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& Nonlinear Schrodinger / Gross-Pitaevskil equations

& Dynamical properties

— Conserved quantities
— Center-of-mass & an analytical solution
— Specific solutions — soliton in 1D

& Numerical methods
— Finite difference time domain (FDTD) methods
— Time-splitting spectral (TSSP) method

™ Applications — atomic transport, collapse & explosion of a BEC, vortex lattice dynamics

— Semiclassical limit and its computation

& Extension to -- rotation, nonlocal interaction & system
& Conclusions



~8 \LSE/GPE

# The nonlinear Schrodinger equation (N LS E) - Schrodinger 1925; - Gross & Pitaevskil 1961
2

{ R E R
i £ 0.y (X,1) = —7v2w +VX)y+Bly v

~t:time & X (€ R") : spatial coordinate
- w(X,1) :complex-valued wave function
—-  V(X) : real-valued external potential

- [3 :given interaction constant
e =0:linear; >0: repulsive & <0: attractive

— 0 < & <1:scaled Planck constant
« (&€= 1 :standard; O0< ¢ < 1& =41 :semiclassical)




D
mchrodinger equation

2 =g /Ry
1 0y (R,1) = —f—mv2+V(z) v(%1) = Heé=Ep

& Derived by Ewin Schrodinger in 1925 —nobel prize in 1933

& It describes the evolution over time of a physical system in which quantum effects,
such as wave—particle duality, are significant in quantum mechanics.

& Informal history

— Max Planck (1858-1947) proposed light is emitted in discrete quanta of energy in 1900
(Nobel Prize in 1918 for energy quanta). Planck-Einstein relation: E = hv

— Albert Einstein (1879-1955) proposed light is propagated and absorbed in quanta in 1905
—photon- (Nobel Prize in 1921 for photoelectronic effect). Mementum: p=E/c=h/A

— Louis de Broglie (1892-1987) proposed matter behaves like a wave—wave-matter
duality (Nobel Prize in 1927 for wave-like behaviour of matter). ~ Wavelength: A =h/p

— Peter Debye told Ewin Schrodinger: “your research is not focus on a good direction, can
you read Louis de Broglie’s work on wave-matter and give a report in my seminar”. “"The
idea is naive and interesting, if it is wave, there should be a wave equation!!!”



8 &

The Schrodinger equation

& Formal derivation via first quantization
p’Z E—ino,; p—>-ikVv hz

E=—+V(X) = imdy=—Vy+V(X)y =Hy
2m 2m
& Continuity equation ¥ ol
5t 0+ Ve = 0 _ SN A\
— With probability density and current " "
2 * . _lh * *
p=lw[ =vv, | Zm(w y-yVy') <
& Analytical solutions - v +v(iw =Ev o o
— free particle, step potential, }(\ N f\
— box potential & harmonic potentials,... e
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Quantum many-body problems

& Central role via many-body (N-body) problem
— quantum physics & chemistry
— materials science, electronic structure --- DFT

— mathematical physics, ..... ¥V =Y(X,%,..., X,1)

- N hz N K Z 1
50, - Z(—%Aj+V()_('j)]—' R
=1 ' ==

& Relativistic quantum physics
— Klein-Gordon equation for spinless patrticle -- pion
— Dirac equation for spin particle -- electron and quarks




Hydrogen Wave Function
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Schrodinger equation as part of a monument in front of
Warsaw University's Centre of New Technologies
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Model for BEC via GPE/NLSE

& Bose-Einstein condensation (BEC):

— Bosons at nano-Kevin temperature
— Many atoms occupy in one obit -- at quantum mechanical ground state
— Form like a "super-atom’, New matter of wave --- fifth state

& Theoretical prediction — s. Bose & E. Einstein 1924’
& Experimental realization - JiLa 1995

& 2001 Nobel prize in physics
— E. A. Cornell, W. Ketterle, C. E. Wieman

& Mean-field approximation

— (Gross-Pitaevskii equation (GPE) :
+ E.P. Gross 1961’; L.P. Pitaevskii 1961 BEC@ JILA




P,
MBdel for a BEC at zero temperature

—with N identical bosons

& N-body problem -3N+1 dim. (linear) Schrodinger equation

10, (X, %,y X ) = H W (R, Ry Xot),  With

H, =ZN:£—7’—2V +V (X, )] > V(X - X,

o\ 2m

& Hartree ansatz ¥v(u%...., XN,t)=ﬁw(i-,t),z.eR3 /\

& Fermi interaction Vi.(x,-x)=gs(x, - X)W.thg_4frha

& Dilute guantum gas -- two-body elastic interaction
E,(Yy) = j ¥ H, P,dX--dX, ~ NE(y)--energy per particle

''''''''''''''''''
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Model for a BEC - with N identical bosons

& Energy per particle - mean field approximation (Lieb et al, 00)

h° _ N . : _
E@) = | {% w2+V(x>\w\2+7g\w\“}dx with = y(X,1)
RB

& Dynamics (Gross, Pitaevskii 1961; Erdos, Schlein & Yau, Ann. Math. 2010

2
170w (X, t) = 5E(_W) = {—h—vz +V (X) + Ng ‘w‘z}//, X e R’
oy 2m

& PrOper non-dimensionalization & dimension reduction— GPE/NLSE

4 Na,
X

S

i5tt//()?,t):—£V2w+V(7()w+[)’|t//|2l//, xeR! with g=
2
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Laser beam propagation

& Nonlinear wave (or Maxwell) equations
c(ul)?o,u(X,t)—Au(x,t) =0, XeR’, t>0

& Helmholtz equation - time harmonic ~ u(X,t) = eia’tV(>_<’)
AV(R) +KZn2([V V(X)) =0, KeR% k =21 n(v])=

# In a Kerr medium
n<|v|>=[ M} 'V'j
n

0

Co (I )

n,--Kerr coefficient
n,--refraction index



http://en.wikipedia.org/wiki/File:RGB_laser.jpg
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Laser beam propagation

& Laser propagates in z-direction & take ansatz

V(X,Y,2) =e""w(X,Y,2)
& Reduced wave equation (. suem & p.L. sulem, 99)

2
20,0 (R, 2) + Ay + 22y Ry 0, =0, R, =(x,y) RS
n

& Non-dimensiona |zat|on Z>t&X, —X

10w (X,t) :—%Al//— v w-60,w, XeR® with §«1

& Paraxial (or parabolic) approximation --NLSE
10w (X,t) = —%Aw—hy Fy, XeR? t>0




e 2

Other applications

& In plasma physICS: wave interaction between electrons and ions
— Zakharov system, .....

& In guantum chemistry: chemical interaction based on the first principle

— Schrodinger-Poisson system

& |n materials science:

— First principle computation
— Semiconductor industry

n nonlinear (quantum) optics
n biology — protein folding
n superfluids - flow without friction

®

‘:!i
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Conservation laws

2
] _, & _
P @tl//(x,'[) = —7V2l// +V(X)l// + ﬁ | "4 |2 4
& Dispersive

& Time symmetric: t > —t & take conjugate = unchanged!!
& Time transverse (gauge) invariant
V(X) >V (X)+a=y —pe ™™ = p=ly[" --unchanged!!

