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1. The semilinear subdiffusion equation

Otu(x,t) — Au(z,t) = f(u(x,t),z,t) for (z,t) € Q x (0,7T],
u(z,t) =0 for (z,t) € 992 x (0,17,
u(z,0) = ug(x) for x € Q,

e f € CF(R) is a given smooth nonlinear function
o uy € L>°(Q) is a given bounded measurable function

e Of'u denotes the Caputo fractional derivative of order a: € (0,1)

* The computational challenge: u and f(u) may be singular at t = 0.
* The accuracy of the numerical solution depends on the regularity/singularity.

x The numerical method should address the singularity of the solution.
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2. The linear subdiffusion equation

e uy and f are smooth 4+ compatibility conditions = smooth solutions
[1] Z.-Z. Sun & X. Wu 2006
[2] Y. Lin & C. Xu 2007
[3] X. Li and C. Xu 2009
[4] K. Mustapha, B. Abdallah, & K. M. Furati 2014
[5] C. Lv & C. Xu 2016

e ugp € HJ(Q) NH?*(Q) and 9" f € L>*(0,T; L?(Q2)) =
107" (u(-,t) —up)||r2 < Cpt®™™  for m > 0.
« L1, L2, dG and convolution quadrature (CQ) with a uniform stepsize

generally have first-order convergence:

[4] B. Jin, R. Lazarov & Z. Zhou 2015
[5] W. McLean & K. Mustapha 2015
[6] Y. Xing & Y. Yan 2018
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2. The linear subdiffusion equation

« Optimal-order convergence of L1 and L2 schemes by graded stepsizes:

[7] M. Stynes, E. O'Riordan & J. L. Gracia 2017
[8] N. Kopteva & X. Meng 2020
[9] N. Kopteva 2021

« High-order convergence by dG under the additional regularity condition
O € L*(0,T; H*(Q)) :

(which basically requires ug € H>/2(Q) N H(Q) 4+ Aug = 0 on 9Q)
[10] K. Mustapha, B. Abdallah & K. M. Furati 2014
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2. The linear subdiffusion equation

o ug € LP(Q) and O f € L0, T; LP()) =

Hatrnu(”f)”Lp < C’rnt7m for m > 0.

« Convolution quadrature for linear subdiffusion equation:
u(- tn) — upllLe < CtyFr"

[11] C. Lubich, I. H. Sloan & V. Thomée 1996 (k = 1,2)
[12] B. Jin, B. Li & Z. Zhou 2017 (k =1,...,6)
[13] Y. Xing & Y. Yan 2018 (k=2 — ,3 — «)
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3. The semilinear subdiffusion equation

Additional computational challenge: f(u) is also singular at ¢ = 0.

14] B. Jin, B. Li & Z. Zhou 2018: ug € H}(Q) N H2() and
0
[utn) = unllLr < CT®
[15] M. Al-Maskari & S. Karaa 2019 : ug € L*(Q2) and
lu(-,tn) — unll2 < Ct; 7
[16] K. Wang & Z. Zhou 2020: ug € Hg(Q2) N C?(Q2) and
||u(-,tn) _ UnHLP S Ct;l—a—&—eTl-&-Qa—e
[17] B. Li & S. Ma 2022: uy € L>°(Q) and
(- tn) = unllLr < OT*
Discrete Gronwall’s inequality:
18] B. Jin, B. Li & Z. Zhou 2018 (uniform stepsize
[

[19] Li, Liao, Sun, Wang & Zhang 2018 (uniform stepsize)
[20] H.-L. Liao, W. McLean & J. Zhang. 2019 (graded stepsizes)
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4. Spectral methods for the subdiffusion equation

[21] X. Li & C. Xu 2009: polynomial projection (for smooth solutions).
[22] F. Chen, Q. Xu & J. S. Hesthaven 2015: (stability analysis).

