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On spectral Petrov-Galerkin method for solving optimal control
problem governed by fractional diffusion equations with fractional

Noise

Shengyue Li ∗ and Wanrong Cao†

∗ School of Mathematics, Southeast University, Nanjing 210096, P.R.China.
E-mail: lishengyue@seu.edu.cn

† School of Mathematics, Southeast University, Nanjing 210096, P.R.China.
E-mail: wrcao@seu.edu.cn, web page: https://math.seu.edu.cn/cwr/list.htm

In this paper, a spectral Petrov-Galerkin method is developed to solve an optimal control
problem governed by a two-sided space-fractional diffusion-reaction equation with additive
fractional noise. In order to compensate weak singularities of the solution near boundaries,
regularities of both the fractional noise and the optimal control problem are analyzed in
weighted Sobolev space. The spectral Petrov-Galerkin method is presented by employing
truncated spectral expansion of the fractional Brownian motion (fBm) type noise, and error
estimates are given based on the obtained regularity of the optimal control problem. Numerical
experiments are carried out to verify the theoretical findings.

key words: optimal control problem, diffusion-reaction problems, fractional Brownian motion,

weighted Sobolev space, error estimate
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Pointwise-in-time error estimates of some numerical methods for
multi-term subdiffusion equations

Hu Chen∗ and Martin Stynes†

∗ Ocean University of China, Qingdao 266100, China
E-mail: chenhu@ouc.edu.cn,

† Beijing Computational Science Research Center, Haidian District, Beijing 100193, China
E-mail: m.stynes@csrc.ac.cn,

In this talk, we consider the time-fractional initial-boundary problems of parabolic type.
Previously, global error bounds for computed numerical solutions to such problems have been
provided by Liao et al. (SIAM J. Numer. Anal. 2018, 2019) and Stynes et al. (SIAM J. Numer.
Anal. 2017). In this talk we show how the concept of complete monotonicity can be combined
with these older analyses to derive local error bounds (i.e., error bounds that are sharper than
global bounds when one is not close to the initial time t = 0). Our new approach is used to
bound the global and local errors in the numerical solution of a multi-term time-fractional
diffusion equation, using the L1 scheme or GL scheme for the temporal discretisations of each
fractional derivative. These error bounds are α-robust. Numerical results show they are sharp.

key words: Complete Monotonicity, Multi-Term Time-Fractional, Local Error Estimates, L1

Scheme, Grünwald–Letnikov Scheme
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High-order BDF convolution quadrature for subdiffusion models
with a singular source term

Minghua Chen∗ and Jiankang Shi†

∗ School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P.R. China
E-mail: Email address: chenmh@lzu.edu.cn, web page: https://orcid.org/0000-0002-1327-7688
† School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P.R. China

E-mail: shijk20@lzu.edu.cn

Anomalous diffusion is often modelled in terms of the subdiffusion equation, which can involve
a weakly singular source term. For this case, many predominant time stepping methods,
including the correction of high-order BDF schemes [Jin, Li, and Zhou, SIAM J. Sci.
Comput., 39 (2017), A3129–A3152], may suffer from a severe order reduction. To fill in this
gap, we propose a smoothing method for time stepping schemes, where the singular term is
regularized by using a m-fold integral-differential calculus and the equation is discretized by
the k-step BDF convolution quadrature, called IDm-BDFk method. We prove that the desired
kth-order convergence can be recovered even if the source term is a weakly singular and the
initial data is not compatible. Numerical experiments illustrate the theoretical results.

key words: subdiffusion equation, smoothing method, IDm-BDFk method, singular source term,

error estimate
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Efficient Numerical Methods for the Integral Fractional Laplacian

Zhaopeng Hao∗

∗ School of Mathematics, Southeast University, No. 2 Sipailou, Nanjing, 210096, China
E-mail: zhaopenghao2015@gmail.com,

Due to its extraordinary modeling capabilities, the nonlocal fractional-order Laplacian has
recently attracted increasing scientific and engineering attention in the past decade. However,
the nonlocal operators bring up new challenges in discretization, computation and analysis
for the associated PDEs. To cope with these difficulties, we present two efficient numerical
methods, the radial basis functions and neural-network methods. For both methods, we
discuss their convergence analysis. Some numerical examples are provided to demonstrate
their efficiency and accuracy.

