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Riemann-Liouville s-FDEs

us—Dn(x) (’y D%y —(1—7) XD};”‘u) = f(x, t),
(x,t) € (a,b) x (0, T],

with the initial condition
u(x,0) = ¢(x), x € [a, b],
and homogeneous Dirichlet boundary conditions

u(a,t) = u(b,t) =0, t € (0, T],
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Fast FVM for SFDEs on nonuniform meshes

Riemann-Liouville s-FDEs

ue—Dr(x) (7 DIy (1—7) XD};%) — f(x, 1),
(x,t) € (a,b) x (0, T],

i) L[ wE)
T = | et
Lo

£,

xLpyw(x) := M(a) (€ —x)I-«

where () denotes the Gamma function.

DL =D(,IY), <Dy * = -D(Ip).
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Riemann-Liouville s-FDEs

Uniform grids vs Non-uniform grids

Uniform grids
Toeplitz-like structure
Matrix-vector multiplication: O(mlog m) complixity

Non-uniform grids
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Riemann-Liouville s-FDEs

Uniform grids vs Non-uniform grids

Uniform grids
Toeplitz-like structure
Matrix-vector multiplication: O(mlog m) complixity

Non-uniform grids
Dense coefficient matrix without highlighted structure
Matrix-vector multiplication: O(m?) complixity
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Riemann-Liouville s-FDEs
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Fast Finite Volume Method on Nonuniform Grids

Discretization

For nonuniform grids {x;},

Xij— X
Denote x; 1 = Nt and ;107 = x;
2

2 _XI—11

Omin = 1g1iignm i—10; and Omax = T =0
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Fast Finite Volume Method on Nonuniform Grids

Discretization

For nonuniform grids {x;},

Denote Xi—% = X'%JFX' and ;_10; = x; — xj_1,

Ormin = 1g1iignm i—10; and dmax = T i—16;.

Control volume: [x._1

*E’Xiﬁ’%]

“itd X.
/ ur(x, )dx = n(x) (fy 2Dy %u(x, t) — (1 =) xDy ul(x, t)) -
Xi—% Xii%

X, 1
- / "2 f(x, t)dx.

i1
=2
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Fast Finite Volume Method on Nonuniform Grids

Discretization

aD)lfo‘u(x, t) =D, T u(x,t)
Xs—1 X1
2 2
1 (0% (0%
~ Zlu(x, t)| — ZJu(x,t)
s—l(ss Xs Xs—1
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Fast Finite Volume Method on Nonuniform Grids

Discretization

1 1
s—5 s—5

N 1
s—lés

- QI)?U(X7 t)

Xs

[azsu(x, 0

Xsl:|

Using piecewise constant approximation of u(x, t) leads to dense
matrix without Toeplitz-like structure.

—  O(m?) Storage & O(m?®) Operations

8/28



Fast FVM for SFDEs on nonuniform meshes Z. Fang(fangzw@fosu.edu.cn)
Fast Finite Volume Method on Nonuniform Grids

SOE technique

%

(e e * a(e)
T </ Gt [ (Xs—é)l‘“d§>

= I2°(t) + I3 M°(t),
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Fast Finite Volume Method on Nonuniform Grids

SOE technique

S

1 (e * a(e)
» Ta </ Gt [ (xs—é)l‘“d§>

1 * u(xs, t)
T (@) Sy, (s =&

(s—10s)*u(xs, t)
M1+ «)

¢ =
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Fast Finite Volume Method on Nonuniform Grids

SOE technique

S

L ([ aen o aen
X M) (/a (xs _6)1_ad§+/);_1 e _é)l—ad§>
7 (

B 1 Xs U(Xs, 1.‘)
T (@) Sy, (=8O

(57155)aU(X5, t)
M1+ «)

d¢ =
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Fast Finite Volume Method on Nonuniform Grids

SOE technique

Lemma 1 (Jiang, S. et al., CiCP 2017)

For the given (3 € (0,1), tolerance error ¢, Ax > 0, and a positive
bound q, there are one positive integer Nsoe, positive points A\ and
corresponding positive weights 0y, (k = 1,2, ..., Neoe) satisfying

Nsoe

Yoy
k=1

and the number of exponentials needed is of the order

1 1
Nsoe:(9<log (Ioglog —l—logA) log — (Ioglog —i—logA )>

<€ Vxe€[Ax,q],
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Fast Finite Volume Method on Nonuniform Grids

SOE technique

a,s 1 et a—

Z57(t) :F(a)/a G(E, t) (xs — &)t de
Lo R et
Nr(a)/a a(s, t)kz_;9ke dg

NSOE

_i - =k (xs—¢€)
=) k;ek/a (¢, t)e d¢.
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Fast Finite Volume Method on Nonuniform Grids

