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Model problem

We consider the time fractional subdiffusion equation

v —Dp " Au=f inQr:=Qx(0,7),

u=0 on 90 x (0,T),
u(+,0) =ug inQ,
where
® ac(0,1),
® T > 0 denotes the final time,
e QCR?(d=1,2,3)is a convex polyhedral domain,

® f and uo are given data, and

(11)

Dé;a is a left-sided Riemann-Liouville fractional differential operator.
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Numerical methods

There are mainly two types of methods, according to how the time fractional
derivative is approximated.

® The first type of schemes are based on finite difference formula, including

L-type schemes [Langlands-Henry 2005, Zhuang-Liu-Anh-Turner 2008,
Gao-Sun 2011, Li-Wang-X 2021, ...] and

Griinwald-Letnikov (GL) scheme [Yuste-Acedo 2005, Yuste 2006,
Mohebbi-Abbaszadeh-Dehghan 2013, ...]

e The L1 method has the accuracy O(71+%) for C? solutions.

e Gao-Sun-Sun 2015: some finite difference schemes of accuracy
O(72) for C3 solutions, by the superconvergence property at
some particular points of the GL formula.
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® The second type of schemes adopt time-stepping DG methods, with
graded temporal grids to conquer the singularity.
e McLean-Mustapha 2009: piecewise constant DG method for (1.1),
proved the error bound O(7 + |In7|h?) under .
L>°(0,T; L*(2))-norm, with initial data uo € H?(2) and the
following regularity assumptions:
Ol g2y + W' O g2y < M 0<t<
M

T
W Ol g2y + T Ol gy <M 0<ELT,
(1.2)

)

where o and M are two positive constants.
e More works using piecewise linear DG method:
® Mustapha-McLean 2011: proved that the temporal convergence
order O(711%) under the L°°(0, T; L?(Q))-norm;
® Mustapha-McLean 2012: derived the improved bound
O(Tmin{l.5+a, 2});
® Mustapha-McLean 2013: proved the rate O(|In 7|7112%), which
yields superconvergence if o € (1/2,1).
® The analyses in [Mustapha-McLean 2012, 2013] require stronger
growth assumptions than (1.2).
e Mustapha 2015: hp-version DG method for (1.1), suboptimal
convergence O(TmaX{k’2}+(1’Q)/2), where k > 1 is the polynomial
degree.
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It is worth to noticing an alternative form of (1.1):

Doy (u—uo) —Au=f inQr,
u=0 ondQx(0,T), (1.3)
u(-,0) =uo inQ,

where f =137 f with I} being a left-sided Riemann-Liouville fractional
integral operator.

e For f =0, (1.1) and (1.3) share the same solution that can be
represented by the Mittag-Leffler function.

e For solution regularity and numerical analysis of problem (1.3), especially
for nonsmooth data, see Ford-Xiao-Yan 2011, Li-Luo-X 2019, Li-Wang-X
2020a,2020b, Li-X 2019, Li-Yan 2018, Mustapha-Abdallah-Furati 2014,
Stynes 2016,Stynes-ORiordan-Gracia 2017, Wang-Yan-Yang
2020,Yan-Khan-Ford 2018,Yang-Yan-Ford 2018,...
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Regularity and growth estimates for (1.1)

® Mclean 2010, McLean-Thomee 2010IMA, 2010JIEA: used Laplace
transform.

e No work to investigate the weak solution to (1.1) by variational approach.
® Our work:

e For the case up = 0, f # 0, we introduce a weak solution to
problem (1.1) via variational formulation, and prove that if
f€L*0,T; HA(Q)) with 0 < 8 < 1, then

llly a1 0,780y + 1ellgmri=ao,mm2-5(0)) < CallfllLzo,ra-5(0))-

e For the homogeneous case: f =0, up # 0, the weak solution is
introduced and analyzed by Mittag-Leffler function.

e Here we note that, instead of proving the growth estimate like
(1.2), we show what kind of vector-valued Sobolev space the weak
solution belongs to.

ARY
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Error estimation with low regularity

® The error analyses of most existing numerical methods require either
smooth property or growth estimate of the true solution.