& Mass (or wave energy) conservation
N (t) == N (i (s t))—_Hr,u(x t)|dx— “w(x O)|dx 1, t>0

& Energy (or Hamlltonlan) conservation

E(t) = E(y (1)) = | { Vo v @l + Ll }dx E(O), 120



/Q/ )
Dynamics with no potential
V((X)=0, XeR°
& Momentum conservation =i [7Vydx=J© t=0

—

% Dispersion relation y(x,t) = Ae® - = a):g‘kr L
E

& Soliton solutions in 1D; =1
— Bright soliton when [ <0 - decaying to zero at far-field

a i(vx—i(vz—az)two)
w(X,t) =——==sech(a(x—-vt—x,))e 2 XeR, t>0

J-8

— Dark (or gray) soliton £ > 0 ---- nonzero &oscillatory at far-field

i(kx—%(k2+2a2+2(v—k)2)t+¢90)

la tanh(a(x—vt—x,)) +i(v—k)]e , xeR, t>0

(%) =%



D
Interaction of two bright solitons
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D
Interaction of two dark solitons




D
Interactions of two dark solitons
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Dynamics with harmonic potential
e=1 ( yox? d=1

. . 1
& Harmonic potential V(X)=7y  7X +7yy"  d=2
VX +yoyi+y;z8 d=3

2
& Center-of-mass: %)= [ Xy (x.t[dx
Rd
X.(t)+diag(y?,72,72)%.(t) =0, t>0= each component is periodic!!
% An analytical solution if ¥,(X) =@, (X —X,)

w(X,t)=e " g (X=X (1) "™, X (0)=% &AW(X,t)=0
= p(X,1) =|w(X,1) =g (X=X (1)) [ -- moves like a particle!!
w0 ==V V(O b+ B4 4,
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Well-posedenss

Eﬂ Theorem (T. Cazenave, 03"; C. Sulem & P.L. Sulem, 99”) Assumptions

(i) V(X)eC*(R"), V(X)=20,vXxeR’ & DVX)elL'(R"Y) |alx2

T .. €(0,], s.t. the problem has a unique solution € C([0,T ... ), X)

(i) y, e X —{UEH (Rd)|HuH —Hu

— Local existence, I.e.

— Global existence, I.e. T =00 if

d=1 or d=2 with >-C /Hl//o

or d=3&42>0

12(RY)
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Finite time blowup

Eﬂ Theorem (T. Cazenave, 03’; C. Sulem & P.L. Sulem, 99’) ASSUFﬂptiOﬂS
<0 & V(X)d+X-VV(X)>0, VXxeR® with d=2,3

v, € X  with finite variance 6, (0):= J' \x\ W, (X)dX < o0

— There exists finite time blowup, i.e. T__ <40 |f one of the following holds

(i) E(p,)<0
(i) E(y)=0 & lm,’%(x)(zwo(xv)dko
() E(yy)>0 & Im WO(X)(X Vi, (X)) d X <—E(y,)d

- Proof: & )= [|x[ lw(x.OF dx =& ®) <2d E(y,), t20, d=23

=6, (t) <d E(w )t* + 6, (0)t+ 8, (0) = I0 < t* < 00 & &, (t*) = O!!



P,
mal methods for dynamics

2
ig@tz//()‘(’,t):—%VZW+V(>‘<’)1//+ﬂ|z//|21//, XeRY, t>0
& Dispersive & nonlinear with  (%,0) = . (%)

& Solution and/or potential are smooth but may oscillate wildly
& Keep the properties of NLSE on the discretized Ievel

— Time reversible & time transverse invariant
— Mass & energy conservation o
— Dispersion relation 0.4
& In high dimensions: many-body problems ‘o ..
& Design efficient & accurate numerical algorltqms

— Explicit vs implicit (or computation cost)
— Spatialitemporal accuracy, Stability
— Resolution in strong interaction regime: #>1&e=1or 0<e<1& f=+1
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Numerical difficulties

& Explicit vs implicit (or computation cost)

& Spatial/temporal accuracy

& Stability

& Keep the properties of NLSE In the discretized level

— Time reversible & time transverse invariant
— Mass & energy conservation
— Dispersion conservation

& Resolution In the semiclassical regime: 0<¢ <1

i1S/e

W =.pe (solution has wavelength of O(¢))
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Different Numerical Methods

& Lattice Boltzmann Method (succi, phys. Rev. E, 96 Int. 3. Mod. Phys. 98)
& Explicit FDM (edwards & Burnett et al,, Phys. Rev. Lett, 96)

& Particle-inspired scheme (Succi et al., Comput. Phys. Comm., 00")

& Leap-frog FDM (succi & Tosi et al., Phys. Rev. E, 00)

& Crank-Nicolson FDM (adnikari, phys. Rev. E 00)

& Time-splitting spectral (TSSP) method (sao Jakschémarkowich JCP, 03)
& Runge-Kutta spectral method (adnikari et al. J. phys. B, 03)

& Symplectic FDM . qin et al., comput. Phys. Comm., 04)



" \LSin1D

& Time-dependent NLS in 1D

2

ie%w(x,t) == Z VA () +V (0 () + By (D Py (1)

XxeQ=(a,b), t>0,
v (X,0) =w,(x), a<x<h.

& Boundary conditions (BC)
— Periodic BC: wv(a,t)=w(b,t), ow(at)=0w(b,t), t=0
— Or homogeneous Dirichlet BC: w(a,t)=w(b,t)=0, t>0
— Or homogeneous Neumann BC:
— OrPML/TBC [ ABC, ...




& 2
Time-splitting (or split-step) Method
ou=(T+V)u, u(0)=u,
& Lie-Trotter splitting
u(z)=e"""u, ~u? =e"eVu, = Hu(r) — u(l)H < Cr® = 1st order

& Strang Spllttl NQ-c. strang, sinum, 1968

1 1
—7Vv —Vv
u(r) =™y ~u® =e? eTe? U, = |u(r) -u®| < Cr® = 2nd order

& ngher order Spllttlng _M. Suzuki, 90 H. Yoshida, 90’; R.l. McLachlan, et. Acta 02;..
U (T) ~ u(l’) '— eaereb_LTVeaer o ebrTVearrT o ebereaer uo
— A order: r=2a=6,b, =20,a, =05-0,b, =1-40; 9:%(2+2§+2§]

— Partition Runge-Kutta: r=4,b,=0,4a, =...
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Time-splitting spectral method (TSSP)

& For [t tn+1], apply time-splitting technique
— Step 1: Discretize by spectral methozd & integrate in phase space exactly

le 0w (X, 1) = —%Vzw

— Step 2: solve the nonlinear ODE analytically
le Oy (X,1) =V (X)w (X, 1)+ By (X, D) w(X1)
Vo (ly (X0 =0= |y (X ) Hyw((Xt,)]
ie 0y (X,1) =V (X)w (X t)+ By (X,t) [ w(X1)
(X)) =¢" (t=t )V ()+Bly (R.4,)P 1V e w(X,t)

% Use 2" or 4™ order Spllttlng (Bao,Jin & Markowich, JCP, 02’; citations about 300 !!)
> E = 1 : (Tarppent, SIAM 78’; Moris etc., JCP, 88'; Ablowitz etc. JCP, 84’,.....)