REFERENCES

1. Zhaopeng Hao, Moongyu Park and Zhiqiang Cai, Neural Network Method for Integral Fractional Laplace
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Unconditional energy dissipation law and optimal error estimate
of fast L1 schemes for a time-fractional Cahn-Hilliard problem

Chaobao Huang∗, Na An†, and Xijun Yu ‡

∗ School of Statistics and Mathematics, Shandong University of Finance and Economics, Jinan 250014,
China; E-mail:huangcb@sdufe.edu.cn,

† School of Mathematics and Statistics, Shandong Normal University, Jinan 250014, China;
E-mail: annabetter@sdnu.edu.cn

‡ Laboratory of Computational Physics, Institute of Applied Physics and Computational Mathematics,
Beijing 100088, China; E-mail: yuxj@iapcm.ac.cn

In this talk, we will investigate a fully discrete semi-implicit stabilized scheme for the time-
fractional Cahn-Hilliard equation, which adopts the nonuniform fast L1 scheme in time and
the mixed finite element method in space. By using the temporal-spatial splitting technique,
the boundedness of L∞-norm of the computed solution Unh is obtained. Combining this
boundedness, the unconditional optimal error estimate is given without certain temporal
restrictions dependent on the spatial mesh size. Moreover, with the help of the boundedness
of ‖Unh ‖∞ and the positive definiteness of L1 kernels, it’s shown that the proposed scheme
preserves the modified discrete energy dissipation property. Finally, numerical experiments
are provided to further verify our theoretical convergent results.

key words: Time-fractional Cahn-Hilliard equations, Energy dissipation laws, Weak singularity,

Mixed finite element methods
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Fractional collocation method for third-kind Volterra integral
equations with nonsmooth solutions

Chengming Huang∗ and Zheng Ma†

∗ School of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan 430074,
China

E-mail: chengming huang@hotmail.com
† Beijing Computational Science Research Center, Haidian District, Beijing 100193, China

E-mail: mz mazheng@163.com

In this talk, we develop a collocation method for solving third-kind Volterra integral equations.
In order to achieve high order convergence for problems with nonsmooth solutions, we construct
a collocation scheme on a modified graded mesh using a basis of fractional polynomials,
depending on a certain parameter λ. For the proposed method, we derive an error estimate
in the L∞-norm, which shows that the optimal order of global convergence can be obtained
by choosing the appropriate parameter λ and modified mesh, even when the exact solution
has low regularity. Numerical experiments confirm the theoretical results and illustrate the
performance of the method.

key words: Third-kind Volterra integral equation, nonsmooth solution, fractional polynomial,

collocation method, error estimate
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Recent results on pointwise-in-time a posteriori error control for
time-fractional parabolic equations

Natalia Kopteva∗, Sebastian Franz†, and Martin Stynes‡

∗ Department of Mathematics and Statistics, University of Limerick, Ireland
E-mail: natalia.kopteva@ul.ie, web page: https://staff.ul.ie/natalia/

† Institute of Scientific Computing, Technische Universitt Dresden 01062, Germany
E-mail: sebastian.franz@tu-dresden.de, web page:
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‡ Beijing Computational Science Research Center, Haidian District, Beijing 100193, China
E-mail: m.stynes@csrc.ac.cn, web page: http://www.csrc.ac.cn/en/people/faculty/151.html

I will start with a review of [1], which was presented at the 2021 edition of this workshop.
For time-fractional parabolic equations with a Caputo time derivative of order α ∈ (0, 1), we
give pointwise-in-time a posteriori error bounds in the spatial L2 and L∞ norms. Hence,
an adaptive time stepping algorithm is applied for the L1 method, which yields optimal
convergence rates 2 − α in the presence of solution singularities. Interestingly, the proposed
time stepping algorithm yields the grids similar to a-priori-constructed optimal grids in [2, 3].