SOE technique

as 1 Xs—1 _ o
5 (t) :F(a)/a (€, t) (xs — €)1 de
R I 2 awlret)
) e )3 the -0
NSOE

Z / § t _/\k(Xs f)dg

Xs—1
V57k(t) :e_)\k(s—liss)vs_Lk(t) +/ D(f, t)e—)\k(xs—g)dé-

Xs—2

s—1,t) [ _ _
:e_)‘k(s—l‘Ss)vs_Lk(t) + U(XA: ) (e Mels=105) _ o ’\"(5—255)>.
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Fast Finite Volume Method on Nonuniform Grids

SOE technique

The fast approximation of the left Riemann-Liouville fractional

integral:
15Ia ( t) _ 1 %:e 9 (t) + (sflds)au(xﬁ t)
o ! X’ Xs B r(a) k=1 kVSVk r(l + a) '
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SOE technique

The fast approximation of the left Riemann-Liouville fractional

integral:
15Ia ( t) 1 Nsoee (t) + (Sflds)au(xﬁ t)
u(x == g Vv, .
Tl T Ta) M1+ o)

The fast approximation of the right Riemann-Liouville fractional
integral:

N
1l &, (s0s+1)%u(xs, t)
x () ;9”’"‘5*“) T rata)

Tou(x, t)

with

Vs k() = e—)\k(555+1)‘7571’k(t)+ U(Xm;\S+1= t) (e—)\k(555+1)_e_)‘k(555+2)).
k
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Fast Finite Volume Method on Nonuniform Grids

Fast implementation in matrix form

Xi+% d Xi+%
- ut(x, t)dx = a /. u(x, t)dx ~ i_;5,+1 ur(xi, t).

. i1
i—% i-5
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Fast Finite Volume Method on Nonuniform Grids

Fast implementation in matrix form

X 1
+2 xtdx-— ux,tdxz-_us 1ug(x;, t).
i—5 l+
X. 1

1
=4

M\

In matrix expression, we have
AW =DW 47, j=12...n,

where

m—1
DAl (1 AR D= _
A=D— AL — (1 - y)AR, D = diag <( %5'+%>;21 )
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Fast Finite Volume Method on Nonuniform Grids

Fast implementation in matrix form

Algorithm 1 The fast matrix-vector multiplication ALz for any vec-
tor z

1. Compute the weights and nodes {0, A} of the SOE approxi-
mation
2: Set v, = 0 and length(z) = m — 1 denotes the size of the
vector z
fors=2:mdo
Compute vs x by recursive formula O(m log? m) complexity
end for

@ & P

é
Compute 970z

(s=1,2,...,m) via SOE approxiamtion

o i-1/2 o
—07%z ]m/)ﬁl;z
Xi+1 Xi

ST
7aIxz

8
7 (ALZ),' _ n(x :+1/2) |:6Ia —

151+1
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Fast Finite Volume Method on Nonuniform Grids

Error analysis

Lemma 2

Suppose u(x, t) € C[a, b] with respect to x. The difference
between the left Riemann-Liouville fractional integral at point xs
and its fast approximation formula can be expressed as

ST2u(x, )

- aI)?U(X, t)

< O(0max +€), s=1,2,...

Xs Xs

where e denotes the accuracy of the SOE approximation.
Analogously, for the right Riemann-Liouville fractional integral, it
holds that

STeu(x,t)| —xTfu(x,t)

Xs

< O(0maxte€), s=0,1,...,m—1.

Xs
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Fast Finite Volume Method on Nonuniform Grids

Stability analysis

AW =DwW 4 rf, A=D—7myAl — 7(1 - y)AR.

Assume that n(x) satisfies the Lipschitz condition. The matrices
AL and AR are strictly row-wise diagonally dominant with negative
diagonals and non-negative sub-/super-diagonals for sufficiently
accurate SOE approximation.
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Fast Finite Volume Method on Nonuniform Grids

Stability analysis

AW =DwW 4 rf, A=D—7myAl — 7(1 - y)AR.

Lemma 3

Assume that n(x) satisfies the Lipschitz condition. The matrices
AL and AR are strictly row-wise diagonally dominant with negative
diagonals and non-negative sub-/super-diagonals for sufficiently
accurate SOE approximation.

Theorem 4

| A\

The fast scheme is unconditionally stable with respect to the initial
condition.