P,
morithm in 1D for NLSE

& Choose time step: 7 = At ; Set t,=nz,n=01,:-
& Choose mesh size h-am=2"2:set x,=a+jh&y! ~y(xt,)

M
& The algorithm (10 lines code in Matlab !!!) (Bao, Jin & Markowich, JCP, 02))

—i [V (x))+BW 12

Vi =¢ V;

(2) 1 Mt —ieTgfl2 ~@Q) Al 4 (x-2) .
Vi = D oeterailzgm gt 20,1, M —1

I=—M/2

nil eV (X)W PRY2e  (2)

y =€ v
— with
| 7 ~0) N @) i (-a) M M M

= , =Y yWet o g — 1

Hy (b—a) 4 JZ:(;WJ 5 > >
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Properties of the method

& Explicit & computational cost per time step: O(M In M )

& Time reversible: yes
n+loon & 7¢>—-r= scheme unchanged!!

& Time transverse invariant. yes

V(X)) oV(x)+a (0<jsM)=y! >yl e ™ =]y | unchanged!!!
& Mass conservation: yes

e hh:Z_;W}‘ P[], =l = h§|%(xj)|2, n=0,1-- forany h&z

& Stability: yes

wn
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Properties of the method

& Dispersion relation without potential: €S
pi=ae" i (0<j<M)=y)=ae™ " (0<j<M &n=>0)

2
E

with o ==-Kk*+ flaf if M >k

— Exact for plane wave solution

& Energy conservation (szo, Jin & Markowich, JcP, 02): =

— cannot prove analytically

Efyl

— Conserved very well in computation
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Properties of the method

& Accuracy ----- Spatial: spectral order & Temporal: 2" order

& Resolution In semiclassical regime (sao, jin & varkowich, Jcp, 02)
— Linearcase: S =0

h=0(¢) & r-—independentof ¢
— Weakly nonlinear case: S =0(¢)
h=0(¢) & r7—Independentof &
— Strongly repulsive case: 0< S =0(1)
h=0(¢) & 7=0(¢)
& Error estimate in L"2-norm and/or H"1.

— C. Besse, C. Lubich, O. Koch, M. Thalhammer, M. Caliari, C. Neuhauser, E. Faou,
A. Debussche, L. Gauckler, E. Hairer, J. Shen&Z.Q. Wang, W. Bao&Y. Cai, etc.

e"| < c(h™ + 72)
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Crank-Nicolson finite difference (CNFD) method

& Crank-Nicolson finite difference (CNFD)method

R e L B 2 R V1 Ve
e =— ! + -
T 4 h h
V(X) n+ n n+ n n+ n -
P )L QU Y P 0 ), 1 j<M -1 020
W =y =0, nx0 vl =y,(x), 0<j<M

— Implicit: need solve a fully nonlinear system per time step via iterations!!!
— Time reversible: Yes

— Time transverse invariant: No

— Mass conservation: Yes



P,
" NFD

— Stability: Yes
— Energy conservation: Yes
— Dispersion relation without potential: No

— Accuracy

 Spatial: 2nd order
« Temporal: 2" order

— Resolution in semiclassical regime (varkowich, Poala & Mauser, SINUM, 02)
h=0(¢) & r=0(e)= h=0(s*) & r=0(&)
— Error estimate: Yes
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Error estimates for CNFD

S Assume O V)Y

w € C([0, TW>*) N C*([0, TW>*) AC°([0,TIW®* ~AH!) & V eC!

& Theorem: Assume 7 <C,h  there exist h, >0&7z, >0
sufficiently small, when O<h<h,&0<zr<7, |,
we have the following error estimate

<C[h*+7*] & |o'e"|<C[h*"*+7¥*], 0<n<T/r
In addition, if either 4 v (x)].,=0 or w eC°([0,T];H2),

en

e[+
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Semi-Implicit finite difference (SIFD)method

& Semi-Implicit finite difference (SIFD)method

n+1 p—l 2 p+l_ p+1 r1+1 p—l_ p—l rj—l
PRl _‘Z{%” Zl/gi Win  Via Zﬁé ﬂ””} 1<j<M-1 n2x1
T
V(X) n+ n— n n V(X) n n n
+Tj(l//j1+l//j l)+IB|Wj |2Wj or + : v+ By, |2Wj
V/SH:WW:O, n=0 l//?:l//o(xj)l 0<j<M

gy} (j=12,...,M =1) by 2nd explicit time integrator, e.g. modified Euler method

— Implicit: need solve linear system per time step via fast Poisson solver!!
— Time reversible: Yes

— Time transverse invariant: No

— Mass conservation: no



— " D

— Stability: conditional stable
— Energy conservation: no
— Dispersion relation without potential: No

— Accuracy

 Spatial: 2nd order
« Temporal: 2" order

— Resolution in semiclassical regime (varkowich, Poala & Mauser, SINUM, 02)
h=0(¢) & r=0(e)= h=0(s*) & r=0(&)
— Error estimate: Yes



& 2

Error estimates for SIFD

S Assume O V)Y

w € C([0, TW>*) N C*([0, TW>*) AC°([0,TIW®* ~AH!) & V eC!

& Theorem: Assume 7 <C;,h, there exist h, >0&7z, >0
sufficiently small, when O<h<h,&0<zr<7, |,
we have the following error estimate

<C[h*+7*] & |o'e"|<C[h*"*+7¥*], 0<n<T/r
In addition, if either 9,V (X)|,,=0 or weC’([0,T];H;)

en

e[+
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m approaches for NLS

& Leap-frog finite difference (LPFD) method

n+1 \

n-1 2
-y
o (20 )V O
W =y =0, n>0 Wi =w,(x;), 0<j<M

v; (i=12,...,M —1) by 2nd explicit method, e.g. modified Euler

& Time-splitting finite difference (TSFD) method

— Step 1. Solve by CNFD
— Step 2. Solve the ODE analytically

le Oy (X, 1) =V (R y (X)) + Bly (X[ w(X 1)

le O (X, 1) = —7V 4



P,
m approaches for NLS

& Crank-Nicolson spectral (CNSP) method

l//;H—l —WT _ _E_ZI:Dh l//n+1

T 4
V)
2
D! : pseudo-spectral dlfferentlal approximationto o,

h n
+D
J XX l// X=X; }

X=Xj;

n+1

ﬂ (l l//n+1

+y )+ P +1w] ) (™ +y)

& 4" order Runge-Kutta spectral (RKSP4) method
& Compact scheme In space, ......
& Multi-symplectic scheme in time, .......
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Other approaches

& Time discretization
— Leap-frog scheme
— 4Mh-order Runge-Kutta (RK4) - nottime symmetric

& Spatial discretization
— Finite element method
— Finite volume method
— Compact finite difference method

