2 S Hl (R3)3~

Therefore, in view of (£.3), fixing H = L*(R®)3, V. = H'(R®)? and applying [36, Theorem 8.1,
Chapter 3| and [36, Theorem 8.2, Chapter 3|, we deduce that admits a unique solution U €
CL([0, +00); L2(R3))3 N C([0, +00); HY(R3))3. It remains to prove that U € C?([0, +o00); L(R3))3 N
C([0,4+o00); H?(R3))3. For this purpose, we consider V = §;U and, using the fact that F(-,0) = 0,
we deduce that V' solves

{ OV — L,V = 8,515’(3:,15), (z,t) € R3 x (0, +00), (4.4)

V(-,0) =,V (-,0) =0, r € R3.

Using the fact that 9;F € L2((0,+00) x R?) and applying the above arguments we deduce that
V € CY([0, +0); L2(R3))? and that U € C*([0, +00); L?(R?))3. Therefore, for any t € [0, +00), U is
a solution of the boundary value problem

— Ly, Ulz,t) = —0}U(z,t) + F(z,t), xR (4.5)

Since OFU(t,-) € L*(R3)3, from the elliptic regularity of the operator —L, ,, (see e.g. [2I, Theorem
5.8.1]), we deduce that U(t,-) € H2(R3)3. Moreover, for any t1,ts € [0, +00), we have

||U(a tl) - U('atQ)HHQ(RB):s
< C(H‘C)\#(U('7tl) - U(, t2))||L2(R3)3 + HU(',tl) — U("t2)||L2(R3)3)

< C (B0 1) = B0 12) | gy + 10 Co10) = UGt pagasgs + IEC, 1) = FC, 1))l aasys) -

Therefore, using the fact that U € C?([0, +00); L2(R3))? and the fact that F extended by 0 to R3 x R
is lying in H'(R; L2(R3))3 C C(R; L?(R?))3, we deduce that U € C([0, +o00); H?(R?))3. O

22



Using this result for F € H(0,T; L*(R?))3, we know

U(l‘at)’ TU(:Cat) € C([O? +OO)7 LQ(aBR))gv (LL‘,t) € BBR X [O’ OO)
With additional smoothness assumptions we can also estimate TU\gpy, (0,75 PY UjaBgx[0,15), With
T5 > 0. The main result of this subsection can be stated as follows.

Proposition 8. Let Ty > 0 and let F € H*(Ry;L*(R?))3 be such that F(-,0) = O,F(-,0) =
O?F(-,0) = 0} F(-,0) = 0. Then problem (£.1)) admits a unique solution U € C*(]0, +00); L?(R?))3 N
C3([0, +00); H2(R3))? satisfying the estimate

ITUl20Brx0,m)2 <€ ”UHH3(0,T2;H%(8BR))3 ; (4.6)
with C' depending on X\, p, p, T and R.
Proof. Note first that W = 93U solves
W(-,0)=0,W(-,0)=0, z € R3. '

Using the fact that 03 F € H'(R,; L2(R3))3 with 93 F(-,0) = 0, we can apply Lemma [1| to deduce
that W € C?([0, +00); L2(R3))3 N C([0, +00); H2(R?))3. Thus, we have U € C*([0, +00); L2(R3))? N
C3([0,+00); H?(R?))?. This implies that g := Ujgp,x[0,400) € C([0, —i—oo);H%(@BR))?’. Hence, the
restriction of U to (R3\Bg) x (0,Ts) solves the initial boundary value problem

pOiU — L, U =0, (z,t) € (R3\Bgr) x (0,T),
U(-,0)=0,U(-,0) =0, =z € R3\Bg, (4.8)
U=y, (x7t) € 0Bg X (01T2)

Using the fact that g(-,0) = 9g(-,0) = 9?g(-,0) = 0, from a classical lifting result, one can find
G € C*([0, +00); H*(R*\Bg))? such that Gop,x01) = 9. G(,0) = 9,G(-,0) = 02G(-,0) = 0 and

HGHHS(O,TQ;HQ(RE}))S <C HgHHS(O,TQ;H%(aBR))S ’ (49)

with C' depending only on Ty and R. Therefore, we can split U to U = V + G on (0,T3) x (R*\ Br),
with V' the solution of

pORV — Ly, V = —(pd}G — L),G) = H, ()€ (R*\Bg) x (0,12),
V(-, O) = 8tV(', 0) =0, T e RB\BR,
V =0, (fL‘,t) € 0BRr x (O,Tg).