[23] Zayernouri & Karniadakis 2013, 2014: generalized Jacobi functions
(numerical method for fractional ODEs and PDEs)

[24] S. Chen, J. Shen & L. Wang 2016: generalized Jacobi functions
(numerical analysis for fractional ODEs)

[25] S. Chen, J. Shen & L. Wang 2016: generalized Jacobi functions
(numerical analysis for fractional ODEs)

[26] X. Zhao & Z. Zhang 2016: generalized Jacobi functions
(superconvergence of spectral interpolation)
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4. Spectral methods for the subdiffusion equation

[27] D. Hou, M. T. Hasan & C. Xu, 2017-2018: Miintz spectral methods.
M [z, Y] € L2(0,T; HE(Q))  Ym > 0.

e This covers a wide class of solutions, including solutions in the form of

u(z,t) = tho‘éj(x) (choose A = 1/« in the algorithm).
j=1

e In general, if ug € H}(Q) N H%(Q) then
107 (u(-,t) — up)|lp2 < Cppt®*™™  for m > 0.

A fixed high-order convergence by choosing a sufficiently small \.

[28] S. Chen & J. Shen 2022: Log orthogonal functions
(approximation properties).

[29] S. Chen, J. Shen, Z. Zhang, and Z. Zhou 2020: Log orthogonal functions
(for the subidffusion equation with ug € HJ(2) N H3(Q), Aug = 0 on 9Q)
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4. Spectral methods for the subdiffusion equation

Current error analyses:
e Linear subdiffusion equation
e up € HE () N H?(Q) + some compatibility conditions

e Regularity condition:
107 (u(-,t) — ug)|lpz < Cpt®™™  for m > 0.

o Hilbert space framework.

Open and challenging questions (to be addressed in this paper):
e [ initial data
e Regularity condition:

107 u( D)l + 107 (1), Dl < Cot™  for m >0

e L*-norm based Banach space framework
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5. An exponential spectral method

O (u—ug) — Au= f(u) in Qx (0,T]
=0 on 90 x (0,T]
u(0) = ug in Q with 0 < a<1

Laplace transform in time:

z%(z) — 29 by — Ad(z) = g(z), where g(t) = f(u(t))

= a(z) = (2% = A) 722 hug + (22 = A) ()
Inverse Laplace transform:

1
u(t) = — (2™ — A) 2 tugdz
2mi Re(z)=0

1

2mi Re(z)=0c

Buyang Li | The Hong Kong Polytechnic University | page 10/26



5. An exponential spectral method

u(t) = ﬁ Re(zij(z“ — A)' 2 rupdz + % Re(z)it(za — A)7'G(2)dz
B ﬁ Re(z)iit(za — AT uodz % Re(z)(:z: - A)_l/ot " g(s)dsdz
ﬁ Re(;;i(za —A)” L= lueds + % Re(z()Z:;_ A)—l/ot ez(t_s)f(u(s))dsdz
= % Re(ziz:(za —A)” e lugdz + % Re(z)(:z: — A)_ly(z,t)dz

where y(z,t) = / ¢**=%) f(u(s))ds, which satisfies the ordinary differential equation:
0

WED — oy(z,0) + Flult)
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5. An exponential spectral method

Deformation of contour:

1 zt/ _a —1_a-—1 1 oY -1
t) = — — A d —_ — A t)d
u(t) 2m‘/rf G =) e+ 5 (60— ) yte e

where y(z,t) satisfies the ordinary differential equation:

% = zy(z,t) + f(u(t)) with y(z,0) =0.
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5. An exponential spectral method

For t € [tn—1,tn], we have

u(t) :%ASZt(za —A)” Lye=luodz + % eZt(za —A)fly(z,t)dz
M M
S wie T 1 A) o+ Y @(5 — A) (3, 1) + E(1)
j=—M j=-M

Quadrature error:
1€4(8)]| Lo < Ce™VM/E

Duhamel formula: For ¢ € [tn—1,t,], we have

t
y(z,t) = ey (o b ) + / 0 f(u(s))ds

tn—1

t
=yt [ IV ) ds + (1)

tn—1
t m
=Ty (2 ) + / TN f(utm,i)) P i(s)ds + EF (1)
tn—1 i=1
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5. An exponential spectral method

VP means on the standard interval [—1,1]:

Ving(t) = Zg(tM,i)q):n,i(t) for g € C([-1,1]),

where
m—+4r—1

T a,B . o,
o, (1) = =220 Hm,5 5" (bm,a) I3 (2)

S 5 (b )]

Properties of VP means:
IVmglleq-1,13520) < C sup [g(tm.i)llL= (o)
1<i<m

lg = Vinglleq-1.1:z0 @) < Com™ " |0¢gllo-1,1:L )

where C' does not depend on m.