In the main part of the talk, we shall discuss recent extensions of the proposed methodology
to variable-coefficient multiterm time-fractional subdiffusion equations [4], and to the case of
higher-order discretizations [5]. The stable implementation of the proposed algorithm will also
be addressed [5].

key words: fractional-order parabolic equation, a posteriori error estimates, L1 scheme, pointwise-

in-time error bounds, time stepping algorithm, multiterm time-fractional subdiffusion, higher-order

schemes
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High-order splitting finite element methods for the subdiffusion
equation with limited smoothing property∗

Buyang Li, Zongze Yang, Zhi Zhou

Beijing Department of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong.
E-mail: buyang.li@polyu.edu.hk, zongze.yang@polyu.edu.hk, zhizhou@polyu.edu.hk

In contrast with the diffusion equation which smoothens the initial data to C∞ for t > 0
(away from the corners/edges of the domain), the subdiffusion equation only exhibits limited
spatial regularity. As a result, one generally cannot expect high-order accuracy in space in
solving the subdiffusion equation with nonsmooth initial data. In this paper, a new splitting
of the solution is constructed for high-order finite element approximations to the subdiffusion
equation with nonsmooth initial data. The method is constructed by splitting the solution into
two parts, i.e., a time-dependent smooth part and a time-independent nonsmooth part, and
then approximating the two parts via different strategies. The time-dependent smooth part is
approximated by using high-order finite element method in space and convolution quadrature
in time, while the steady nonsmooth part could be approximated by using smaller mesh size
or other methods that could yield high-order accuracy. Several examples are presented to
show how to accurately approximate the steady nonsmooth part, including piecewise smooth
initial data, Dirac–Delta point initial data, and Dirac measure concentrated on an interface.
The argument could be directly extended to subdiffusion equations with nonsmooth source
data. Extensive numerical experiments are presented to support the theoretical analysis and
to illustrate the performance of the proposed high-order splitting finite element methods.

key words: subdiffusion, limited smoothing property, nonsmooth data, finite element method,

high-order, convolution quadrature, error estimate

∗The research is partially supported by Hong Kong Research Grants Council (GRF Project Nos. 15300817,
25300818).
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Numerical approximations to ψ fractional derivative

Enyu Fan∗, Changpin Li∗ Martin Stynes†

∗ Department of Mathematics, Shanghai University, Shanghai 200444, China
E-mail: fanenyu@shu.edu.cn (E.Y. Fan), lcp@shu.edu.cn (C.P. Li)

† Beijing Computational Science Research Center, Haidian District, Beijing 100193, China
E-mail: m.stynes@csrc.ac.cn

A generalised fractional derivative (the ψ-Caputo derivative) is studied. Generalizations of
standard discretizations are constructed for this derivative: L1, L1-2, L2-1σ for derivatives of
order α ∈ (0, 1), and L2, H2N2, L21 for derivatives of order α ∈ (1, 2). These new discretizations
extend known results for the standard Caputo derivative, the Caputo-Hadamard derivative,
etc. Numerical examples are given to demonstrate their performance.

key words: ψ-Caputo derivative, L1 discretisation, L1-2 discretisation, L2-1σ discretisation, L2

discretisation, H2N2 discretisation, L21 discretisation, truncation error
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501-534, 2023.
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China under grants 12171025 and NSAF-U1930402.
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Combined L1-spectral methods for time fractional Cahn-Hilliard
equations

Dongfang Li∗ Hongyu Qin† and Wanqiu Yuan∗

∗ School of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan 430074,
China

E-mail: dfli@hust.edu.cn(Dongfang Li), qwy@hust.edu.cn(Wanqiu Yuan)
† School of Mathematics and Physics, Wuhan Institute of Technology, Wuhan 430205, China