® More challenging to establish error estimates with given low regularity
data.

e A few works that aim to fill in this gap:

e McLean-Mustapha 2015: for a temporal semi-discretization
with f = 0, used the Laplace transform to derive

1w = ur) ()l 22y < 15 7 luoll 2oy

e Karaa-Mustapha-Pani 2018: for a spatial semi-discretization,
used the energy argument to prove that

2 T . .
n(u—uhxt)uLQ(mSh%‘“”“””(||uoHHa<m+Z/o t"\|f<”<t)um<mdt),
1=0

where 0 <t < T and 0 < 6 < 2.
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® Qur work: error estimates for a piecewise constant DG method, with

nonsmooth data:
o ifug =0and f € L?(Qr), then

P +h)lu=Ull 2o
H

2
s (o,T;Hl(g))+”u_UHL2(QT>5(T+h Ml L2 @)

(1.4)
optimal with respect to the solution regularity.
o if f=0and ug € L2(Q), then
lu= U2 S (7% + k) lluoll p2(q)» (1.5)

optimal only for temporal discretization.
® Moreover, for the case ug = 0 with uniform temporal grid, by means of

Laplace transform, we prove the following quasi-optimal results:
o if f € L2(Qr), then

la = Ull oo 0,722 (@) S Ml (7172 + ep i V@YY £l o,

where ¢, = 1if a # 1/2 and ¢, = y/|Inh| if a = 1/2;
o if f€oHY2(0,T;L?(Q)), then

lu = Ullpeeo,7:02(0)) < 7| (7|7 + h?) 1A 212 0,7 22000))-
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Notation

For a Lebesgue measurable subset w of R! (I = 1,2,3), we use H” (w)

(v € R) and H{ (w) (v > 0) to denote the standard Sobolev spaces.

For a Lebesgue measurable subset O of R' (I = 1,2, 3,4), the symbol
(p,q)o means [, pq for pg € L'(O).

If X is a Banach space, then X™ denotes its dual space and (-, ) x is the
duality pairing between X™* and X.

For 0 < 6 < 1 and two Banach spaces X and Y, [X, Y]y 2 stands for the
interpolation space constructed via the K-method [Tartar 2007], with the
norm

ollix,vlg = (/ (K () 7) Vo€ [X,Y]oz (21)
0

where the functional K : (0,00) x (X +Y) — R is defined by
K(t,v) = inf — {Joollx +tljorlly}.

v=vg+v1
vo€EX,v1EY
Moreover, if the symbol C' has subscript(s), then it means a positive
constant that depends only on its subscript(s), and its value may differ at

each of its occurrence(s).
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Space HY(9)

There exists an orthonormal basis {¢y, : n € N} of L?() such that
([Theorem 1, §6.5.1, Evans 2010]) ¢,, € H{(Q) N H?*(Q) and

_Ad)n = An(ﬁny

{M : n € N}: a non-decreasing sequence and \,, — 00 as n — co.
For any v € R, define

oo

HY(Q) := { ST enén i Ay < 00}’

n=0 n=0

inner product : (

o0 oo o0
D cndn, Y dn¢n) =3 Alendn
= HY ()

n=0 n=0 n=0

forall Y0 o cndn, dopmeg dndn € HY(Q), ”'HH’Y(Q): the norm induced by the inner product.

SUMMARY

H7(Q) is a Hilbert space with an orthonormal basis {A;7/2q5n :n € N}

In addition, H~7(Q) is the dual space of H7(f) in the sense that
(Z Cnn, Z dw,¢n,>H'y «) ‘= Z cndn
n=0 n=0 n=0

for all 3-°° ) cnpn € H=Y(Q) and 3220 dnpn € HY ().
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Interpolation spaces
Assume —oo < a < b < o0.

® For any m € N, define
°H™(a,b) := {v € H™(a,b) : v'¥(b) =
oH™(a,b) :={v e H™(a,b) : v (a) =

where v®) is the k-th weak derivative of v, and endow those two spaces
with the following norms:

1ollorrm @y = (07| 20y Vv € *H™(a,0),
ollgrm ey = [0 2y v € 0H™(a,b).
® For v > 0, define two interpolation spaces:
°H" (a,b) := [L*(a,b),"H™(a,b)]s.2,
oH"(a,b) := [L*(a,b), 0 H™(a,b)]o,2,

with corresponding interpolation norms defined by (2.1), where 0 < 0 < 1
and m € N such that v = m#.
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Vector-valued space H7(a, b; X)

Now let X be a separable Hilbert space with an inner product (-,-)x and an
orthonormal basis {e; : i € N}.
For any v € R, define the vector-valued space

H(a,b; X) := {1} € L?(a,b;X) 0 > (v, e)x v (a) < oo},
1=0

equipped with the norm

oo 1/2
0]l (a5 = (Zl(v,ei)XI%w,b)> Vv e H(a,b; X).