Interpolation on a scaled interval [t;_1,¢;]: For every fixed k > 1,

_p/ti —ti_1\F* .
I1f(w) = Vi f (Wl e _1.e5:0 0)) < Cem k(%) 108 F (W)l oty _1 .t 125 (@)

ot k
< Ckm‘k(%) 5 (if uo € L¥(9))
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5. An exponential spectral method

Choose internal nodes t,—1 < th1 < tn2 < -+ < tpm < tn and consider the
collocation method:

U (tn:) Z wje Jz 1 AN Yo + Z w;i(z5 — _1Y(Z]-,tm-)
tnm m

Y (2, tn) = ity (5 4, ) +/ i) N " (U (b)) @i (s)ds
tn—1 i=1

e On [tn—1,tn], we solve the nonlinear system collocating at the internal nodes ;.

o [ln_1,tn] = [A”_I_N(m)T, /\"_N(m)T] for some A > 1, forn=1,...,N(m),
where N = N(m) satisfies
N(m)
lim =

oo log(m)

Buyang Li | The Hong Kong Polytechnic University | page 15/26



6. Existence and uniqueness of numerical solutions

We first consider the problem on [0, T], and define a map V (tn:) = G(U(tn:)) by

V(tni) Z wie 20—t A) o+ Y @(5F — A) Y (5, )

j=—M j=—M

Y(Z,tni) — ez(tni_tn—l)y(z7tnil) +/ Z(tnL_s) Zf U(t'm i )(I)Tm 7(( )d

tn—1

e If T is smaller than some constant, then G : L*(Q2)™ — L°*°(Q)™ is a contraction
and therefore has a unique fixed point, i.e., a numerical solution of the proposed
method.

e If T is not small then we consider the problem on [0, 7] and [To, T separately,
with Ty being a small number. On [Ty, T the solution is sufficiently smooth and
therefore the problem is easier.
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7. Error estimates

Exact solution u:

u=20 on 99 x (0,77,

Fu—Au=V,fu)+& in Qx (0,77,
u(0) = uo in Q,

Auxiliary function u™*:

u* =0 on 99 x (0,7,

Fut — Aut =V, f(U) in Qx (0,77,
u*(0) = uo in Q.

Expressions of the solution:
u(t) = F(t)uo +/0 E(t — 8)[Vin f(w)](s)ds + /0 E(t—s)&f(s)ds

0 () = Plyuo+ [ Bt = VA f(O))(s)ds

where
1

BO) = o [ €= 8 e, [E@limoi <Ot -5
i Jr,
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7. Error estimates
Expression of the error € = u — u™:
t t
()= [ Bt = 9)Vinf ()~ Vit O)(s)ds + [ Blt = 92 (s)ds
0 0

L°° norm of the error é:

tni
[[€(tni)ll oo (22) SC/ (tm—s)a_llggix le(tii)|| Lo (oyds

=~ [ a1 —k(ti—ti—1\* _p
+ Z Cr(tni — )" m (T) t;ds
ti 1

/ Clelbns — 5)° | £ (w) = Vin f () | L= (@ ds
=
max |2t oy < CT° max [le(t) oo + Cem ™ 37 AGDHG) 4 o

j=2
< CT* max ||e(tni)| Lo () + Cm ™" + AN
7,1

. _ N
< CT" max [|e(tni)|| Lo (@) + Cm F ("}53}” log((m)) :oo)