E-mail: qinhy@wit.edu.cn

The solution of the time fractional Cahn-Hilliard equation has the initial layer and the
equation’s energy may decay fast at certain time. To capture the evolutions effectively, the time
discretization is done by combining the transformed L1 scheme and the standard L1-scheme on
the nonuniform meshes. The spatial discretization is archived by the Fourier-pseudo spectral
method. The fully-discrete scheme is proved to be energy-stable. And the convergence results
of the schemes is obtained. Numerical experiments are given to confirm the theoretical results.

key words: time fractional Cahn-Hilliard equations, initial layer, L1-schemes, energy-stable

schemes

¶This work was supported in part by the National Natural Science Foundation of China under grant 11771162,
12231003.
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On discontinuous and continuous approximations to second-kind
Volterra integral equations

Hui Liang∗ and Hermann Brunner†

School of Science, Harbin Institute of Technology, Shenzhen, 518055, China
E-mail: wise2peak@126.com; lianghui@hit.edu.cn web page: http://faculty.hitsz.edu.cn/lianghui

† Department of Mathematics, Hong Kong Baptist University, Hong Kong SAR, China; Department of
Mathematics and Statistics, Memorial University of Newfoundland, St. John’s, NL A1C 5S7, Canada

E-mail: hbrunner@mun.ca

Collocation and Galerkin methods in the discontinuous and globally continuous piecewise
polynomial spaces, in short, denoted as DC, CC, DG and CG methods respectively, are
employed to solve second-kind Volterra integral equations (VIEs) with smooth or weakly
singular kernels. It is proved that the quadrature DG and CG (QDG and QCG) methods
obtained from the DG and CG methods by approximating the inner products by suitable
numerical quadrature formulas, are equivalent to the DC and CC methods, respectively. In
addition, the fully discretised DG and CG (FDG and FCG) methods are equivalent to the
corresponding fully discretised DC and CC (FDC and FCC) methods. The convergence theories
are established for DC, CC, DG and CG methods. In particular, it is proved that the CC (CG)
method for second-kind VIEs possesses a similar convergence to the DC (DG) method for first-
kind VIEs. Numerical examples illustrate the theoretical results.

key words: Volterra integral equations, collocation methods, Galerkin methods, convergence
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Numerical Mathematics: Theory, Methods and Applications, 2022, 15(1), 91-124.

4. Hui Liang, Discontinuous Galerkin approximations to second-kind Volterra integral equations with weakly
singular kernel, Applied Numerical Mathematics, 2022, 179, 170-182.

¶This work was supported by the National Nature Science Foundation of China (No. 12171122, 11771128),
Guangdong Provincial Natural Science Foundation of China (2023A1515010818), Fundamental Research
Project of Shenzhen (No. JCYJ20190806143201649) and Shenzhen Science and Technology Program (No.
RCJC20210609103755110).
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Efficient and Accurate Numerical Methods Using the Accelerated
Spectral Deferred Correction for Solving Fractional Differential

Equations

Xuejuan Chen†, Zhiping Mao∗, George Em Karniadakis‡

† School of Science, Jimei University, Xiamen 361021, China
E-mail: xue 105@jmu.edu.cn,

∗ School of Mathematical Sciences, Xiamen University, Xiamen 361005, China
E-mail: zpmao@xmu.edu.cn,

‡ Division of Applied Mathematics, Brown University, Providence, RI 02912, USA
E-mail: george karniadakis@brown.edu.