=0

For v > 0, the two spaces o H” (a,b; X) and °H"(a, b; X) can be defined
analogously.
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Riemann—Liouville fractional calculus operators

For v > 0, define

(12, ) (t) ;:ﬁ/a (t— s "u(s)ds, € (ab),

b
(17_v) (1) = ﬁ/ﬁ (s — )" Lu(s)ds, € (a,b),

for all v € L'(a,b; X), where I'(-) denotes the Gamma function.
For j —1 < v < 7 with 7 € Ny, define
D), =D, DJ_ :=(-1)’D I,

where D is the first-order differential operator in the distribution sense.
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Lemma 2.1 (Samko-Kilbas-Marichev 1993)
If0 < a, B < o0, then

I, I v=10", LT If v=0%"v voeL'(0,1);
if0< a<f <oo, then
Dy, I§,v=Dj;%v, DI If_ v=D{"%v, VueL'(0,1).
Moreover, (Ing'u,w)(O,l) = (v,1}_ w),1), Vv,w € L*(0,1).

Lemma 2.2 (Ervin-Roop 2006)
If0<y<1/2 andv,w € H(0,T), then

(Dgy v, DT._ v)(o,1) = cos 77r|v|%m(0,T),
(Dgs v, D7 _ who,my = (Dol v, w) mv(o,r) = (DI w,v)mv(0,1),
2 2
Cos 77T||Ig+ UHLQ(O,T) < <Ig+ v, I;L 1’)(O,T) < sec '77T||Ig+ U”L?(O,T)a

<
COs ’Y7"||Dg+ U”i?(o,T) < <Dg+ v, D;YL U)(OyT) < sec ’Y7"||Dg+ ”||2L2(0,T)-
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Lemma 2.3 (Luo-Li-X 2019J5C)
Ifve oHP(0,1; H™(Q)) NoH7(0,1; H5(Q)) with v, 8 > 0 and s, € R, then for all
0<0<1,

||U||OH9ﬁ+(1—3)’Y(071;1_'[97‘-%—(1—8)5(Q))

< o (10,15 0,1y + 100yt ooy ) -

Similarly, if v € °HP (0,1; H"(Q)) N°H7(0,1; H5(Q)) with v, 8 > 0 and s,r € R, then
forall0 <6 <1,

||U|\0H9ﬂ+(179>v(0,1;H9"+(1*9>5(Q))

<C&m9OWWHanHNﬂ»+“”WHanH%QD>

Lemma 2.4 ( Luo-Li-X 2019J5C)
If B>~ >0, then

HDT, logs- Y(0,T) S Cl||v||0HB(o T) Vo e OHﬁ(O T),
D3, vl gs-v0,1m) < C2lvll mso,my Vv E oH?(0,T),

where C'1 and C2 depend only on v and (3.
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Lemma 2.5 (Luo-Li-X 2019J5C)
If B, >0, then

Cillvllogso,m) < 17— vllogs+v0,m) < C2llvllogsor Vv e OHB(O,T),
< <

C3||UHOH5(O,T) ||Ig+’0||0HB+~(0,T) C4||U||0Hﬂ(o,T) VUEOHB(OaT)-

where C1, C2, Cs and Cy depend only on vy and (3.

Lemma 2.6 (Luo-Li-X 2019JSC)
If0 < < 1/2, then for all v € o H'(0,1),

1/2— 1— 1/(2—2
C“/””H(/ 7/( ’Y)H,U” /(2—27)

vllcro,ny < WH1(0,1) 0HY(0,1)"

Moreover, ifv € oHY(0,1) with 1/2 <y < 1, then for all 0 < e < 1,

C
Iolleton < I s /a 0 01500



Introduction

Preliminary

Weak solution
The case up =0

The case f =0

FE discretization

Numerical experiments

Summary

«Or «Fr o«

it
v

nae



INTRODUCTION PRELIMINARY ‘WEAK SOLUTION FE DISCRETIZATION NUMERICAL EXPERIMENTS St
00

Weak solution in the case ug = 0
Define

X = 0Ha/2(07T; LZ(Q)) n L2(07 T7 Hl(Q))7
Y= CH/2(0,T; L2 () N °H' = (0, T; H' (),

endowed with the following two norms:
1/2
Flx = (112 o202y + 11220 .miay)