& Time + spatial discretization => different methods for NLSE



e

D

Numerical error comparison

b fy =03 fy 2 fyd fy[8 fy 16

(NFD 143 8A0E-1 [.79E-1 4332 107E-2
SIFD 143 BA0E-1 1.79E-1 433-2 107E-2
[0 148 8.0E-1 [.79E-1 4332 107E-2
T%P 193E-1 124 1939 <1E-{ <1E-9
f el Tof2 Tofd it fi/16

(NFD [07E-1 LT1E-2 672E-3 1.38E-3 193E-4
SIFD 161E-1 1231 188E-2 119E-3 181E-3
T§D 34E-1 8522 L10E-2 3J1E-3 135E-3
1% L18E-1 390E-2 131E-2 379E-3 049E-4
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Comparison

Method TSSP CNED SIFD ReFD TSFD
Time Reversible Yes Yes Yes Yes Yes
Time Transverse Invariant Yes No No No Yes
Mass Conservation Yes Yes No Yes Yes
Energy Conservation No Yes No Yes' No
Dispersion Relation Yes No No No Yes
Unconditional Stability Yes Yes No Yes Yes
Explicit Scheme Yes No No No No
Time Accuracy 2t op 4™ o ot ot ot
Spatial Accuracy spectral g oth oth oth

Memory Cost O(J%) 0(J%) 0(J%) O(J) O(J%)

Computational Cost 0 log)) | » 0"’ | 0 log))® | O(Flog])” | O(F logJ)®
Resolution when 0 < £ < 1° i _ gg i _ zg /: _ Eg i _ 38 )3 _ zgg
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Comparison summary

— TSSP method

« Itis the best in computation in terms of stability, accuracy, easy to
Implement, resolution, ... !!

« Its error estimate is well-understood in math now!
« Keep most properties except the energy!!
« TSFD is used for rough solution, e.g. random potential!!

— CNFD & SIFD methods
« Error estimates are established in mathematics !!

« CNFD conserves energy, but it is expensive to solve in 2D &3D!!
o SIFD can be used in 2D &3D instead of CNFD.

— Other methods --- RK4FD, LPFD, RK4SP, ......
* In general, not as good as either TSSP or CNFD or SIFD !!
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Interaction of 3 like vortices

Desity plot
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Interaction of 3 opposite vortices

Denzity plot
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Interaction of a lattice

plot of the 1-th density
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e
Quantum transport --- setup

A B

?‘ l.:l|'l-|. L

—J'r._ll I} I I J'r_lr;

& Study

— Finite size effects of the optical lattice: depth, width, recoil energy
— Strong interaction in BEC
— Density, current, Resonance, .....

& Reference: Dynamical self-trapping of Bose-Einstein condensates in shallow
optical lattices, M. Rosenkranz, D. Jaksch, F. Y. Lim & W. Bao, PRA, 08’



D

%With lattice potential

& Quasi-1D GPE described by w =w(z,t) (re-scaled)

2@t = -2 v @+ Bl F vy
ot 2 o2 VRS

y(z,t=0)=y,(2), w(-Ly,t)=yw(L+L;1)=0

0 -L,<z<0
Vo (2) =1V (2) 0<z<L Voot (2) =V+s5sin(2z)
0 L<z<L+L,

21,2
B= N aSEk ho, (interaction constant), E, = h2 K (photon recoil energy)
m
R

L+Lg

Normalization condition [ lw(z ) dz=1

_LA
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Stationary current — varying lattice depths

= 4f E
ﬂ'D : _______ —-
— E_ I T _-
- 1
I:quu | walaaaag AT EEEEEEE
0 0.2 0.4

& Results
— Left: v=0, f=251.46(solid), 318.31(dashed), 397.89(dotted)

— Right: v=0, g =31.83(solid), 79.58(dashed)

& Observations
— Characteristic drop in strong interaction & no drop in weak interaction

— Drop position depends on lattice depth — self-trapping
— After drop, transport of atoms through lattice almost blocked
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3D collapse & explosion of BEC

& EXxperiment (Donley et., Nature, 01
— Start with a stable condensate (as>0)

— At t=0, change as from (+) to (-)
— Three body recombination loss

200F

15ayg

100
R
=

S

D

(=}
| ST L

SOr

v &

& Mathematical model (Duine & Stoof, PRL, 01))

0
ot 2

. L 1 )
i — (X ) =-Vy VX +Bly v

16,000 -

12,000 -

8,000 4

0 2 4 6 8 10 12 14 16 18 20 22
1—ne'.rolve {ms}

_i50ﬁ2|W|4'7” ,B:47Z.Nas

X

S
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Numerical results (sao et. J Phys. B, 04)

t=2 (ms) t=3 (ms)

50 100

1w(0,0,0,t)?

e -
|| 1 I 0 0.005 0.01 X

R Jet formation
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3D Collapse and explosion in BEC

Humber of Atoms in Condensabe

ESU | = 1F|.I
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| &xpand
200t | - gf_h cutaps’ 07§
| 14 0008 ‘=308, ]
150 I| '
1200t
:I.dl:_l_ﬂ 10000
o
= BODOF
50} T i
" el y &000F
0 ._i 1 E 1 I
ofa, quench 4000
¥ I
| o 2000F
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d 5 L0 15 20 ’ ’ 2 - N
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Semiclassical limits

2

- E A g & v & & FA
O<exl icoy (X,t)=—7V2w +VX) '+ Bly | w

VIEYT pt(R0) =y (R) = o () €5 O
& WKB analysiS -- Gregor Wentzel, Hans Kramers & Leon Brillouin, 1926
— Formally assume
we =p° e51F §E=vSE, J¢ = piy
— Geometrical Optics: Transport + Hamilton-Jacobi

0, p°+Ve(p°VS®)=0,

2
2+VO,(>*<)+,B,0‘9:‘92 \/%A\/?
Yo,

atsul\vsg
2




P,
/Qfole\/l to fluid dynamics

— Quantum Hydrodynamics (QHD): Euler +31 dispersion

0, p°+Ve(pV)=0 P(p)=pp"12
= J8®J£ i 2 i
0,(J°)+Ve( )+VP(p°)+ p VV_ZV('O Aln p%)

o p°
— Formal Limits -- Euler equations for fluids
0, p"+Ve(p’V’)=0 P(p)=pp°12
70
0,(J°)+Ve (J ©J

& Mathematical jUStIfICatIOn G. B. Whitman, E. Madelung, E. Wigner,

P.L. Lious, P. A. Markowich, F.-H. Lin, P. Degond, C. D. Levermore, D. W. McLaughlin,
E. Grenier, F. Poupaud, C. Ringhofer, N. J. Mauser, P. Gerand, R. Carles, P. Zhang,
P. Marcati, J. Jungel, C. Gardner, S. Kerranni, H.L. Li, C.-K. Lin, C. Sparber, .....

— Linear case
— NLSE before caustics

)+ VP(p°)+ p°VV =0




& 2

Efficient Computation

& Directly solve NLS: jc. Bronksi, D.W. McLaughlin, P.A. Markowich, P.