We develop an efficient and accurate spectral deferred correction (SDC) method for fractional
differential equations (FDEs) by extending the algorithm in [1] for classical ordinary differential
equations (ODEs). Specifically, we discretize the resulted Picard integral equation by the
SDC method and accelerate the convergence of the SDC iteration by using the generalized
minimal residual algorithm (GMRES). We first derive the correction matrix of the SDC method
for FDEs and analyze the convergence region of the SDC method. We then present several
numerical examples for stiff and non-stiff FDEs including fractional linear and nonlinear ODEs
as well as fractional phase field models, demonstrating that the accelerated SDC method is
much more efficient than the original SDC method, especially for stiff problems. Furthermore,
we resolve the issue of low accuracy arising from the singularity of the solutions by using a
geometric mesh, leading to highly accurate solutions compared to uniform mesh solutions at
almost the same computational cost. Moreover, for long-time integration of FDEs, using the
geometric mesh leads to great computational savings as the total number of degrees of freedom
required is relatively small.

key words: Stiff problem, Generalized minimal residual, Geometric mesh refinement, Long time

evolution, Fractional phase field models

REFERENCES

1. J. Huang, J. Jia, and M. Minion. Accelerating the convergence of spectral deferred correction methods.
Journal of Computational Physics, 214(2):633–656, 2006.

¶This work was supported in part by the Fundamental Research Funds for the Central Universities under grant
20720210037.
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Local analysis of an L1/finite element method for a
time-fractional singularly perturbed reaction-diffusion problem

Xiangyun Meng∗, José Luis Gracia‡ and Martin Stynes†

∗ School of Mathematics and Statistics, Beijing Jiaotong University, Beijing 100044, China
Email: xymeng1@bjtu.edu.cn

‡ IUMA and Department of Applied Mathematics, University of Zaragoza, Spain
Email: jlgracia@unizar.es

† Beijing Computational Science Research Center, Haidian District, Beijing 100193, China
E-mail: m.stynes@csrc.ac.cn, web page: http://www.csrc.ac.cn/en/people/faculty/151.html

An initial-boundary value problem of the form Dα
t − ε2D2

xu + bu = f is considered on the
space-time domain Ω × (0, T ], with Dirichlet initial and boundary conditions, where Dα

t is a
Caputo fractional derivative of order α ∈ (0, 1) and ε � 1 is a positive constant. Bounds on
the solution u and its derivatives are proved via a solution decomposition and a maximum
principle; these bounds show that the solution has a weak singularity at the initial time t = 0
and also has layers (caused by the small parameter ε) at the boundaries of the spatial domain Ω.
We apply the L1 discretisation to fractional derivative on a graded temporal mesh, together
with a standard finite element method for the spatial derivatives on a Shishkin spatial mesh.
Using our bounds on the derivative of the solution, local in time error estimates, which are
uniform in the singular perturbation parameter ε, are derived.

key words: Time-fractional, singularly perturbed, L1 scheme, finite element method, Shishkin

mesh
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A grid-overlay finite difference method for the fractional
Laplacian on arbitrary bounded domains

Weizhang Huang∗ and Jinye Shen†

∗ Department of Mathematics, University of Kansas, Lawrence, Kansas, U.S.A.
E-mail: whuang@ku.edu,

† School of Mathematics, Southwestern University of Finance and Economics, Chengdu, Sichuan 611130,
China

E-mail: jyshen@swufe.edu.cn.

We present a grid-overlay finite difference method for the numerical approximation of the
fractional Laplacian on arbitrary bounded domains. The method uses an unstructured
simplicial mesh and an overlay uniform grid for the underlying domain and constructs the
approximation based on a uniform-grid finite difference approximation and a data transfer from
the unstructured mesh to the uniform grid. The method takes full advantage of both uniform-
grid finite difference approximation in efficient matrix-vector multiplication via the fast Fourier
transform and unstructured meshes for complex geometries. We show that its stiffness matrix
is similar to a symmetric and positive definite matrix and thus invertible if the data transfer has
full column rank and positive column sums. Piecewise linear interpolation is studied as a special
example for the data transfer. We prove that the full column rank and positive column sums
of linear interpolation is guaranteed if the spacing of the uniform grid is smaller than or equal
to a positive bound proportional to the minimum element height of the unstructured mesh.
Moreover, we propose a sparse preconditioner for the iterative solution of the resulting linear
system for the homogeneous Dirichlet problem of the fractional Laplacian. Numerical examples
demonstrate that the new method has similar convergence behavior as existing finite difference
and finite element methods and that the sparse preconditioning is effective. Furthermore, the
new method can readily be incorporated with existing mesh adaptation strategies. Numerical
results obtained by combining with the so-called MMPDE moving mesh method are also
presented.

