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A time-fractional epidemic model

A time-fractional SIR system

A time-fractional SIR system

S(t), I(t), R(t): number of susceptible, infected, recovered individuals.
v, i, 0: death rates of S, I, R.

A: recruitment rate of the total population.

(: infection rate of S infected by I.

f(I): general incidence rate.

r: recovery rate of the infected individuals.
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A time-fractional epidemic model

A time-fractional SIR system

A time-fractional SIR system

Consider an time-fractional SIR system

DyS(t) = A —~S(t) — BS()f(I(t)) for t € (0,00)
DyI(t) = BSf(I(t) — (n+r)I(t) for t € (0,00) (1)
D¥R(t) = rI(t) — 6R(t) for t € (0,00)

with initial conditions S(0) = Sy, I(0) = Iy and R(0) = Ry.
A, B, i, 7, 6 are positive constants.
D¢ is Caputo derivative with a € (0, 1),

DES(t) = ﬁ/o (£ — 5)= S'(s) ds.




A time-fractional epidemic model

Properties of the time-fractional SIR system

Positive and bounded properties

There exists an unique nonnegative and bounded solution of system (1).

Disease-free equilibrium point

Ey = (%,0,0) is the disease-free equilibrium point of system (1): if
(So, Lo, Ro) = (%,0,0) then (S(%), I(t), R(¢)) = (%,070) are solutions of
system (1).

Endemic equilibrium point

If the reproduction number Ry = % > 1, system (1) has at least one

endemic equilibrium E* = (S*, I, R*) with positive S*, [*, R* satisfying
A =8 = BS*f(I*) =0,

BS*f(I) = (p+r)I* =0,
r[* — §R* = 0.
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A time-fractional epidemic model

Globally asymptotically stable of equilibrium point

Stable and asymptotical of equilibrium point

Let z(¢) = 0 (without losing generality) be an equilibrium point
(f(0) = 0) of the following system:

Diz(t) = f(z(1), 2(b) = 0.

(1) The equilibrium point z(¢) = 0 is stable if for all € > 0, there exists a
d = 0(to, €) > 0 such that for ¢ > 1y
if l|lzoll < 0, then ||z(t)]] < e.

(2) The equilibrium point z(¢) = 0 is (globally) asymptotical if there
exists a & = 0(f)(= oco0) > 0 such that

if ||zo]| < 0, then tli>I£l<> z(t) = 0.
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A time-fractional epidemic model

Global dynamic properties of the time-fractional SIR
system

Globally asymptotical stability of disease-free equilibrium point Ey

If the reproduction number Ry = % < 1, the disease-free equilibrium
point E of system (1) is globally asymptotically stable.

v

Globally asymptotical stability of the endemic equilibrium point E*
_ BAf(0)

If the reproduction number Ry = po pres d 1, the endemic equilibrium

point E* of system (1) is globally asymptotically stable.
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An L1 scheme for time-fractional epidemic model

An L1 scheme for time-fractional SIR system

An L1 scheme for time-fractional SIR system

Consider the time-fractional SIR system discretized by L1 scheme

621, = BSpf(In1) — (u+ )1y, (2)
OXR, =rl, — R,

for n = 1,2, ... with initial conditions Sy, Iy and Ry.

5% is the L1 scheme: set b\ ™) = (&% [(j 4 J)l-a _ jl-a]

I'(l—-o)
1 ~ ti Sl — Si—l
528, 1= ty—s) @ 22l g
R ;/tH( =) At @
n n—1
= Z bgia) (Sn—i+1 - S'n—i) = Sn - Z(bglfila) - bglia))S’n—i v, bfll:la)so-
=1 =1
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An L1 scheme for time-fractional epidemic model

Positivity preserving property

Equivalent form of L1 discrete system (2)

(L4 7+ Bf(In=1))Sn = A+ X0 (672 — 887N S,s + B8 5
(L + g+ 1) = BSuf(Tno1) + X051 (087 = 68N 1, + 55 T
1+ 6)Ry = rl, + X107 — bR, + b0 Ry,

’

Positivity preserving property

The discrete system (2) preserve the positivity property of the continuous
system.
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An L1 scheme for time-fractional epidemic model

Boundness preserving property

Equivalent form of L1 discrete system (2)

L+ 7+ Bf (Fne1))Sn = A+ S0 (0172 — 08NS, + 00575,
(L+ g+ ) = BSnf(Tne1) + X0 (0872 — 68N,y 4+ 552 1
(1+6)Rp = rl, + S0 (087 — bR, + 80 Ry,

Key point of proof

Set S, + I, + R,, = G, then

n—1
(14 min{~y, u,0}) G, < A+ Z (bz(,i—la) _ bz('l_a)) G i+ b'gll—_la) Go
=1
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An L1 scheme for time-fractional epidemic model

Boundness preserving property

Key point of proof

By using mathematical induction,

G0+ 03 Tt m

=1

By using >0, iz’ = o (Fl<z <),

i i ()\ + Go)(1 + min{~, u, 6} !

