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Target problem

We investigate numerical approach to solve the following nonlocal dif-
fusion equation:

(Aα + bI)u = f, (1.1)

where α ∈ (0, 1), b ∈ [1,+∞), and Aα denotes the α-th power of A,
where A corresponds to the following sesquilinear form: ∀w, v ∈ V

A(w, v) =

∫
Ω

∇wC(x)(∇v)T + (a(x) · ∇)wv + r(x)wv dx (1.2)

where C is a complex-valued d × d matrix, a(x) is a complex-valued
d-dimensional vector and r(x) is a complex-valued scalar function.

Dunford-Taylor : Aα =
1

2πi

∫
C′
zα(zI − A)−1d. (1.3)
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We further assume that the sesquilinear form A(·, ·) satisfies strong
ellipticity

ℜ(A(v, v)) ≥ c0∥v∥2V for all v ∈ V, (1.4)

and continuity

|A(w, v)| ≤ c1∥w∥V ∥v∥V for all w, v ∈ V, (1.5)

where c0, c1 are positive real numbers. Note that the two inequalities
above also imply c0 ≤ c1.
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Apart from pure mathematical interest, (1.1) can be obtained from
time discretization of parabolic equations involving Aα. For example,
when we apply linearized backward Euler scheme to the model problem

∂w(x, t)

∂t
+Aαw(x, t) = g(x, t, w), (1.6)

we obtain (
Aα +

1

∆t

)
wn+1(x) = g(x, tn+1, wn) +

wn(x)

∆t
(1.7)

with ∆t the temporal step size and wn+1(x) the semidiscrete solution
at tn+1 = (n+ 1)∆t.
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previous work

Most work focuses on Aαu = f with Hermitian A, see1 for a
review;

Aαu+bu = f with HermitianA: BURA2; rational Krylov subspace-
based techniques3 together with contour integral proposed in 4

1S. Harizanov, R. Lazarov, and S. Margenov, A survey on numerical methods
for spectral space-fractional diffusion problems, Fractional Calculus and Applied
Analysis, 23 (2020), pp. 1605–1646.

2S. Harizanov, R. Lazarov, S. Margenov, and P. Marinov, Numerical solution of
fractional diffusion–reaction problems based on BURA, Computers & Mathematics
with Applications, 80 (2020), pp. 316– 331.

3K. Burrage, N. Hale, and D. Kay, An efficient implicit FEM scheme for
fractional-in-space reaction- iffusion equations, SIAM Journal on Scientific Com-
puting, 34 (2012), pp. A2145–A2172.

4N. Hale, N. J. Higham, and L. N. Trefethen, Computing Aα, logA, and related
matrix functions by contour integrals, SIAM Journal on Numerical Analysis, 46
(2008), pp. 2505–2523.
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Preliminary

Definitions:

Let X be a Hilbert space. A complex-valued function Ψ(v, w) defined
for v, w belonging to a linear subset of X is called a sesquilinear form
if it is linear in v and semilinear in w.

We use D(Ψ) to denote the domain of Ψ. For a given sesquilinear form
Ψ(·, ·), Ψ∗(v, w) = Ψ(w, v) defines another sesquilinear form Ψ∗ with
D(Ψ∗) = D(Ψ). We say Ψ∗ is the adjoint form of Ψ. Ψ is said to be
Hermitian or symmetric if Ψ = Ψ∗.
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A Hermitian form Φ is said to be nonnegative if Φ(v, v) ≥ 0 for all
v ∈ D(Φ). A nonnegative Hermitian form Φ is said to be closed if
vn ∈ D(Φ), vn → v ∈ X and Φ(vn − vm, vn − vm) → 0 is sufficient to
derive v ∈ D(Φ) and Φ(vn, vn) → Φ(v, v).