Buyang Li | The Hong Kong Polytechnic University | page 18/26



7. Error estimates
Since
W (ti) = F(t)uo + / " Bt — )V (U)](s)ds
0

1 - a— 1 Zlng @ -
=—— [ (" —tLA) T 2 tupdz 4+ =— [ €7 (2% — A)T'Y (2, tni)d2
27 Jr, 2mi Jp,

M M
Ultn) = Y wie 28 2 —tmid) ruo + Y @ — A) 7Y (3, ),

j=—M j=—M
it follows that
max [ (tni) = U (bns)[ o ) < Ce™ VM7,
L°° norm of the error e(tni) = u(tni) — U(tni):
masx |e(tni)l| v () < CT* max le(tns)| e (@) + Cm ™" + Ce™VM/C
= (if T is smaller than some constant)

max ||e(tni)| oo (o) < Cm™" + CeVM/C
n,i
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7. Error estimates

If T is not smaller than the required constant, we can consider a division
[O,T} = [O,Tl] U [Tl,TQ} ] [TQ, T;] U---u [TL71, TL}, with Tj - Tj—l sufficiently small.

For t,; € [0,T1] we have already obtained the desired error estimate

max | le(tni)ll oo () < Cm™F + CceVM/C

tni €[0,T1

For tn; € [TI,TQ] we have

tnq
1€(tns)llLos () < C/ (bns — )" max e(t) | 1= @) ds
i ;

.
ni 1 gty —ti_1\k
+C (tni — s)* Im k(jle) tj,klds
Ty

—&—C’km_k _’_Ce—,/M/c

—
max [&(tni) | Lo () < C(Tz = T1)* max [le(tns)|| Lo ) + Cum ™" + Ce™VH/C

—

max [e(tni) | Lo () < C(Tz = T1)* max [le(tns)|| Lo ) + Cum ™" + Ce™VH/C

The estimates on [T%, T3], [T3,T4], ..., are similar.
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7. Error estimates

Theorem: Let v € C([0,T]; L*(2)) N L°°(0,T; L°°(£2)) be a bounded mild solution of
the subdiffusion equation with initial value up € L*°(€2) and nonlinear source function
f € C(R). Then for sufficiently large m (degree of polynomials)

e I a unique numerical solution in an L®-neighborhood of the mild solution.

e Error estimate:

max [w(tni) = U(tni)|| ooy < Cr(m ™" + e*m/CL

which holds for all 1 < k < m.
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8. Numerical examples

Domain Q = (0, 1), T= 1, up = X[1/2,1) S LOO(Q)

A a=0.8 A a=038

-0 a=06

- a=04

Errors

10710 1071
4 & 8 10 12 14 16 4 & 8 10 12 14 16
m m
(a) f(z,t) =sintcosmx (b) f(x,t) =" cosmx
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8. Numerical examples

Domain Q = (0, 1), T= 1, up = X[1/2,1) S LOO(Q)

—A—- a=038 —A—- a=08

Errors
Errors

6 8 10 12 14 16 4 6 8 10 12 14 16
m m
(c) f(x,t) = t°5 cosma (d) f(ax,t) =t cosmx
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8. Numerical examples

Domain Q= (0,1), T =1, uo = Xxp1/2,1) € L=(9).

Errors

108

4 6 8 10 12 14 16
Figure: The semilinear subdiffusion equation with f(u) = sinu
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9. Conclusions

e A new spectral method for the linear and semilinear subdiffusion equations
Rough initial data in L>°(Q)

Regularity condition:
10" u(, t)[|Loe 4+ (107" f(u(-t), -, t)l|oe < Cmt™™  for m >0

which holds if u € C([0,T]; L*(Q)) N L*°(0, T; L™ ()).

The combination of several techniques:

e Contour integral representation of the mild solutions

e Quadrature approximation of the contour integrals

e Exponential integrator using VP means

e Decomposition of the time interval geometrically refined towards ¢t = 0
e Spectral convergence in the L>°-norm framework

e The nonlinear source function may not be globally Lipschitz continuous.

Open question: High-order convergence in space.
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Thank you for your attention.
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