<
lim G, < (M Gp) (1 + min{~y, 1,0} (min{~, u, 6})2

n—00
=1

Boundness preserving properties

The discrete system (2) preserve the boundness property of the
continuous system.

3,433



An L1 scheme for time-fractional epidemic model

Globally asymptotically stable of equilibrium point

Stable and asymptotical of equilibrium point

Let z, = 0 be an equilibrium point (f(z,) = 0) of the following system:
Oy, = f(zn)-

(1) The equilibrium point z, = 0 is stable if for all € > 0, there exists a
d = 6(tp, €) > 0 such that for n > 0

if x| < 9, then |z,| < e.

(2) The equilibrium point z,, = 0 is (globally) asymptotical if there exists
a =

)
d = 0(to)(= o0) > 0 such that

if |zo] < 9, then ILm iy = (0
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An L1 scheme for time-fractional epidemic model

Discrete fractional Lyapunov method

Discrete fractional Lyapunov method

Consider the following L1 discrete fractional systems:
Ot = 9(zn),

with initial condition 2y and ¢(0) = 0 (equilibrium point z,, = 0). If there
exists a positive define functions V(z,) and W(z,) such that

I Vi(xy) < —W(xy).

Then the equilibrium point z,, = 0 is globally asymptotically stable.

Positive define function

Let U(xz) be continuously differentiable function and U(0) = 0. If all
x # 0 satisfies U(z) > 0, U(z) is said to be positive definite.
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An L1 scheme for time-fractional epidemic model

Globally asymptotically stable of disease-free equilibrium
point

Discrete Lyapunov function for disease-free equilibrium point

v, —Zb(l 2|2 (g) s+ 5] + 850701

where

O(w) =w—1— lnw.
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An L1 scheme for time-fractional epidemic model

Globally asymptotically stable of disease-free equilibrium

point

Key point of proof

n

—a S; — Sp)?
gavr <=3 Bl [M +(u+ )1 = Ro)Ly

i=1

Globally asymptotically stable of disease-free equilibrium point

If the reproduction number Ry = % < 1, the disease-free equilibrium
point Ey of system (2) is globally asymptotically stable.
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An L1 scheme for time-fractional epidemic model

Globally asymptotically stable of endemic equilibrium point

Discrete Lyapunov function for endemic equilibrium point

e Er o ()5 o ()] cssrn ().

=1

where

O(w) =w—1— lnw.
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An L1 scheme for time-fractional epidemic model

Globally asymptotically stable of endemic equilibrium point

Javn < Z b,

where

vy [o (£) o (SD) 1 g (SLLGD)]

Globally asymptotically stable of endemic equilibrium point

If the reproduction number Ry = Bz\f_‘_(% > 1, the endemic equilibrium

point E* of system (2) is globally asymptotically stable.

+
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A time-fractional epidemic model with diffusion

A time-fractional dynamic system with diffusion

Time-fractional SIR system with diffusion

Consider an time-fractional SIR system with diffusion

DYS = diAS+ X —~S —BSf(I) for (z,t) € Q x (0,00)

DI = dy AT + BSf(I) — (4 r)I for (z,t) € Q x (0,00) (3)
D¢R = dsAR+rl —6R for (z,t) € Q x (0,00)

98 = 8L — 8 — () for (z,t) € 90 x (0, 00).

with initial conditions S(z,0) = So(z), I(z,0) = Iy(z) and
In which, A\, ~, B8, u, 7,9 are positive constants.
D¢ is Caputo derivative with « € (0, 1),

D2S(z, 1) : 1“(11—00/0 (tfs)*a%su,s) e
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A time-fractional epidemic model with diffusion

Time fractional discrete initial boundary value problem

L1 finite difference scheme

Consider the time-fractional SIR system with diffusion discretized by L1
finite difference scheme

aQm S;:LJrl_QSvT‘*'Sng m m m
6nS'n = - (AnZz +>\—’st _ﬁSn f( n71>7

apm _ L -2rrdnr m o pm m

sepp = EZhe 4 SMA(IR ) — (n+ NI, (4)
m+1_ o pm m—1

eRp = fa “Phtfa | pIm — 6RT

forn=1,2,... and m =1, ..., M — 1 with initial conditions
S = So(@m), Ii™ = In(zm) and RY* = Ro(Tm,).