1 = (120,256 1 B eoisiiiany)
Assuming that f € Y*, we call u € X a weak solution to problem (1.1) if
(D84 u,0) gaszo.rp2(y T (Vi Vo)ag = (£, 17 % v)y VveX. (3.1)
Since 0 H*/2(0,T; L2(Q)) = H®/2(0,T; L2(2)) in the sense of equivalent norms and
applying Lemma 2.5 implies that
IT-%vlly < Callvllx  forallve X, (3.2)

we readily conclude that the above weak solution is well-defined, according to
Lemma 2.2 and the Lax—Milgram theorem.

Theorem 1
If f € Y*, then problem (1.1) admits a unique weak solution uw € X satisfying
lullx < Callflly=-
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Analysis of regularity
We first consider the following problem: seek y € OH"/Z(O, T') such that

(Do v, Z>0Ha/2(o,T) + My, 2)o,1m) = {9, I%“ia z>0H17a/2(o,T> (3-3)
for all z € oH*/?(0,T), where g € ("H*~*/2(0,T))* and A > 0 is a constant.

By Lemmas 2.2 and 2.5 and the Lax—Milgram theorem, we conclude that
problem (3.3) admits a unique solution y € ¢ H*/2(0,T), with

1/2
lyllyzrerzo,ry + A / Iyl 20,7y < Callgllomr—arz o,y
Lemma 3.1
If g € L*(0,T), then the solution y to problem (3.3) satisfies
Y +AD "y =g,
||3JH0H1(0,T) + /\”y”OHl*O‘(O,T) < Ca||g||L2(0,T)~ (3.4)
In addition, if 1/2 < a < 1, then for all 0 < € < 2,

a)—oe Ca,T
A =72yl oo 7y < —5 llgllz2(0,1)5 (3.5)
e/

wherec =0 ifl/2<a<lando=1ifa=1/2.
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Lemma 3.2
If g € oHY(0,T) with 0 < vy < 1/2, then the solution y to problem (3.3)
satisfies that

||y||0H1+7(0,T) + )‘||y||0H1+’Y*<"(O,T) < CawHQHOH”(O,T)' (3-6)

Weak solution u to problem (1.1)

If f € L*(0,T; H~*(£2)), then the weak solution u to problem (1.1) is
([Theorem 3.1, Li-Luo-X 2019 SINUM])

[e'e]

u(t) = yn(t)pn, 0<t<T,

n=0
where y,, € oH*/?(0,T) satisfies that
Do+ Yns 2)y gar2 o,y + Anlyn, 2)0,1) = {(f, bn) 1) T 2)0,1)

for all z € oH*/?(0,T).
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Regularity of weak solution to problem (1.1): ug =0

Therefore, the desired regularity results follow from Lemmas 3.1 and 3.2.

Theorem 3.1

Assume that f € o H”(0,T; H ?(Q)) with0 <~y <1/2 and 0 < 3 < 1. Then
the weak solution u to problem (1.1) satisfies

W —DyI*Au=f in L*(0,T; H " (Q)),
||UHOH1+’Y(O,T;I-'I—B(Q)) + ||u||0H1+v—ﬂ(o,T;H2—B(Q)) < C&,’Y”fHOH’V(O,T;H—B(Q))'
In addition, if v =0 and 1/2 < a < 1, then for all 0 < € < 2,

Cy
lwlleqo,rypr/amee—s(a)) < /2 Hf||L2(0TH s

whereo =0 ifl/2<a<lando=1ifa=1/2.
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Regularity of weak solution to dual problem

For the dual problem of (1.1), we have the following theorem.

