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Fractional PDE

Time-fractional Cahn-Hilliard equations (TFCHE):

Lu := Dα
t u − κ∆(−ε2∆u + f (u)) = 0 (1)

for (x , t) ∈ Q := Ω× (0,T ], with

u(x , 0) = u0(x) for x ∈ Ω,

∂υu
∣∣
∂Ω

= ∂υ(ε2∆u − f (u))
∣∣
∂Ω

= 0 for 0 < t ≤ T ,

where α ∈ (0, 1), u0 ∈ C(Ω), and f (u) is the derivative of the double well
potential F (u) = 1

4
(u2 − 1)2. Here the spatial domain Ω ⊂ Rd (where

d ∈ {1, 2, 3}) is bounded, with a Lipschitz continuous boundary ∂Ω.

Dα
t denotes the Caputo fractional derivative defined by

Dα
t u(x , t) =

1

Γ(1− α)

∫ t

0

(t − s)−α
∂u(x , s)

∂s
ds.
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Nonuniform meshes in time

M-conv. Let r represents the temporal mesh grading constant. There exists a
constant Cr > 0, independent of k, such that τ1 = Crτ

rα, τk ≤ Crτ min{1, t1−1/r
k },

tk ≤ Cr tk−1, and τk ≤ ρkτk−1 for 2 ≤ k ≤ N.

The sum-of-exponentials technique

∣∣∣∣ t−α

Γ(1− α)
−

Nq∑
j=1

ωje
−sj t

∣∣∣∣ ≤ ε,
where

Nq = O
(

log
1

ε

(
log log

1

ε
+ log

T

∆t

)
+ log

1

∆t

(
log log

1

ε
+ log

1

∆t

))
.
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Fast L1 discretisation in time

The Caputo fractional derivative is approximated by the fast L1 scheme

Dα
t v(x , tn) ≈ Dα

F vn := a
(n)
0 ∇τvn︸ ︷︷ ︸

The local part

+

Nq∑
j=1

ωje
−sjτnHj(tn−1)

︸ ︷︷ ︸
The history part

for n = 1, 2, . . . ,N, (2)

where Hj(tk) is defined by

Hj(t0) = 0, Hj(tk) = e−sjτkHj(tk−1) +
1

τk

∫ tk

tk−1

e−sj (τk−s)∇τv k ds

for k ≥ 1, 1 ≤ j ≤ Nq. The fast L1 scheme (2) can be rewritten as:

Dα
F vn :=

n∑
k=1

A
(n)
n−k∇τv k ,

where

A
(n)
0 := a

(n)
0 and A

(n)
n−k :=

1

τk

∫ tk

tk−1

Nq∑
j=1

ωje
−sj (τn−s) ds for 1 ≤ k ≤ n − 1.
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Lemma 1

Assume ‖∂ ltv(x , t)‖ ≤ C (1 + tα−l) for l = 0, 1, 2. Then there exists a
constant CT satisfying∥∥Dα

t v(·, tn)− Dα
F v

n
∥∥ ≤ CT (t−αn τ−min{2−α,rα} + ε)

and
‖vn − vn−1‖ ≤ CT τ

min{1,rα}

for n = 1, 2, . . . ,N.
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The equivalent formulation:

Dα
t u − κ∆w = 0 ∀ (x , t) ∈ Q,

w + ε2∆u − f (u) = 0 ∀ (x , t) ∈ Q,

u(x , 0) = u0(x) for x ∈ Ω,

∂υu|∂Ω = ∂υw |∂Ω = 0 for 0 < t ≤ T .

(3)
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The time-discrete system:

Dα
F Un − κ∆W n = 0 ∀ (x , t) ∈ Q,

W n + ε2∆Un − f (Un−1)− S(Un − Un−1) = 0 ∀ (x , t) ∈ Q,

U0(x) = u0(x) for x ∈ Ω,

∂υUn|∂Ω = ∂υW n|∂Ω = 0 for 0 < t ≤ T ,

(4)

where S ≥ 0 is a stabilization constant.
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FEM discretisation in space

Let M be a positive integer. Partition Ω by a quasiuniform mesh of M elements
{Km : m = 1, . . . ,M}. Set

hm = diam(Km) for each m and h = max
1≤m≤M

{hm}.

Define the finite element spaces on spatial mesh by

Vh :=

{
vh ∈ C(Ω̄) ∩ H2(Ω) : vh|Km ∈ Q1(Km) on each Km ∈ Th and

∫
Ω

vh dx = 0.

}
.
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Three operators

Define the Ritz projector Rh : H1(Ω)→ Vh by

(∇Rhw ,∇vh) = (∇w ,∇vh) ∀ vh ∈ Vh.