Pietra, C. Pohl, P.D. Miller, S. Kamvissis, H.D. Ceniceros, F.R. Tian, W. Bao, S. Jin, P.
Degond, N. J. Mauser, H. P. Stimming, .......

— & Issmall but finite, e.g. 0.01 to 0.1 in typical BEC setups
— Provide benchmark results for other approaches
— Hints for analysis after caustics and/or with vacuum

& Solve the limiting QHD system with multi-values
— Level set method: s. Osher, H.L. Liu, S. Jin, L.T. Cheng, ....
— K-branch method: L. Goss, P.A. Markowich, .....

& Solve the Liouville equation (obtained by Wigner transform): S. Jin,
X. Wen, ........
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/Q/Properties of TSSP

& Accuracy

— Spatial: spectral order
— Temporal: 2" or 4" order

& Resolution In semiclassical regime (sao, jin & varkowich, Jcp, 02)
— Linearcase: p=0

h=0(¢) & r—independentof ¢
— Weakly nonlinear case: S =0(¢)
h=0(¢) & 7-—independentof ¢
— Strongly repulsive case:  0< £ =0(1) i
h=0(¢) & 7=0(¢)
& Error estimate: not available yet! 0

1.5¢
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For Schrodinger Equation

& 4" order compact time-splitting ---— s.. chin, Phys. Let.
A, 97

& Zassenhaus Spllttlng --- P. Bader, A. Iserles, K. Kropielnicka & P.
Singh, 157 17’; .... (see talk by Prof K. Kropielnicka in the workshop)
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4th-order Compact time-splitting

e'e’ =e°

& Baker-Campbell-Hausdorff (BCH) formula

< 1, 1 1
Z=Y7,=T+V +§_T,v]+E([T,U,V]]+[V,[V,T]])—§[v,[T,|_‘r,V]]]+...

[TV]:=TV VT
& 4th COmpaCt method -sa cnin Phys. Lett, A, 97

er Ez'T gTF(V) Ez'T er

_ otV 1B — a6 a2 @3 2 @b
u(z) =e U, U :=e® ez e es e° u,

F(V)=V +Z—;[V,I_T,V]] HU(T)—U(4)HSCT5



D
Application to (linear) Schrodinger equation

e The Schrodinger equation

. . 1 .
| 0. (X,1) = _EVZW +V(X)y <oy =(T+V)y

® W|th | iz'2 5
V =-iV(X), T::EVZ, F(\/)::-iV(x)+4—8\VV(>?)\
+ 4" compact time-spliting [ (r) - | < C¢*
1TV lrT gz'I:(V) ErT 12‘

~ 14— a6 a2 a3 2" 6T
v(r)~y' =eb e? e ez e® w(0)
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mation to Damped NLS

& NLS with damping term (sao & Jaksch, SINUM, 03)

o 1 ) .
|Ew(x,t)=—§V2w+V(X)w+ﬂ|wIzw—lf%ﬂ2 [ |y

& Time-splitting spectral method (TSSP)

— Step 2:
Oy (X ) =VX)w(X)+Bly XD [ w(X ) -igs [y (Xt [ w(X1)
U p=ly [

pXL) Cto<t<t
50ﬂ2(t_tn)p2(xltn)

0,0 ==25,°p° = p(x,t) =
J1+4
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To NLS with time-dependent potential

& NLS with time-dependent potential (8ao & Jaksch, SINUM, 03)
0 1

—vxn)= —EVZI/I +V (X, Dy + 1) |w [ w
& Time-splitting spectral method (TSSP)
— Step 1. 1

| O (X,t)= —EVZW
— Step 2:
i O (X, ) =V (XD (X,t)+B0) |y (XD w(Xt)=|wX1)|=|w(Xt,)
=i oy (X,1) =V XDy (Xt)+ 40| wXt,) ] wXt)

t t
LV s)s iy (6P [ A(s)ds]
tn

S y(Xt)=e " w(X,1)
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GPE with angular rotation

& GPE / NLSE with an angular momentum rotation
i 0, w()‘(’,t):[—%v2 +V(X)-QL + By fly, XeRY t>0

L, :=xp, - yp, =—i(x0, - yo,)=-i9,, L=%xP, P=-iV

\Vortex @MIT
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Numerical methods

& Time-splitting + polar (cylindrical) coordinates -sao, bu & zhang, siap, 05’
Step 10 10, y(%,t) = [—% vV _QlL ]y

Step 2: i, w(X,t)=[V(X)+Blw [lw
& Time-splitting + ADI --Bao & wang, Jcp, 06

Step 1: i 0, p(X,1) = [—% o —iQys. 1w

: _ 1 .
Step 2: 10, w(Xt) = [_E d,, +1Qx0, |y

Step3: 10, w(X,1) =V (X)+ By Fly
& Time-splitting + Laguerre-Hermite functions -sao, Li &shen, sisc, 09

Step 1. i0, w(X,t)= [—%v2 ~-QL, +|>z|2/2] v =Ly

Step 2: i 6, w(X,1) =W (X) + Bly Flw
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A simple & efficient method

» A
. Yy

Eﬂ |deaS — Bao, Marahrens,Tang & Zhang, 13’; Bao & Cai, KRM, 13’; ......

— A rotating Lagrange coordinate:

X=Al)'X & ¢(X1)=w(X1)=w(Al)X,1)

cos(Qt)  sin(Qt) cos(Qt) sin(Qat) 0

A(t) :{—sin(Qt) cos(Qt)} ford =2; A(t) {sino(Qt) cos(()Qt) ﬂ for d =3

— GPE in rotating Lagrange coordinates

iat¢(>—’Z’,t):[—%v2+V(A(t)>:<)+ﬂ|¢|2]¢, FeR’, t>0
- TSSPmethod  Step 1: I 0, ¢(§(‘,t):_%vz¢,

Step2: 10, g(X,t) =V (AW)X) + B 4[4,
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Dynamics of ground state

& Choose Initial data as: p=100, Q=08 y,=7,=1

v, (X) =¢,(X) . ground state

& Change the frequency In the external potential:
— Casel: symmetric: 7x:1>2 & 1152

- Case 2: non-symmetric: 7x:1—>18 & 11522

— Case 3: dynamics of a vortex lattice with 45 vortices:
£ =1000, 2=0.9,V (X,t) :anisotropic



Frrame 001 | 09 Jan 20035

gg% % AT




Fmame 001 | 09 Jan X005

back




Fame 001

09 Jan X003

AT




Fmame 001 | 09 Jan X005

pack




Frame 001 | 18 A pr 2005

]




Fame 001 | 18 A pr 2005




e 2

Dynamics of a vortex lattice




P
Application to NLSE with Coulomb interaction

& NLSE with Coulomb interaction (Bao, Mauser & Stimming, CMS, 04'; Bao, Jian, Mauser &
Zhang, SIAP, 13’; Greengard, Jiang& Bao, SISC, 14’; Bao, Jiang, Tang & Zhang, JCP, 15")

2

& 0w (X, t)——7V w+V(X)w+‘G°‘ *

& Schrodinger-Poisson-type equation
— In3D

v v,

2

IE@W(Xt)———VZW-I—V(X)W-FGWl//, — AW = z// IImW(Xt) 0
t 2 0

X—)OO

- In2D

2

ic o (Rt = Vi +V(X)w+6Wy, (AW =y fimW (x,1) =0
t 2 0
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Application to NLSE with Coulomb interaction

& Time-splitting spectral (TSSP) method
2

- Step 1. ic 0 (X,1) = _S_Vzw
- Step 2: 2

: 18 _ - 2 : _
icow(Xt)=V(X)y+5 Wy, —AW =y, |[||mW(x,t) =0
X|—>00
* Boundary condition when truncation
* Dirichlet BC is OK, periodic BC is wrong!!