For a given sesquilinear form, one can decompose it into two Hermitian
forms by

Ψ =
1

2
(Ψ + Ψ∗) + i

1

2i
(Ψ−Ψ∗) := ΨRe + iΨIm,

which are referred as the real and imaginary parts of Ψ, respectively.
It is worth to point out that ΨRe and ΨIm are not real-valued.
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Definition 1.1

A sesquilinear form Ψ(·, ·) will be said to be regular if

1) the domain of Ψ(·, ·) is dense in X;

2) ΨRe is a closed, nonnegative Hermitian form;

3) there exists some β̃ ≥ 0 such that |ΨIm(v, v)| ≤ β̃ΨRe(v, v) holds
for ∀v ∈ D(Ψ).

An operator will be said to be regular if it is associated with a regular
sesquilinear form. The smallest number β̃ is called the index of Ψ or
the index of the associated operator.

An operator B is said to be accretive if ℜ(Bv, v) ≥ 0 for ∀v ∈ D(B).
Further, we call B is maximal accretive if λ+B is surjective for λ ≥ 0.
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Obviously, the sesquilinear form A(·, ·) satisfies 1) and 2) in Definition
(1.1) with X = L2(Ω).
In addition, (1.4) and (1.5) imply

|AIm(v, v)| ≤
√

c21 − c20
c0

ARe(v, v).
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Lemma 1.2

Suppose B : D(B) → X is an operator in Banach space X and its
resolvent contains Σω∪{z : |z| < λ0}, where Σω = {z ∈ C : π−| arg z| <
ω} with constant λ0 > 0 and ω ∈ (0, π). Then the following integral
formula holds for α ∈ (0, 1) and t ≥ 0

(Bα + tI)−1 =
sinπα

π

∫ +∞

0

(ρ+ B)−1 ρα

ρ2α + 2t cosπαρα + t2
dρ. (1.8)

Proof: This can be done by utilizing the following integral curve :

Re

Im

C1
C2

C3

Figure 1: Integral curve on the complex plane.
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Since A is maximal regularly accretive, σ(A) is contained in the nu-
merical range of A, i.e.

σ(A) ⊂
{
µ : µ =

(Av, v)

∥v∥2
, v ∈ V, v ̸= 0

}
.

Thus appealing to (1.4) we know A satisfies the conditions in The-
orem 1.2. It is worth to point out that for t = 0, (1.8) reduces to
Balakrishnan formula.
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We denote by S the self-adjoint operator associate with ARe. The self-
adjoint operator S naturally induces a Hilbert space Ḣµ, given by Ḣµ =
D(Sµ/2). In terms of eigenfunction expansion we can characterize Ḣµ

by

Ḣµ := D(Sµ/2) =

{ ∞∑
j=1

cjϕj :

∞∑
j=1

|cj |2λµ
j < ∞

}
.

The corresponding inner product is

(w, v)µ =

∞∑
j=1

λµ
j (w, ϕj)(v, ϕj).
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The antilinear and linear functionals on Ḣµ, say H−µ
a and H−µ

l are
respectively given by

H−µ
a =

{
⟨v, ·⟩ : v ∈ Ḣµ

}
, and H−µ

l =
{
⟨·, v⟩ : v ∈ Ḣµ

}
.

Obviously we have V ∗
a = H−1

a and V ∗
l = H−1

l . Assume (1.4)[ strong
ellipticity] and (1.5)[ continuity] hold, then it follows for µ ∈ [0, 1)5

D(Aµ/2) = D((A∗)µ/2) = D(Sµ/2).

5T. Kato, Fractional powers of dissipative operators, 1961
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Let Hs(Ω)(s > 0) denote the Sobolev space of order s. We introduce
the following spaces equipped with their natural norms:

H̃s :=

{
Ḣs for s ∈ [0, 1],

Hs(Ω) ∩ V for s > 1.

Assumption 1.1

Assume that for s ∈ [0, γ] with γ ∈ [0, 1], D(A s+1
2 )⊂H̃1+s.

s = 0: the famous Kato square root problem which has been intensively
studied under different boundary conditions6

s ∈ (0, γ]: it can be demonstrated that the inclusion relation holds
provided that γ is the elliptic regularity index of A, that is, T (A−1) is

a bounded map from H−1+s
a into H̃1+s for s ∈ (0, γ], see 7.