Theorem 3.2 )
Assume that ¢ € L?(0,T; H=#(Q)) with 0 < 8 < 1. Then there exists a unique

w e G =" 0, T; H#(Q) n°H'~>(0,T; H>~?(Q))

such that
17
—w' =D “Aw=gq

and

lwllogrs o, 158 )y + 1Wllogi—a 0,712 ()) < Calldllpzo,r;i-5 )
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FE DISCRETIZATION
©00

NUMERICAL EXPERIMENTS
Weak solution in the case f =0
For a,b > 0, recall the Mittag-Leffler function

Z zeC
= I( ak +b)’
Given A\, ¢t > 0 and v € R4 \N, we have (cf. [Gorenflo et

. al 2014]):
C
|Bqp(—t)] < —22
DY, E

14+t
ot Fa,1(=At )=t YEq1-~(=Xt%),

— E —At?) =
at a,l( )

(3.8)
AT By 0 (—AE).
For any A > 0 and yo € R, by (3.8) and (3.9), it is easy to see that

Y(t) = YoEa,1 (=A%)
solves the equation

0<tLT

Y +ADy "y =0, 0<t<T,
with initial condition y(0) = yo.

SUMMARY
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Formulation of weak solution using Mittag-Leffler function

Therefore, for f = 0 and uo € H~2(Q), it is natural to define a weak solution
of problem (1.1) by that [Sakamoto-Yamamoto 2011]

oo

w(t) =Y Ea1(—Ant®){(uo, én) g2y én, 0<t<T. (3.10)

n=0

It follows from (3.7) that u € C([0, T]; H~2(Q2)) is well defined. In addition,
we have 4(0) = up and

HUHC([O,T];H—2(Q)) < Ca||U0||H—2(Q)-

Since up € H2(£2), (3.10) shall be understood as the “very weak solution” by
using the transposition method [Lions 1972].
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Regularity of weak solution with uy € L?(£2)

Theorem 3.3
If ug € L*(Q), then the weak solution defined by (3.10) satisfies

<u/7U>H(1*0<)/2(0,T;H1(Q)) + <D(1):La Vu, v”>H(lfa>/2(o,T;L2(Q)) =0, (3.11)
for all v € H=*)/2(0,T; H'(Q)), and there holds

||u/H(H(l—a)m(o,T;Hl(Q)))* + ||u||C([O,T];L2(Q)) + ||u||H<1—a>/2(o,T;Hl(Q))

+ eaqllullp2 0,787 (@) < CarlluollL2(q),
(3.12)

where €a,~ = /2 — v+ \/|2a — 1| with vy = min{2,1/a} if « # 1/2 and
1<y <2ifa=1/2.
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Finite element spaces

® Temporal partition: Given J € Ny, let 0 =tg <t1 <--- <ty =T bea
partition of [0, T] with 7 := maxi1<;<s(t; —t;—1), and set I; := (t;—1,1;)
for1 <j<J.

® Spatial partition: Let K, be a conventional conforming and quasi-uniform
triangulation of €2 consisting of d-simplexes, and use h to denote the
maximum diameter of the elements in Cj,.

Define finite element spaces
Sh = {’Uh S Hol(ﬂ) : vth S P1(K) VK € ’Ch},
Xon={Ve L*(0,T3; Sh) : Vi, € Po(I;;8:) V1<j<J},

where P;(K) is the set of all linear polynomials defined on K, and Py(I;; Sh)
is the set of all Si-valued constant functions on I;.

For each V € X, p, set
V= lim V(t) for0<j<J, and Vj :=0;

J t—t;+
ij = tiig‘lf V(t) for1<j<J, and V; :=0;

[Vil:=V;f =V, foro<j<J
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Piecewise constant DG method

Assume that up € S; and f € X ;,. Find U € X, such that (cf.
[McLean-Mustapha 2009])

A(U, V) = <f7 V>X7—,h, + <’l,L0, VO+>S)1 vV e XTJH (41)
where
J—1
AW, V) :=> (W], V;")a + (Doi® VW, VV)a,
§=0

for all W,V € X, 5.

From [Theorem 12.1, Thomee 2006] and Lemma 2.2 it follows

1 _
AV, VX(0,5)) = 3 (1v; ||2L2(Q) + ||V0+H2L2(Q))
(4.2)

. aT 2
+ sin 7|V|H(1—a>/2(0,tj;H1(Q))v

forall V € & n and 1 < j < J, where X(q4,5) denotes the indicator function of
the interval (a, b).
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Well-posedness of the scheme

® For convenience, in what follows we assume that w is the weak solution to
problem (1.1) and U is its numerical approximation defined by (4.1).