<
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Preconditioning Work

Banded preconditioner

A=D - ripyH" = 7ij(1 = 1)HF,

where

0, j>i+1,
(i6i41)° 7%, j=i+1,

{hiLj} o b 6o T (o)™ + (-16) — (i—16i+1)a) + (1007, =1,

Fate) | (oi0) (%i+1)% + (j—16))% — (j—18i41)* + (j5i)’1)
F(-18) TGO + (—18i—1) — (=16, + (j5;_1)°‘), j<i-1,
(i5i+1)71((i+1‘sj+1)a + (6% — (i428))* + (f5j+1)“)

R 1 —(/‘—15/‘)71((/'5/41)06 +(i—18))% — (;6))* + (f—15j+1)a)7 jiZi+1,

{h"vf} = r1+ ) *(i5i+1)71((i5/’+1)a +(j—10)* — (i—1§i+l)a) +(—18)°7Y, =1,
(—187)>71, j=i—1,
0, j<i-—1.
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Preconditioning Work

Banded preconditioner

P= D—TT]’)/BL—T’I’]( )BR

where BL and BR are the main £ 4 1 bands of the Heisenberg
matrices HL and HF, respectively.
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Numerical Results

PGMRES method

stopping criterion: ||||rlj““22 <107°
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Numerical Results

PGMRES method
stopping criterion: ||||rlj““2 <107°

|

Example 1

True solution is given by u(x,t) = 4e 'x(2 — x), for 0 < x <2
and 0 < T < 1. The diffusivity coefficient n = 1 and the source
function is given by

f(x,t) = —4e"tx(2 —X)—8e_t[ ()F(a T 1 +a)

+‘1”)<(2r(xa))al )]

21/28
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Numerical Results

(b—a) (is')’, j=0,1,...,s, and s:%’

)(j:
b—a—xpm_j, j=s+1,s5+2,...,m,

where m is set as an even number and r = ﬁ > 1.

Table: Numerical results for Example 1 with fixed n = 2% and a = 0.5.

m Gauss Elimination Fast GMRES Fast PGMRES

CPU Error Order Iter CPU Error Order Iter CPU Error Order
27 3.91 2.8648e-2 = 17.00 1.31 2.9338e-2 = B! 0.69 2.9232e-2 =
28 20.50 1.4385e-2 0.99 25.00 4.98 1.4734e-2 0.99 4.01 1.69 1.4731e-2 0.99
29 218.73 7.0891e-3  1.02 42.00 17.35 7.2598e-3  1.02 6.00 3.94 7.2348e-3 1.03
L0 2079.16 3.3950e-3  1.06 74.00 67.84 3.4775e-3 1.06 8.00 8.87 3.4884e-3 1.05
o1 - - - 128.00 44856 1574le-3 1.14 13.00 45.18 1.5904e-3 1.13
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Numerical Results

Example 2

We consider Example 1 with the diffusivity coefficient function
n(x) = 10 + x(2 — x). The relevant source function is derived as

f(x,t) = —4e 'x(2 — x)
8et

TTa+2) (”X“W“H(l —v)(z—xr“lvv(z—x)),

where
W(z) = 10a(a+1)—(a+1)(2a—8)z—(a+2)(a+3)z%+(a+3)Z3.

v
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Table: Numerical results for Example 2 with fixed n = 4m and a = 0.5.

m Fast GMRES Fast PGMRES

Iter CPU Error Order Ilter CPU Error Order
26 26.00 0.38 5.6992e-2 - 789 0.14 5.6757e-2 -
27 40.00 1.13 2.9562e-2 0.95 7.41 045 2.9456e-2 0.95
28 58.00 8.15 1.5071e-2 0.97 8.03 1.69 1.5060e-2 0.97
2° 84.00 78.74 7.6122¢e-3 0.99 9.01 6.48 7.4403e-3 1.02
LY 119.00 302.95 3.8260e-3 0.99 12.00 31.99 3.9200e-3 0.92
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Numerical Results

by — (opifa)u = f(x,t), (x,t) € [0,1] x (0,1],
u(0,t) =0,u(1,t) = €', t € [0,1],
u(x,0) = xP.

The exact solution is set by u(x, t) = efx?. The source function is
correspondingly derived as

etr(l + ,8) Xa+572

— elxP — 2
f(x,t) =e'x fat5—1)

25/28



Fast FVM for SFDEs on nonuniform meshes Z. Fang(fangzw@fosu.edu.cn)

Numerical Results

Table: Numerical results for Example 2 with fixed n = m and

a=0.8,8=0.5.
m Gauss Elimination Fast GMRES Fast PGMRES
CPU Error Order Iter CPU Error Order Iter CPU Error Order
27 0.24 1.2710e-2 = 90.98 1.41 1.2710e-2 = 6.00 0.17 1.2711e-2 =
28 253 6.3773e-3 0.99 156.37 9.58 6.3793e-3  0.99 9.00 0.71 6.3765e-3  1.00
20 49.03 3.1965e-3  1.00 286.32 98.79 3.1976e-3  1.00 12.00 3.67 3.2039e-3  0.99
Pl 1035.49 1.6009e-3  1.00 532.63 1390.77 1.6048e-3  0.99 19.00 39.94 1.5988e-3  1.00
Ll - - = = = = = 29.00 272.76 8.0865e-4 0.98

26/28



Fast FVM for SFDEs on nonuniform meshes Z. Fang(fangzw@fosu.edu.cn)
Numerical Results

Remarks

e Fast implementation for high dimensional problems?

o Convergence analysis (first-order accuracy)?
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Numerical Results

Thanks for your attention!
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