6A. Axelsson, S. Keith, and A. McIntosh, The kato square root problem for
mixed boundary value problems, Journal of the London Mathematical Society, 74
(2006), pp. 113–130.

7A. Bonito and J. E. Pasciak, Numerical approximation of fractional powers
of regularly accretive operators, IMA Journal of Numerical Analysis, (2017), pp.
1245–1273.
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We shall investigate the error between u and uh where

u = (Aα + b)−1f, uh = (Aα
h + b)−1πhf.

In fact,

u =
sinπα

π

∫ +∞

0

(ρ+A)−1f
ρα

ρ2α + 2b cosπαρα + b2
dρ. (2.1)

uh =
sinπα

π

∫ +∞

0

(ρ+Ah)
−1fh

ρα

ρ2α + 2b cosπαρα + b2
dρ. (2.2)
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Let wε
ρ and wε

ρ,h denote the solutions of the following equations

(ρ+ εA)wε
ρ = f and (ρ+ εAh)w

ε
ρ,h = fh,

then we can get the following estimate:

Lemma 2.1

Suppose Assumption 1.1 holds and f ∈ D(A δ
2 ) with δ ∈ [0, 2], then we

have

∥wε
ρ − wε

ρ,h∥

≤ cε−1
(
hσ+σ̃ρ̃max(σ+σ̃−δ

2 −1, σ̃−1
2 −1) + hσ′+σ̃ρ̃max(σ′+σ̃−δ

2 −1, σ̃2 −1)
)
∥A δ

2 f∥
(2.3)

where σ, σ̃ ∈ [0, γ], σ′ ∈ [0, γ + 1] and ρ̃ = max{1, ρ/ε}.
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Let ε = b−1/α, then by change of variables we have

∥u− uh∥ ≤ εα sinπα

π

∫ ∞

0

ρα∥wε
ρ − wε

ρ,h∥
ρ2α + 2ρα cosπα+ 1

dρ.

Theorem 2.2

Suppose Assumption 1.1 holds and f ∈ D(A δ
2 ) with δ ∈ [0, 2]. Denote

ε = b−1/α then we have

∥u− uh∥ ≤ cα

{
C(ε)chh

min(2α+δ,2γ)∥A δ
2 f∥, ε ≥ h2(b ≤ h−2α),

εαhmin(δ,2γ)∥A δ
2 f∥, ε < h2(b > h−2α),

where

ch, C(ε) =

{
1, εα+min(0, δ2−γ), 2α+ δ > 2γ,

1 + | lnh|, 1, 2α+ δ ≤ 2γ,

and cα is a constant depending on α and is uniformly bounded for
α ∈ (0, 1).
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Remark 1

For γ = 1, Theorem 2.2 can be simplified into the following form

∥u− uh∥ ≤ cα

{
C ′(ε)chh

min(2α+δ,2)∥A δ
2 f∥, b ≤ h−2α,

b−1hδ∥A δ
2 f∥, b > h−2α,

where C ′(ε) = εmax(α+ δ
2−1,0) and ch = 1+| lnh| if 2α+δ ≤ 2, otherwise

ch = 1.
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Appealing to (2.2), we transplant the domain from (0,+∞) to (−∞,+∞)
by letting ρα = es then

uh =
sinπα

απ

∫ ∞

−∞

(1 + e−s/αAh)
−1fh

es + 2b cosπα+ b2e−s
ds. (3.1)

To evaluate the integral we apply trapezoidal rule, say

uh ≈ uτ
h =

sinπα

απ
τ

∞∑
n=−∞

(1 + e−nτ/αAh)
−1fh

enτ + 2b cosπα+ b2e−nτ
. (3.2)

The exponentially decaying property of the integrand allows us to cut
the summation to n = −M,−M+1, · · · , N−1, N with desired accuracy.
That is, in practice our scheme is

UM,N
h,τ =

sinπα

απ
τ

N∑
n=−M

(1 + e−nτ/αAh)
−1fh

enτ + 2b cosπα+ b2e−nτ
. (3.3)
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Theorem 3.1 (quadrature error)