Using the fact that H € H*(0,Ty; L*(R3\Bg)) and H(-,0) = 0, in a similar way to Lemma [1| we
can prove that V € C2([0, Tz); L2(R3\Bg))? N C([0, T3]; H*(R3\ Bg))? satisfying the estimate

||V||L2(O,T2;H2(R3\BR))3 S C ||H||H1(07T2;L2(R3\BR))3 S C ||GHH3(O,TQ;H2(R3))3 )
with C' depending on A, p, u, T5 and R. Combining this with (4.9)), we deduce that

U 20152 @\ BrY) < C NI 5 0 1113 08,13

and using the continuity of the trace map, we obtain

ITU 2(0.15) %0802 < C MU 1200 1 2R3\ B )5 -
Combining the last two estimates we finally obtain (4.6)). O

23



4.2 Long time asymptotic behavior of the solution on a bounded domain

In this subsection we fix ©; to be a bounded C? domain of R3. We consider the bilinear form a
with domain D(a) = H'(£2;)? given by

a(Uy,U) = ; EWU,V)dx
1

_ /Q (@) + 20 (V- D)V - Ta(#)) — p(@)V % Ui() - ¥ % Ua(a)] da
1
Then, for Uy € H'(Q)? such that Ly, Ur € L?(1)? and TU; = 0 on 09, we have
a1, 1) = / LU () - Tala)d. (4.10)
Fixing H = L?(21)3, V = H'(Q1)? and applying [21, Chapter 5], [36, Theorem 8.1, Chapter 3] and

[36, Theorem 8.2, Chapter 3|, we deduce that, for F' € L?((0,+o0) x Q1)3, Vo € V and V; € H, the
problem

p(z)0}U — LU = F(z,t), (x,t) € Q1 x (0, +00),
U(-,0) = Vo, QU(-,0) = W, z e (4.11)
TU(z,t) =0, (x,t) € 92 x (0,400),

admits a unique solution in C1([0, +00); L#(91))? N C([0, +00); HY(Q1))3. Below we show the long
time behavior of the solution of (4.11)).

Proposition 9. Let F € L*((0,4+00) x Q1) be such that Supp(F) C Q; x [0,T) and let Vg €
HY()3, Vi € L2(Q)3. Then problem (A.11)) admits a unique solution U € C1([0,+00); L?(©1))3 N
C([0,4+00); HY(4))? satisfying

IO i1 @ys < CUFN 200y x00) + Woll s + IVall 2o E+1), £>0, (412)

with C' independent of t.

Proof. Without lost of generality we may assume that V5 = V3 = 0. Indeed the result with
non-vanishing initial conditions can be carry out in a similar way. Let us first assume that F' €
H}(0,T;L%(21))3. Repeating the arguments in the proof of Lemma [l we can prove that the
regularity of U can be improved to be

U € C%([0, +00); L*(1))3 N C([0, +00); H2(Q1))3.

Now let us consider the energy
10 = [ p@IoU( 0P + U0, Uw.) da.
1951

For simplicity, we assume that F takes values in R? such that U takes also values in R?, otherwise
our arguments may be extended without any diffuculty to function F taking values in C3. It is clear
that J € C1([0,+00)) and

J(t) =2 /Q p(@)OPU (1) - U (1) + E(U (. £), U (. 1)) d.

24



Using the fact that 7U = 0 on [0, +00) x 91, we can integrate by parts to obtain (see (4.10]))
T(t) =2 / (@)U (2, 8) — Lo, U ()] - U () = 2 / Flat) - U (. 1).
Ql Ql
Thus, using the fact that p > pg > 0 we get

10U (0, t)[*dx < pytJ(t)

[
< 2/)6/
1951 0
T
2p61/ / |F(z, )| |0U(z,s)|dzds
0 951

il
200 T2 | Fll 2 o/myxsny2 100U oo o msz2 (@) - (4:13)

A

ds

/ F(z,s) - 0:U(x,s)dx
1971

IN

IN

Combining this with a classical estimate of [|0;U|| ;.00 112(0,))s (€-8. [36, Formula (8.15), Chapter
3]), we deduce that

10U oo 075220200y < C IF | 20,1y x21)3
with C' depending only on T, Q4, p, £ A,u- 1t then follows from 1} that
10U (@, )P de < CIF a0 mysan)
1

Combining this with the fact that

Ut,-) = /0 QU (-, 5)ds,

we obtain that

t t
IUC D20, / QU (-, s)ds < / 10U (-5 $) |l L2 (2, )3 ds
0 L2(0)3  Jo
< CFl 20y xa0)s t (4.14)
By density, we can extend this estimate to F' € L?((0,4+00) x Q1)3.

Applying Korn’s inequality gives the estimate

0¢Anae < € (16O + [

971

CUU O 72y + I (1))- (4.15)

E(U(z,1), U(a:,t))dx)

IN

Taking the scalar product with U on both sides of (4.11]) and integrating by part with respect to z
over {0y, we can estimate J(t) by

J(t) :/Q Fa,t) - Uz, t) de < |[F ()| 20,8 UG D)2 (003 (4.16)

Now, inserting (4.16)) into (4.15) and making use of (4.14]), we finally obtain

HU(ﬁ)Hi”(m)3 <C HFH%Q((O,T)le)?* (1+1%),

which proves (4.12)). O
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