! NUFFT fOf COUIOmb InteraCtlon (Greengard, Jiang& Bao, SISC, 14’; Bao, Jiang, Tang &
Zhang, JCP, 15)
sphere coordinate 1

W (X,t) = j|§|1dlﬁ(<§,t>e‘*°fd<§ = [ ler |§|dlﬁ<a:,t)e‘*‘f---

RY gd-lyR*

= [ pge™ . p=lyl, d=32

Sd—1XR+
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Extension to dipolar guantum gas

. . . _ V] V7 3
% Gross-Pitaevskii equation (re-scaled) ¥ =¥(X.1) XeR
: . 1 .
10, y(X,t) = [_EVZ +V(X)+ By [ "‘/l(uolip”< lw [ )}W
— Trap potential ~ V(X) = %(7/5 X2+ yly?+yi7?)
— Interaction constants - 47N (ot range), 4 = TNAM (1000 range)

. . . XS . ’ S
— Long-range dipole-dipole interaction kernel
3 1-3(A-X)*/|X[F 3 1-3cos’()

R N T P R .

& References: J e M
— L. Santos, et al. PRL 85 (2000), 1791-1797 N J . W'-.&
— S.Yi&L. You, PRA 61 (2001), 041604(R):; g - e i

— D.H.J. ODell, PRL 92 (2004), 250401
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A New Formulation
r=|X| & 6, =0-V & 0. =0(0,)
& Using the identity el etal, PRL 92 (2004), 250401, Parker et al., PRA 79 (2009), 013617)

_ 3 3(ii - X)* _ 1 "l
Uy (R) = 3£1—(2)j:—5(x)—3aﬁﬁ(wj EEEEY

Arr r
000000

&
BEC@Stanford

~ Ljolip(f) = -

& Dipole-dipole interaction becomes

igure 1. The Rosensweig inst
; o .
rom

u stability [32] of a fen ﬂ d colloidal
spersion in a carrier liquid of subdommn f rroma ¢ pal rt les
10 )inan ﬁ]dprp ndic: ]

2 L
Udip*lWl = _|W| —30;:¢ ' w“sﬁt’{%‘f’f}[‘,“
2 2 2 r
|y [ -V =y | S
:
fi

henomena appearing in classical ph\s due to |

3 g ran,_,c,
4 7 z r anisotropic interactions. Figure reprint d with pe]'mission
rom [34]. Copyright 2007 by the American Physical Society.

qp:
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A New Formulation

& (Gross-Pitaevskili-Poisson type equations (Bao,cai & Wang, JCP, 10)

10, w(X,1) = [—%VZ +V(X) + (8- |y [ =320, }W

~V2p(X,t) (X))}, XeR® limep(X,t)=0
— Energy K=

1 _ —A 31 .
E(w(-,t»:=jbww%wxnw%ﬂz |w|“+7|aﬁw|ﬂdx
RS

— Modelin2D 2P
%

(A )X ) =y (XD F, XeR? lime(X,1)=0
1

|X|—>o0

& Numerical methods --- TSSP with sine basis instead of Fourier basis
— Bao, Cai & Wang, JCP, 10’; Bao & Cai, KRM, 13’
— Bao, Marahrens,Tang & Zhang, 13"”; Bao & Cai, KRM, 13; ......
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Numerical Method for dynamics

% Time-splitting sine pseudospectral (TSSP) method, [t t,..]

— Step 1: Discretize by spectral method & Integrate in phase space exactly

o 1
i 0,y (X,1) =—§V2t//

— Step 2: solve the nonlinear ODE analytically
| 0/ (X,1) = [ Voo (X) + (B =) [y (X,1) F =328,,0(%,1) [w (X, 1)
~Ap(X,t) =y (X 1) [,
Voly(RDF)=0=ly (XD Hw(Xt) | &  o(Xt)=p(Xt,)
[ By (X,1) = | Vo () + (B D) lw(X,t,) F —320,,0(X.t,) [w(X,1)
~Ap(X,t,) =l (Xt,) [,

. —i (t=t, ) [Vaye (R)+H(B=A)w (R 1, P =32 0rnp (R 1, =
:>l//(X,t) _e (=t ) Ve (X)+(B-A)lw (X 1) p(X.t)] W(X’tn)
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—® D ynamics of a BEC with DDI

t=0




D
&
Collapse of a BEC with DDI

Column Dlenzity at £=0

0,08

0,07

0,06

0,05

0,04

0,03

0,02

0,01
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Dynamics of a vortex lattice with DDI
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New numerical methods for DDI

& How to compute nonlocal DDI p=Ug x|y
— FFT (fast Fourier transform) - 3(fi - £)2
. . Udip(f):_l_i_ ( é:)
— DST (discrete sine transform) | £

p=—|y [ -30,0 & —Ap(X1)=ly(Xt)f
=T Nonuniform FFT (Bao, Jiang, Greengard, SISC,14"; Bao, Tang & Zhang, CiCP, 16")

B(%,1) = [ U (£)A(C e ™ de p=lyf

sphere coordinate

= [ U @)1EF AC e

S2xR*
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cb(x,f):Adudip(x—yJP{F:deY: ep:=||P—Dy |2/ || P

D

N U m e rl Cal reS U |tS (Bao, Tang & Zhang, CiCP, 16)

2,

NUFFT

h=2

h=1

h=1/2

h=1/4

L=4
LL=8

1.118E-01
5.281E-02
5.202E-02

3.454E-04
3.428E-04
3.551E-04

1.335E-04
9.834E-12
1.143E-11

1.029E-04
1.601E-14
8.089E-15

h=1

h=1/2

h=1/4

h=1/8

6.919E-02
2.709E-02
1.008E-02

7.720E-02
2.853E-02
1.033E-02

8.124E-02
2.925E-02
1.046E-02

8.327E-02
2.961E-02
1.052E-02
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Application to fractional Schrodinger equation

& Fractional Schrodinger equation . eiar & . schiein, cPaw, 07; Bao &

Dong, JCP, 11" I. Carusotto & C. Ciutti, Rev. Mod. Phys, 85 (299), 13’; F. Pinsker et al., PRB, 15, ....)

0 (X,0)=(5-A) " w+V )y + (v ).

— Relativistic Hartree equation for Boson star 0>20&0<a<?2
— Polariton condensates

= e iR ) =q*y +V Xy + Dy +ig® | v, aK)=...
& Time-splitting spectral method
al?