® The notation a < b means that there exists a generic positive constant C,
independent of kA, 7 and u, such that a < Cb. Moreover, a ~ b means
a<b<a.

Theorem 4.1 )
Ifuo € L*(Q) and f € (HY=*)/2(0,T; H'(2)))*, then problem (4.1) admits a

unique solution U such that

Ul oo 0,7;.2(02)) + |U|H<1—a>/2<o,T;H1<Q>> (4.3)

S HU0HL2(Q) + Hf“(H(l—a>/2(o,T;H1(Q)))*~
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Main error estimates

Theorem 4.2
Ifug =0 and f € L2(Q2r), then
lu = Ullpzopy S (7 + 1) 1fllL2(00) (4.4)
lv = Ulga-ays20mmi (o) < (r/2 + h) £l L2 (2p)- (4.5)

Theorem 4.3
Assume that f = 0. If ug € L?(2), then

flu— U||L2(QT) S (71/2 + h)||UOHL2(Q)- (4.6)

Remark 4.1
In view of Lemma 2.3, Theorems 3.1 and 3.3, we conclude that

® (4.4) and (4.5) are optimal with respect to the solution regularity

® (4.6) only gives optimal temporal accuracy 0(71/2) , since the optimal spatial
accuracy should be min{2,1/a} (cf. (3.12)).

® |t is possible to recover the first order accuracy O(J~1) by using graded
temporal meshes (cf. numerical results in Table 5.7).
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Quasi-optimal estimates inr L°°(L?)-norm: uniform temporal grid

Moreover, if the temporal grid is equi-distributed, then quasi-optimal (including
logarithm factors) error bounds under the L°°(0, T; L?(2))-norm are derived.

Theorem 4.4
Assume ug = 0 and the temporal grid is uniform. If f € L*(Qr), then

flu— U||L°°(O,T;L2(Q)) Sn7 (7'1/2 + thmin{zl/a}) ||fHL2(QT)7 (4.7)

where ¢, = 1 if « # 1/2 and ep, = /|Inh| if « = 1/2. Moreover, if
f€oHY?(0,T;L*(Q)), then

[w = Ul o,rs22(0y) S Il (Inrlr +B2) (| £l 1r20min2y). (4-8)
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In this section, we present several numerical experiments to verify the
theoretical results with 7'=1 and Q = (0, 1).

® \We use uniform spatial grids, and introduce the following notations:
&= lu— U||L2(QT)7
& = ||t —Ullpos 0,1502(0))

ay:NADg%va—Vvaa—VUmm

where the reference solution % is the numerical solution with respect to
h =271 and 7 = 27'° under uniform grids both in time and space.

® Note that, by Lemma 2.2,

o IDU—/2 (s o —
& ~ DA (Vi = VOl uaagy ~ 8= Ul sge o

e With uniform temporal grids, the DG scheme (4.1) leads to a block
triangular Toeplitz-like with tri-diagonal block system, and we can adopt
the fast direct method proposed in [Ke-Ng-Sun 2015] to solve it
efficiently with quasi-optimal complexity O((h)™!|In7|?). Moreover, &;
can be computed via fast Fourier transform.
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Two experiments with ug(x) = 0: uniform grids
Experiment 1. Consider

ug(x) := 0, €,
fa,t) =209 049 (4 1) € Qp.

To test the accuracy of spatial discretization, we fix temporal step size 7 = 2715,
Since f € LQ(QT), according to Theorems 4.2 and 4.4, we have

& = Oh?), & = O(hminu’l/a}), &3 = 0O(h).

These coincide with the numerical results in Table 5.1.

h &1 Order Eo Order &3 Order

2 2.00e-02 - 3.67e-02 - 2.87e-01 -
3 553e-03 1.85 1.48e-02 1.31 1.59e-01 0.85

—4 1.50e-03 1.88 5.95e-03 1.31 8.68e-02 0.87
5

4.04e-04 190 2.42e-03 130 4.67e-02 0.89

274 1.13e-03 - 1.45e03 - 6.05e-02 —
275 3.02¢e-04 1.90 3.88e-04 1.91 3.21e-02 0.91
276 7.09e-05 1.92 1.02¢-04 1.92 1.69e-02 0.93
277 2.08e-05 1.94 2.67e-05 1.94 8.81e-03 0.94

Table 5.1: Spatial errors of Experiment 1 with 7 = 2715,
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Next, we consider temporal errors and choose h = 2710,
By Theorems 4.2 and 4.4, we have

& =0(1), & =0("?), &=0("?).