Let A(·, ·) denote the sesquilinear form given in (1.2) which satisfies
(1.4) and (1.5), and denote A the regular accretive operator associate
with it and Ah the corresponding discrete counterpart. Let κ1 = α(π−
arctanβ), κ2 = (1− α)π, then for τ < π − arctanβ we have

∥uh − ūh∥ ≤ C(α)

b
C(τ)e−2πmin(κ1,κ2)/τ∥fh∥,

where

C(τ) =

sin−1
(
min

{
κ1−κ2

α + 1−α
α τ, π

2

})
(1 + | ln τ |), κ1 > κ2,

sin−1
(
min

{
τ, π

2

})
(1 + | ln(κ2 − κ1 + ατ)|), κ1 ≤ κ2,

and C(α) is a constant depends only on α.
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Remark 2

One can observe that in the worst scenario, C(τ) = O(τ−1(1+ | ln τ |))
as τ → 0, which is negligible compared with the exponentially decaying
term e−2πmin(κ1,κ2)/τ . In fact, for α close to 1, C(τ) = O(1 + | ln τ |).
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Recalling Theorem 3.1 and using triangle inequality it follows

∥uh−UM,N
h,τ ∥ ≤

(
C(α)

b
C(τ)e−

2π min(κ1,κ2)
τ + ce−Nτ + c′b−2e−(1+α−1)Mτ

)
∥fh∥.

In practice the optimal way to choose τ,M and N are to balance the
three terms. Thus, ignoring the negligible coefficients C(α), C(τ) and
c, c′ we can choose

M = max

{
α

α+ 1

(
2πmin(κ1, κ2)

τ2
− ln b

τ

)
, 0

}
, N =

2πmin(κ1, κ2)

τ2
+
ln b

τ
,

then for M > 0, in terms of number of solves we arrive at

∥uh − UM,N
h,τ ∥ ≤ C′(α)C(τ)

b
e
−
√

πmin(κ1,κ2)[(1+α−1)M+N]. (3.4)

That is, the error decays root-exponentially with respect to the number
of solves.
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Numerical examples

A1 : Laplace operator

C(x) = 1, a(x) = 0, r = 0.

A2 : General real elliptic operator r = 0,

C(x) =

(
1 + 0.5 sinπx 0.5 cosπx,
0.5 sinπy 1 + 0.5 cosπy

)
, a(x) = (0.5 + y, 0.5 + x)T

A3 : General complex elliptic operator

C(x) =

(
0.5 + 5xi + y x− y

−xyi 0.5 + x+ 5yi

)
, a(x) = 0, r = 0.
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For each operator, we test the convergence under the following three
source terms:

A . H̃2 source term f(x, y) = xy(1− x)(1− y) := f1;

B . H̃1 source term f(x, y) = (xy)0.51
(
(1− x)(1− y)

)0.51
:= f2;

C . H̃0.5−ϵ source term f(x, y) = 1 := f3.
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Spacial error

Table 1: Spatial errors with respect to h for A2
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Table 2: Spatial errors with respect to h for A3
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Error with respect to b
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(b) f = f2
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(c) f = f3
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Figure 2: The solid lines are spatial errors with respect to b under different
f . The dashed lines are theoretical predictions up to a constant multiplier.
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Quadrature error
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Figure 3: Quadrature errors for A1 under different f . The dashed lines are

O(e−
2π min(κ1,κ2)

τ ) with κ1 = απ, κ2 = (1− α)π.
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(b) f = f2
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(c) f = f3
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0 50 100 150 200
N (Nref = 400)

10 16

10 14

10 12

10 10

10 8

10 6

10 4

10 2

100

L2  e
rro

r

= 0.60
= 0.70
= 0.80
= 0.90

(f) f = f3

Figure 4: Quadrature errors for A3 under different f . The dashed lines are

O(e−
2π min(κ1,κ2)

τ ) with κ1 ≈ α(π − 1.059), κ2 = (1− α)π.
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Thank you for your attention!
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