A time-fractional epidemic model with diffusion

Positivity preserving property

The discrete system (4) preserve the positivity property of the continuous
system (3). M-matrix
Boundness preserving property

The discrete system (4) preserve the boundness property of the
continuous system (3). Mathematical induction

V.

Globally asymptotical stability preserving property

The discrete system (4) preserve the Globally asymptotically stable
property of the continuous system (3). Sum of initial value problem case

v
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Numerical results
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Numerical results

A time-fractional dynamic system

Time-fractional SIR system

Consider an time-fractional SIR system

DY8S = AS + A —~8 — BSI
DYBI = AT+ BSI — (p+ )]
DV8R= AR+l — 6R

with initial conditions S(z,0) = 0.5, I(z,0) = e~ * and R(z,0) = e 7.
Let A = 0.2, 6:0.2144,7:5—02 pw=0.2, r=0.25. In this case,
the reproduction number Ry = (#H) = 0.7238 < 1 and the disease-free

equilibrium point Ey = (%,0,0) (1,0,0).
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Numerical results

The disease-free equilibrium Ey = (1,0,0) is globally
asymptotically stables

Set At =0.1 and Az = 0.1. Initial conditions of susceptible
individuals: S(z,0) = 0.5. The disease-free equilibrium of
susceptible individuals: 1.
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Figure: Susceptible individuals
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Numerical results

The disease-free equilibrium Ey = (1,0,0) is globally
asymptotically stables

Set At =0.1 and Az = 0.1. Initial conditions of susceptible
individuals: I(z,0) = e~®. The disease-free equilibrium of
susceptible individuals: 0.

15 3 300

05 L 100

Figure: Infected individuals
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Numerical results

The disease-free equilibrium Ey = (1,0,0) is globally
asymptotically stables

Set At =0.1 and Az = 0.1. Initial conditions of susceptible
individuals: R(z,0) = e~*. The disease-free equilibrium of
susceptible individuals: 0.

15 - 300

Figure: Recovered individuals
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Numerical results

A time-fractional dynamic system

Time-fractional SIR system

Consider an time-fractional SIR system

DY8S = AS+ \—~S —BSI
D)8 = AT+ BSI — (u+ )]
DR =AR+rl — R

with initial conditions S(z,0) = 0.5, I(z,0) = e~ ® and R(z,0) = e 7.
Let A=0.2, 8 =0.6271, y =6 = 0.2, u = 0.2, r = 0.25. In this case,
the reproduction number Ry = W(ﬁj\”) = 1.3816 > 1 and the disease-free
equilibrium point

* +7r A Ar T _
E* = (51, 25 - %, o5y — 5) = (0.7238,0.1227,0.1534).
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Numerical results

The endemic equilibrium E* = (0.7238,0.1227,0.1534) is
globally asymptotically stables.

Let At = 0.1 and Az = 0.1. Initial conditions of susceptible
individuals: S(z,0) = 0.5. The disease-free equilibrium of
susceptible individuals: 0.7238.

Figure: Susceptible individuals

30/33



Numerical results

The endemic equilibrium E* = (0.7238,0.1227,0.1534) is

globally asymptotically stables.

Let At = 0.1 and Az = 0.1. Initial conditions of susceptible
individuals: S(z,0) = e~*. The disease-free equilibrium of
susceptible individuals: 0.1227.

Figure: Infected individuals
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Numerical results

The endemic equilibrium E* = (0.7238,0.1227,0.1534) is

globally asymptotically stables.

Let At = 0.1 and Az = 0.1. Initial conditions of susceptible
individuals: R(z,0) = e~*. The disease-free equilibrium of
susceptible individuals: 0.1534.

Figure: Recovered individuals
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Numerical results

Thank you for your attention!

For more details, please see
‘Global dynamics for a class of discrete fractional epidemic model
with reaction-diffusion’
on https://arxiv.org/abs/2208.06548

33,433



	Main Part