They match well with the numerical results.

T &1 Order Es Order E3 Order

279 1.99e-03 - 9.22e-02 - 21202 -
2710 113e-03 0.81 6.54e-02 0.49 1.42e-02 0.58

@=07 511 6r4e04 086 443¢-02 056 9.28e-03 061
2712 327e-04 0.93 2.8le-02 0.66 5.86e-03 0.66
279 6.24e-04 — 3.37e-02 - 29202 -
P 2710 363e-04 0.78 2.49e-02 0.43 2.10e-02 0.48

2-11 2.06e-04 0.82 1.77e-02 050 1.48e-02 0.51
2712 112e-04 0.88 1.17e-02 0.59 1.00e-02 0.56

Table 5.2: Temporal errors of Experiment 1 with b = 2710
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Experiment 2. Consider
uo(z) := 0, T €,
fx,t) =z %0 (z,t) € Qr.

It is clear that f € o H'/2(0,T; L?(2)). In Tables 5.3 and 5.4, we observe the
optimal convergence order & = O(7 + h?), which agrees with Theorem 4.4.

a=20.9 a=0.5 a=0.3
h Es Order Ey Order Es Order
24 7.10e-04 - 5.8le-04 - 5.18e-04 -
2-5 1.00e-04 1.01 1.55e-04 1.90 1.39e-04 1.90
2-6 501e-05 1.92 4.11e-05 1.92 3.66e-05 1.92
2-7 1.30e-05 1.94 1.07e-05 1.94 9.55e-06 1.94

Table 5.3: Spatial errors of Experiment 2 with 7 = 271°.
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a=0.7 a=04 a=0.1
T Es Order Es Order Es Order
278 318e-04 - 2.02e-04 - 2.14e-04 -
2-9 1.60e-04 1.00 1.00e-04 1.01 1.04e-04 1.04
2-10 7.95e-05 1.01 4.97e-05 1.01 5.03e-05 1.04
2-11 3.92¢-05 1.02 2.46e-05 1.02 2.43e-05 1.05

Table 5.4: Temporal errors of Experiment 2 with h = 2710,
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An experiment with f = 0: uniform grids
Experiment 3. In this test, let us verify Theorem 4.3 and take

w(e) =2, zeQ,

=z
f(.’E,t) =0, (x,t) € Qrp.

The optimal temporal convergence rate £ = 0(71/2) in Table 5.5 coincides
with Theorem 4.3.

a=20.9 a = 0.6 a=0.3
T &1 Order &1 Order &1 Order
277 2.090e-02 - 2.18e-02 - 1.09e-02 -

278 2.00e-02 0.54 1.46e-02 0.58 8.07e-03 0.44
279 1.37e-02 0.54 9.77e-03 0.58 5.82e-03 0.47
2710 9.36e-03 0.55 6.53e-03 0.58 4.07e-03 0.52

Table 5.5: Temporal errors of Experiment 3 with h = 2710,
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However, as mentioned in Remark 4.1,
® Theorem 4.3 only gives suboptimal spatial rate & = O(h);

e The optimal order should be & = O(h™™{%1/%}) "which can be observed
from Table 5.6.

a=0.8 a=0.5 a=0.2
h & Order & Order &1 Order
272 337e-02 - 1.54e-02 - 1.10e-02 -
273 136e-02 1.31 4.49¢-03 1.78 3.03e-03 1.86
2-% 5.31e-03 1.36 1.27e-03 1.82 8.20e-04 1.89
275 1.90e-03 1.48 3.48e-04 1.86 2.19e-04 1.90

Table 5.6: Spatial errors of Experiment 3 with 7 = 2715,
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Three cases: graded temporal grids

The rate O(7'/?) in Theorem 4.2, optimal with respect to the Sobolev
regularity, can be further improved via graded grids, provided that the solution
possesses some growth estimates like (1.2).

Experiment 4.

Let us investigate the performance of the DG scheme (4.1) under graded
temporal grid t; = (§/J)7, 7=0,1,---,J, with o > 1.