key words: Fractional Laplacian, finite difference, arbitrary domain, mesh adaptation, overlay

grid, nonlocal

¶The first and second authors were supported in part by the University of Kansas General Research Fund
FY23 and the National Natural Science Foundation of China through grant [12101509], respectively.
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A fractional PDE model for describing dynamic responses of
viscoelastic beams

Hong Wang∗, Yiqun Li∗, and Xiangcheng Zheng†

∗ Department of Mathematics, University of South Carolina, Columbia, South Carolina 29208, USA
E-mail: hwang@math.sc.edu, yiqunl@email.sc.edu

† School of Mathematics, Shandong University, Jinan 250100, China
E-mail: xzheng@sdu.edu.cn

Vibrations are prevalent in mechanical or biological systems, which may be unwanted or even
destructive in many circumstances. Their precise characterization and modeling is crucial in the
design and determination of the dynamic durability of the systems and can provide insights into
disease evolution, and is the key to develop effective ways to mitigate the impact of unwanted
vibrations to optimize the performance, to extend the durability of the systems in engineering
applications, and to develop replacements that restore the structures and functionality of
damaged organs in medical industry.

Many modern structures are subjected to challenging conditions, such as high temperatures
and high tensile stresses. In these circumstances conventional metals may creep significantly,
which is one of the main causes of system failure. This has led to the development of
creep-resistant superalloys and ceramic matrix composite materials, which exhibit viscoelastic
behaviors. Viscoelastic materials, such as natural and synthetic biomaterials, smart materials,
polymers, and elastomers, exhibit both elastic characteristic of solid and viscous behavior of
fluid. They have been widely used in many applications.

In this talk we go over a fractional PDE model for describing dynamic responses of
viscoelastic beams. If time permits, we will discuss some extensions to more general beams as
well as their mathematical and numerical analysis.

key words: viscoelastic beams, dynamic responses, fractional partial differential equation
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High-order schemes based on extrapolation for semilinear
fractional differential equation

Yubin Yan ∗

∗ Department of Physical, Mathematical and Engineering Sciences, University of Chester, Chester, UK
E-mail: y.yan@chester.ac.uk

By rewriting the Riemann-Liouville fractional derivative as Hadamard finite-part integral
and with the help of piecewise quadratic interpolation polynomial approximations, we obtain
a numerical scheme for approximating the Riemann-Liouville fractional derivative of order
α ∈ (1, 2). The error has the asymptotic expansion

(
d3τ

3−α + d4τ
4−α + d5τ

5−α + . . .
)

+(
d∗2τ

4 + d∗3τ
6 + d∗4τ

8 + . . .
)

at any fixed time tN = T,N ∈ Z+, where di, i = 3, 4, . . . and
d∗i , i = 2, 3, . . . denote some suitable constants and τ = T/N denotes the step size. Based on
this discretization, a new scheme for approximating the linear fractional differential equation of
order α ∈ (1, 2) is derived and its error is shown to have a similar asymptotic expansion. As a
consequence, a high-order scheme for approximating the linear fractional differential equation
is obtained by extrapolation. Further we introduce a high-order scheme for approximating
a semilinear fractional differential equation. Several numerical experiments are conducted to
show that the numerical results are consistent with our theoretical results.

key words: Hadamard finite-part integral, extrapolation, semilinear problem, high-order method

¶This work was supported in part by the National Natural Science Foundation of China under grant 91430216.
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A unified fast method for the fractional operators

Fanhai Zeng∗

∗ School of Mathematics, Shandong University, Jinan 250100, Shandong, China
E-mail: fanhai zeng@sdu.edu.cn,