— Step 1 Iatl//()_(’t) :(5—A) /4
- Sep2 o w(X,t)=V(X)y + f (MZ)W’
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m-orbit coupled BEC

& Coupled GPE with a spin-orbit coupling & internal Josephson junction

. O 1 N

| El/jl :[_EVZ +V (X) +1K,0, + 0+ (B | vs [+, v, v, +Qu
. O 1 N -

| El/j—l :[_EVZ +V (X) =iked, =+ (B |, [ +By, [, )W, +Quy

& EXxperiments: i, etal, Natwre, 471(2011),83.
& Applications ----Topological insulator

& Analysis & numerical methods:
— For ground state & dynamics (sao & Cai, 14)

2D topological insulator 3D topological insulator



m-orbit coupled BEC

& Time-splitting spectral (TSSP) method (o« cai, sine, 14)

— Step 1. aSoIve .
i E% = [_E V? +ik,0, + Sy, +Qu

. 0 1 :
' EW—1 :[_EVZ —1K,0, —S]y  +Qy,

— Step 2. Solve

0

| EW1 =V (X) +(Bu v, |2 +8, v, |2)] 4

0

v =V R0+ (B v P 4B v Pl

D



& _ °

Dynamical results

ooon
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Dynamical results
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/Q/Coupled GPEs

& Spinor F=1 BEC

.0 1 _ \
| =S VIRV )+ Bplv+ Bt po—pvat By v
.0 1, . \
| Vo = [—5 VIV (X) + Bplwo + B (oo + po)vo + 2By 1y,
.0 1, . .
V= [—5 ViV (X) + B.ply .+ B(pa+ po — PV 1+ By,
EﬂWIth 47N (a, +2a,) 4zN(a, —a,)
/A VA —
p=pa+py+p, p=ly e B= VL v

a,,a,: S-wave scattering length with the total spin 0 and 2 channels
& Numerical methods ---- TSSP with 3 steps

— Bao, Markowich, Schmeiser & Weishaupl, M3AS, 05’
— Bao & Cai, KRM, 13, ......
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& Time-splitting spectral (TSSP) method -3 steps— (sao, Markowich,
Schmeiser & Weishaupl, M3AS, 05’;Bao & Cai, KRM, 13', ......)

— Step 1. Solve
" i Oy —tyy, 2, Ly Ly, =—1ve
atl//1 2 l//1; 8’[ l/jo 2 WO’ atW—l 2 W—l’
— Step 2. Solve
0 B}
v =V )+ By o+ Py = p )V
0 ,
Vo = [V (X) + B.plw, + B (o + PV,
: a . . a l//l O l//jll//o O l//1
|aw_1—[\/(X)+ﬂnp]w_1+ﬁs(p—l+p0_101)'7”—1 |a l//o zﬂs l//_ll//g 0 l//ll//g '7”0
1 0 : 0 -1
— Step 3. Solve " e ’
C 5 TR o .
|y, =By e, I W =2ByW o i<W =BV

ot ot ot
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& Time-splitting spectral (TSSP) method —2 steps— (L.u. symes, R\

McLachlan &B. Blake, PRE, 16')

— Step 1. Solve

. 0 1_, o, 1_, o, 1_,
| —y, =——Vyv, |l—y,=—=Vv, |—y_  =——=Vy_,
atW1 5 W, atWo 5 W atW1 5 W,

— Step 2. Solve

0

i Pt IV (X) + B, plw, + B, (o, + Py = p_ )W, + B s

0

Vo =V () + Bl + B+ )y + 2B W,

0

V=NV )+ Bpl e+ Bipat po =PIVt Byive
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Spin-1 BEC
PR =l [+l +w ol
% Define FL(® ) =2 (yw, +vow,), |F| =

= (X1 = p(Xt,), F(%,1)=F,(%t,)

& Change of variable
wi=we", V=V(E)+Bp(Xt) j=-101

1 =

R = il |
F| +|F[

e Le o
2 ? J2 -
5 YV, 1 1 YV,
i—| v, |= —F 0 ——F’ 7 < i0,%¥ = B.RY¥
ot l/~/o B \/E i \/E '7~”0 t B
W—l 1 _ _ W—l
) —F —F
\/E 1 z

= F,(X,t)=F,(X,t,), F (X,t)=F (Xt)), R(X,t) = R(X,t,)

— ¥ (t) = cos(B, |F|t)¥(0) — —sin(A, |F|t)R¥(0)

|F|
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Extension to Zakharov System

& The Zakharov system (sao, sun & Wei, JCP, 04; Bao & Sun, SISC, 05)
IE.+AE-aN E+A|E| E+i1yE=0

e N, ~AN+v|E[")=0, XeRY t>0

— E: envelope of the high-frequency electric field

— N: deviation of the ion density from its equilibrium
- €>0 -inversely proportional to acoustic speed
— 720 -3 damping parameter

— @AV yeal parameters



&

&

5

8 . E

Properties of Zakharov System

j N, (%) dX =0
when y =0
— The wave energy
D(t) :j | E(X,1) ] dX
— The momentum

i S — ga. -
I{E(EVE—EVE)JF—NV}dT( N, +V oV
Vv
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Properties of Zakharov System

— The Hamiltonian

2
ac¢

H = [[|VE[ +a N ‘E‘z—%|E|4+2a—vN2+ >

[V [*] dX
& when y =0
& when y =0

N, >N,+f = N(t)—>N(t)+p4 & |E(,t)|unchanged
& of the wave energy D(t) when 7 >0

D'(t)=-2y D(t) =  D(t)=e?" D(0)
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Plane & solitary waves

& In 1D when; »=0
.2 r X 2 .2
I ( —ot)
N(x,t)=d, E(x,t)=ce P t, a):ad+4ﬂ ' Ac’

(b-a)®

& Solitary wave in 1D: y=0,4=0,a=1v=1

E(x,t) = /2B? (1 &? C?) sech(B(x—C t)) ' (¢ ¥/2-(7/+-80
N(x,t) =—-2B*sech’(B(x—Ct)), —o<Xx<ow, t=0

& solution in 1D




P,
mrgence of GZS to NLS

("subsonic limit") U & 50= N =—v|E|* +O(&?)
iE,+AE+(A+av)|Ef E+iyE=0
& Hamiltonian

GZS: H% =[[|VE[ +a N |E[’ ——|E| +—N2 as

e—>0 U N——V|E| +O(8)
2 (A- av)

NLS: H" = [[ VE[ - IE|']dX + —j|V| dx

HOZ —HMS,0(s?) when &—0

& Momentum: pezs _ pMS , 0(z2)  when &0



&

Well-posedness

& Solitary wave solution of ZS
— Glbbons et al., 77’

& solution of ZS
— Sulemetal., 79’

& Smooth solution provided smooth initial data
— Bourgain et al., 96’

& Wellposedness of GZS
— Colliander, 98’

& Blowup of ZS in 2D &3D when <0
— Papanicolaou et al. 91', Wang 94’, & Masselin 01’
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Existing Numerical Methods

— RK2+spectral method: payne, Jcp, 83
— Implicit finite difference (FD): Glassey, JCP, 92'; Bao & Su, MMS, 17"
— Semi-implicit finite difference (SI-FD): chang, Guo & Jiang, JCP, 94'

— Spectral method: sao, sun & wei, Jcp, 03’ Bao & Sun, SISC, 04" Jin, Markowich & Zheng 04; Bao & Su, 17,

& Numerical difficulties
in time
— Keep as much as possible in
— 3D & possible long time dynamics, .......