We only compute the quantity £, which corresponds to the

L°°(0,T; L?(2))-norm, and consider three cases:

o Case I: uo(z) = 27 % f(x,t) =0;
o Case 2: uo(x) =0, f(z,t) = x~049¢7049,;
o Case 3: uo(z) =0, f(x,t) = =201 — 2¢|7%°.
Note that for all cases we have ug € L*(Q) and f € L*(Qr).
® According to [McLean 2010], one can obtain growth estimates for the

first two cases, and the first order accuracy & = O(J™') is maintained
with suitable parameter o > 1; see Tables 5.7 and 5.8.
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Improve accuracy with suitable o: Case 1
Case I: uo(z) = 7%, f(x,t) =0

a=0.3 a=0.9

o J &y Order o J & Order

25 9.91e-01 - 25 1.17e-00 -
5 26 8.50e-01 0.21 15 26 0.80e-01 0.26
27 7.26e-01 0.24 ) 27 7.77e-01 0.33
28 5.08e-01 0.28 28 5.68e-01 0.45
25 1.09e-00 - 25 5.17e-01 -
5 26 8.73e-01 0.32 25 26 3.00e-01 0.74
27 6.42¢-01 0.44 ) 27 1.67e-01 0.89
28 4.16e-01 0.63 28 8.62e-02 0.95
25 3.8le-01 - 25 2.38e-01 -
9 26 2.03e-01 0.91 4 26 1.25e-01 0.93
27 1.02e-01 0.99 27 6.24e-02 1.00
28 4.98e-02 1.03 28 3.09e-02 1.00

Table 5.7: Temporal accuracy of Case 1 in Experiment 4.
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Improve accuracy with suitable o: Case 2

Case 2: up(z) =0, f(z,t) = 049049

a=0.2 a=0.4 a=0.8
o J Eo Order Es Order Es Order

2°  3.94e-02 - 7.99e-02 - 1.75e-01 -
26 2.67e-02 0.56 5.81e-02 0.46 1.16e-01 0.60

15 97 17802 058 4.02e02 053 7.33e-02 0.66
98 116602 062 2.64e-02 061 4.49e-02 071
95 116602 - 256602 — 490002 -
L5 2 59303 097 131e02 0.97 246002 0.99

27 2.94e-03 1.01 6.62e-03 0.98 1.22e-02 1.01
28 1.46e-03 1.01 3.26e-03 1.02 6.01e-03 1.02

Table 5.8: Temporal accuracy of Case 2 in Experiment 4.
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Fail to improve accuracy: Case 3

Case 3: ug(z) =0, f(x,t) = 27091 — 2¢| 704
In this case, it seems hard (or even impossible) to obtain growth estimate of the
solution, and the accuracy & = O(7'/?) can not be improved; see Table 5.9.

o=1.5 o=25 o=5 o=10
o J Eo Order Eo Order Eo Order Eo Order
28 2.44e-02 - 3.03e-02 - 4.06e-02 - 5.45e-02 -

o1 29  1.80e-02 0.43 2.24e-02 0.43 3.01e-02 0.43 4.04e-02 0.43
72100 132¢-02 0.45 1.64e-02 0.45 2.21e-02 0.45 2.96e-02 0.45
211 956e-03 0.47 1.19e-02 0.47 1.60e-02 0.47 2.14e-02 0.47

29 25802 - 3.08e-02 - 3.02¢-02 - 4.98e-02 -
0.9 210 1.99e-02 0.37 2.39e-02 0.37 3.04e-02 0.37 3.87e-02 0.36
© 211 151e-02 0.40 1.82e-02 0.39 2.32e-02 0.39 2.96e-02 0.39
212 110e-02 0.46 1.33e-02 0.45 1.70e-02 0.45 2.18e-02 0.44

Table 5.9: Temporal accuracy of Case 3 in Experiment 4.
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Summary

For time fractional subdiffusion problems

® Regularity results for weak solutions are established by using variational
approach and Mittag-Leffler function

® Error estimates are derived for the piecewise constant DG method, with
low regularity data

® Numerical experiments are conducted to verify the theoretical results

This talk is based on

Binjie Li, Hao Luo, Xiaoping Xie, Error estimation of a discontinuous Galerkin method
for time fractional subdiffusion problems with nonsmooth data,
Fract. Calc. Appl. Anal., 2022, 25 (2): 747-782.

THANK YOU !
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