Time-dependent fractional partial differential equations typically require huge amounts
of memory and computational time, especially for long-time integration, which taxes
computational resources heavily for high-dimensional problems. Here, we first analyze existing
numerical methods of sum-of-exponentials for approximating the kernel function in constant-
order fractional operators, and identify the current pitfalls of such methods. In order to
overcome the pitfalls, an improved sum-of-exponentials is developed and verified. We also
present several sum-of-exponentials for the approximation of the kernel function in variable-
order fractional operators. Subsequently, based on the sum-of-exponentials, we propose a
unified framework for fast time-stepping methods for fractional integral and derivative
operators of constant and variable orders. We test the fast method based on several benchmark
problems, including fractional initial value problems, the time-fractional Allen–Cahn equation
in two and three spatial dimensions, and the Schrodinger equation with nonreflecting
boundary conditions, demonstrating the efficiency and robustness of the proposed method.
The convergence analysis of the fast method is also displayed. The results show that the
present fast method significantly reduces the storage and computational cost especially for
longtime integration problems

key words: Sum-of-exponentials, fast time-stepping method, fractional integral and derivative

operators, convergence
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On τ matrix-based approximate inverse preconditioning technique
for solving spatial fractional diffusion equations
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In this talk, we will explore the special structure of the discretized linear systems from the
spatial fractional diffusion equations. The coefficient matrices of the resulting discretized
systems have a diagonal-plus-Toeplitz structure. Standard circulant preconditioners may not
work for such Toeplitz-like linear systems. However, because the resulting Toeplitz matrix
is symmetric positive definite, then we can employ the τ matrix to approximate it. By
making use of the piecewise interpolation polynomials, we propose a new approximate inverse
preconditioner to handle the diagonal-plus-Toeplitz coefficient matrices. The τ matrix-based
approximate inverse preconditioning technique can be implemented very efficiently by using
discrete sine transforms. Theoretically, we have proved that the spectrum of the resulting
preconditioned matrices are clustered around one. Thus, Krylov subspace methods with
the proposed preconditioners converge very fast. To demonstrate the efficiency of the new
preconditioners, numerical experiments are implemented. The numerical results show that
with the proper interpolation node numbers, the performance of the τ -matrix based splitting
preconditioning technique is better than the other tested preconditioners.
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Accelerated schemes of compact difference methods for
space-fractional sine-Gordon equations with distributed delay
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In this talk, for quickly solving one- and two-dimensional space-fractional sine-Gordon
equations with distributed delay, we suggest several accelerated schemes of direct
compact difference (DCD) methods. For one-dimensional (1D) problems, with a function
transformation, we construct an indirect compact difference (ICD) method, which requires
less calculation cost than the corresponding DCD method, and prove under the appropriate
conditions that ICD method has second-order (resp. forth-order) calculation accuracy in time
(resp. space). By extending the argument for 1D case, we further obtain an ICD method for
solving two-dimensional (2D) problems and derive the similar convergence result. For ICD
and DCD methods of 2D problems, we also give their alternative direction implicit (ADI)
schemes. Moreover, for the fast implementations of ICD method of 1D problems and indirect
ADI method of 2D problems, we further present their acceleration strategies. Finally, with a
series of numerical experiments, the findings in this paper are further confirmed.