& Our goal:
& unconditionally stable for GZS
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New numerical Methods

& 1D GZS with periodic conditions:
iE,+E, —-aNE+A|EFE+iyE=0
e N, ~(N+v|E[),=0 a<x<b
E(x,0) =Ey(x), N(x,0)=Ny(x), N;(x,0)=Ny(x)
E(a,t)=E(b,t), N(b,t)=N(b,1),
0,E(a,t)=0,E(b,t), 0,N(a,t)=0,N(b,1)

& Compatibility conditions

E,(a) = Eo(b), No(a)=No(b), N,(a)=N,(b), fNAx) dx =0
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New numerical Methods

& Our Ideas (Bao, Sun & Wei, JCP, 03'; Bao & Sun SISC, 04)

— For the first (NLS-type) equation
e time-splitting spectral method (TSSP)
Step1: I1E +E =0, t <t<t ,
Step2: iE,—aNE+A|EfE+iyE=0
UIE(x, 1) P= e W [E(x,t,) P
i E,(x,t)—a N(X,t) E(x, 1) + 1 7 |E(x,t ) E(x,1)

o 2d time splitting +1y E(x1) =0



- LWin1D

& Time-dependent NLW in 1D
ou(Xx t)—o u(x,t)+ f(u(x,t))=0, xeQ=(a,b), t>0,
u(x,0)=u,(x), ou(x,0)=u/(x), a<x<h.

& Boundary conditions

_ Periodic BC: u(a,t) =u(b,t), ou(a,t)=0u(b,t), t>0
— Homogeneous Dirichlet BC  u(a,t) =u(b,t)=0, t=0

& Timestep r=At andset t, =nz, n=0,12,..

% Mesh size h=(b-a)/M &set x=a+Jh j=01..M

uj =u(x;,t,)
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Exponential wave integrator (EWI) for 2" ODE

& Second-order wave-type ODE

V') + A°y(t)+ f(y)=0, t>0,

v0)=vy,, Y'(0)=y, with 1>0& f(0)=0
& Notations 7=At>0, t =nz, n=012,... y"=y(t)

% Analytical solution near t=t,

sin(ws) 1 J-s
0, @ 0

y(t, +$) = y(t,) cos(@s) + y (t,) g(y(t, +w))sin(a(s —w))dw

w=+A*+a, a=f1'0), g(y)=f(y)-ay, seR
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Exponential wave integrator (EWI) for 2" ODE

&Take S=7 OF S=-7
sin(wr)

)
sin(~wz) 1 -
-l

yt, +7) = y(t,) cos(wr) + () = [} 9y, +w)sin(e - w)cw

y(t, —7) = y(t,) cos(~w7) + y'(t,) g(y(t, +w))sin(o(-z —w))dw

sin(w7)

- y(t)os(or) -y (6) S 2 g (y(t, - w)sin(e(r - w))dw

& Sum together

VMth) =2Y(8,)€08(07) - V(& )= [ T9(y(t, + W)+ 9(y(t, ~W)sin(e(z - w))dw



P
Approximate integral via quadratures

— Gautschi-type exponential integrator (Gautschi, 68’):

Y™ = 2c08(wr)y" -yt - 22 Cz)sz(m) g(y"), nx1

sin(wr) 1-cos(wr)

yo = Yor yl =Y, Cos(w7) +Y, > g(Yo)
0, 0,
— Via trapezoidal rule
yn+1 =2COS(0)T)yn _yn—l_SIH(a)T) g(yn)’ nZl
@

sin(wz) sin(wr)
0, 20

0

Y = Yo yl =Y, CoS(w7)+Y,

a(Yo)
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Approximate first-order derivative

& Subtract

v\ @ _ _
y (tn) T 2 -n(a) )[y(tn +T) y(tn T)]

e j[@l(y(t —w)) — g(y(t, +w))Isin(e(r —w))dw
sn(a)r)

& Approximate by Gautschi-type or trapezoidal rule

I 0 n+1 n -1
t )~ . h>1
y'(t,) 28in(m)[y ]
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Properties of Gautschi-type integrators

& Explicit
& Unconditionally stable for linear & Conditionally
stable for nonlinear Ar<C
& Glve exact results when f(y)=ay is linear!!!
& Error estimate
max | y(t,)-y"|<Crz?

0<n<T/r
& Essentially conserves the energy when
A>1 & 71A=1
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Exponential wave integrator spectral method for NLW

| 7

% Notations “ b-a’ | oM
Yy =span{g (x) =sin(y (x—-a)), 1=12,...,.M -1}
P @) > Yy: (PaV)(X) = 39, 5in(s (x—2)
% Sine spectral method .
— Find -
Uy (X 1) €Yy = Uy (X,1) =D 0, (t)sin( (x—a)), a<x<b,t>0
— Such that -

O,Uy, (X,t)—Au,, (x,t)+P, f(u,, (x,t))=0, a<x<h, t>0



D
e
EWI spectral method for NLW

— Take sine transform, for 1=12,...,M -1
2
%G|(tn+8)+(lu|2+a)ﬁl(tn+S)+g(uM)l(tn+S):O’ scR
a=1'0) & g(u)=f(u)-au

— Solve this second-order ODE via Gautschi method



P
—® broperties of EWI-SP for NLW

& Explicit via DST
& Time reversible, I.e. unchanged If 7 — —¢

& Easy to extend to 2D & 3D

% Memory cost O(M*)

& Computational cost ©(M* InM)

& Error estimate [U—Uu |z +[Vu-uy)|: <C[h" +7°]
& Essentially conserves the energy well!!
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For Klein-Gordon-Schrodinger

& KGS equations (Bao & L. Yang, JCP, 07"; Bao & Zhao, Numer. Math., 16)
10, + Ay +ow +lay =0

att¢_A¢+,u2¢+:B¢t_ [y [*=0
— W . complex scalar nucleon field

— ¢ : real meson field, o, &u : constants

& Describes interaction of scalar nucleons interacting with
neutral scalar mesons through Yukawa coupling

& Results: a=0, =1 g =1
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Meson Field

IVANEVANS
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Nucleon Field
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Conclusions & Future Challenges

& Conclusions:

NLSE / GPE - brief motivation
Dynamical properties

Numerical methods
« Time-splitting spectral (TSSP) method & Applications

Extensions - rotations, nonlocal interaction, system

& Future Challenges

With random potential or high dimensions

Coupling GPE & Quantum Boltzmann equation (QBE) or other equations
NLSE / GPE in high dimension for quantum chemistry & materials science
BEC at finite temperature & quantum turbulence

Multiscale methods and analysis for highly oscillatory dispersive PDEs
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