key words: Space-fractional sine-Gordon equations with distributed delay, direct/indirect
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Do we need decay-preserving error estimate for solving parabolic
equations with the initial singularity?
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The solutions with weakly initial singularity arises in a wide variety of equations, for example,
diffusion and subdiffusion equations. When the well-known L1 scheme is used to solve the
subdiffusion equations with weak singularity, numerical simulations show that this scheme
can produce various convergence rates for different choices of model parameters (i.e., domain
size, final time T , and reaction coefficient κ). In fact, this elusive phenomenon can be found
in other numerical methods for reaction-diffusion equations such as the backward Euler (IE)
scheme, Crank-Nicolson (C-N) scheme, and BDF2 scheme. The current theory in the literatures
cannot explain why there exists two different convergence regimes, which has been puzzling
us for a long while, and motivating us to study this inconsistence between the standard
convergence theory and numerical experiences. In this talk, we provide a general methodology
to systematically obtain error estimates that incorporate the exponential decaying feature of
the solution. We call this novel error estimate decay-preserving error estimate and apply it to
aforementioned IE, C-N, and BDF2 schemes. Our estimates reveal that the various convergence
rates are caused by the trade-off between the two components in different model parameter
regimes . In this way, we are able to capture different states of the convergence rate, for which
the traditional error estimates fail, since we take the model parameters into account and thus
retain more properties of the continuous solution. In addition, the alpha-robust estimates for
L1 and Alikhanov’s schemes on general nonuniform meshes are also reported. The works are
jointed with Zhimin Zhang and Chengchao Zhao.

key words: subdiffusion equations, nonuniform time mesh, discrete Grönwall inequality, α-robust
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Analysis and numerical approximation of space-fractional
boundary value problems in one and two space dimensions
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Space-fractional boundary value problems provide adequate descriptions for challenging
phenomena such as the anomalous diffusion. We introduce some recent progresses on the
mathematical analysis and numerical methods to space-fractional boundary value problems
in one space dimension, and then provide an extension to a two-dimensional problem via the
spectral-type method of solid harmonic polynomials, as well as proving a decomposition of the
fractional Laplacian in two space dimensions.

key words: space-fractional, diffusion, variable coefficient, fractional Laplacian
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A unified design of energy stable schemes with variable steps for
fractional gradient flows and nonlinear integro-differential
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A unified discrete gradient structure of the second order nonuniform integral averaged
approximations for the Caputo fractional derivative and the Riemann-Liouville fractional
integral is established in this paper. The required constraint of the step-size ratio is weaker
than that found in literatures. With the proposed discrete gradient structure, the energy
stability of the variable step Crank-Nicolson type numerical schemes is derived immediately,
which is essential to the long-time simulations of the time fractional gradient flows and the
nonlinear integro-differential models. The discrete energy dissipation laws fit seamlessly into
their classical counterparts as the fractional indexes tend to one. In particular, it provides a
framework for the stability analysis of variable step numerical schemes based on the scalar
auxiliary variable type approaches. The time fractional Swift-Hohenberg model and the time
fractional sine-Gordon model are taken as two examples to elucidate the theoretical results at
great length. Extensive numerical experiments using the adaptive time-stepping strategy are
provided to verify the theoretical results in the time multi-scale simulations.
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A bilateral preconditioning for an L2-type all-at-once system
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Time-space fractional Bloch-Torrey equations (TSFBTEs) are developed by some researchers
to investigate the relationship between diffusion and fractional-order dynamics. In this talk, we
concentrate on design a bilateral preconditioning for all-at-once system from multidimenstional
TSFBTEs. Firstly, we propose an implicit difference scheme for this equation by employing
an L2-type formula. Then, we prove the stability and the convergence of the proposed scheme.
Based on such a numerical scheme, an L2-type all-at-once system is derived and solved in a
parallel-in-space pattern. Based on the special structure of its coefficient matrix, we propose
a bilateral preconditioning strategy to accelerate the convergence of Krylov subspace solvers.
We theoretically show that the condition number of the preconditioned matrix is uniformly
bounded by a constant. Several numerical examples are provided to test the proposed scheme
and preconditioning technique.
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Discovering the subdiffusion model in an unknown medium
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The subdiffusion phenomenon is now widely recognized in many engineering and physical
applications. The mathematical models for subdiffusion involve many parameters, e.g.,
diffusion coefficient, potential, initial and boundary conditions, source along with the order of
derivation. Sometimes some of these parameters are not readily available, but one can measure
additional information about the solution. Then one natural question is how much we can say
about the mathematical model. In this talk, I will discuss several theoretical and computational
results on determining the several parameters from one measurement when the other problem
data are not fully specified.
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