It is well known that

‖w − Rhw‖+ h‖w − Rhw‖1 ≤ Chk+1|w |k+1 ∀ w ∈ Hk+1(Ω) ∩ H1(Ω). (5)

Define the discrete Laplacian ∆h : Vh → Vh by

(∆hv ,w) = −(∇v ,∇w) ∀ v ,w ∈ Vh . (6)

C. B. Huang N. An X.J.Yu ()Unconditional error analysis for the TFCHE July 27-29, 2023 16 / 48



Three operators

Define the Ritz projector Rh : H1(Ω)→ Vh by

(∇Rhw ,∇vh) = (∇w ,∇vh) ∀ vh ∈ Vh.

It is well known that

‖w − Rhw‖+ h‖w − Rhw‖1 ≤ Chk+1|w |k+1 ∀ w ∈ Hk+1(Ω) ∩ H1(Ω). (5)

Define the discrete Laplacian ∆h : Vh → Vh by

(∆hv ,w) = −(∇v ,∇w) ∀ v ,w ∈ Vh . (6)

C. B. Huang N. An X.J.Yu ()Unconditional error analysis for the TFCHE July 27-29, 2023 16 / 48



C. M. Elliott and S. Larsson, Math. Comp., 58(198):603-630, S33-S36, 1992.

∆hRhv = Ph∆v ∀ v ∈ H2(Ω) . (7)

Define the operator Th by Th := (−∆h)−1, and we have

(Thv , g) = (∇Thv ,∇Thg) for any v , g ∈ L2(Ω). (8)
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The fully discrete fast L1-FEM:

Dα
F Un

h − κ∆hW n
h = 0,

W n
h + ε2∆hUn

h − Ph

[
f (Un−1

h ) + S(Un
h − Un−1

h )
]

= 0,

U0
h := Rhu0,

∂υUn
h |∂Ω = ∂υW n

h |∂Ω = 0,

(9)

for n = 1, . . . ,N.
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Error estimate:

‖(un)3 − (Un
h )3‖ = ‖

[
(un)2 + unUn

h + (Un
h )2
]

(un − Un
h )‖

≤
[
‖un‖2

∞ + ‖un‖∞‖Un
h‖∞ + ‖Un

h‖2
∞
]
‖un − Un

h‖

Time-step restriction:

‖Un
h‖L∞ ≤ ‖Rhu

n‖L∞ + ‖Rhu
n − Un

h‖L∞

≤ ‖Rhu
n‖L∞ + Ch−d/2‖Rhu

n − Un
h‖L2

≤ C‖un‖2 + Ch−d/2(τmin{1,rα} + ε+ h2)
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Without certain time-step restrictions:

‖Un
h‖L∞ ≤ ‖RhU

n − Un
h‖L∞ + ‖RhU

n‖L∞ ,
≤ CΩh

−d/2‖RhU
n − Un

h‖︸ ︷︷ ︸
The error in space

+ CΩ‖Un‖2,

≤ CΩh
−d/2h

7
4 + CΩ(1 + C1)

≤ K1.
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Error equation in time

Denote
en
u := un − Un and en

w := wn −W n.

From (3) and (4), one has

Dα
F en

u − κ∆en
w = Pn,

en
w + ε2∆en

u = Qn

e0
u = 0,

∂υen
u |∂Ω = ∂υen

w |∂Ω = 0,

(10)

where Pn and Qn are defined by

P
n = Dα

F un − Dα
t un,

Q
n = (un)3 − un − (Un−1)3 + Un−1 − S(Un − Un−1).
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The error equation of the time-discrete system:

Dα
F en

u + κε2∆2en
u = P

n + κ∆
(
φn
u,1 + (φn

u,2 − 1− S)en−1
u + Sen

u

)
, (11)

where φn
u,1 and φn

u,2 are defined by

φn
u,1 := (un)2 + unun−1 + (un−1)2(un − un−1)

and
φn
u,2 := (un−1)2 + un−1Un−1 + (Un−1)2.
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The robust discrete fractional Grönwall inequality

Lemma 2 (The robust discrete fractional Grönwall inequality)

Let λs be nonnegative constants with 0 <
∑n

s=1 λs ≤ Λ for n ≥ 1, where Λ is a positive
constant independent of n. Suppose that the nonnegative sequences {ξn, ηn : n ≥ 1} are
bounded and the nonnegative grid function { vn | n ≥ 0} satisfies

Dα
F (vn)2 ≤

n∑
s=1

λn−s(v s)2 + ξnvn + (ηn)2 for n ≥ 1. (12)

If the nonuniform grid satisfies the maximum time-step criterion τ ≤
[
3Γ(2− α)Λ

]−1/α
,

then

vn ≤ 2Eα (3Λtαn )

[
v 0 + max

1≤k≤n

k∑
j=1

P
(k)
k−j(ξ

j + ηj) + max
1≤j≤n

{ηj}

]
for 1 ≤ n ≤ N. (13)

H. Chen and M. Stynes, IMA J. Numer. Anal., 41(2):974-997, 2021.

n∑
j=1

P
(n)
n−j j

r(γ−α) ≤ 3Γ(1 + γ − α)

2Γ(1 + γ)
Tα
( tn

T

)γ
N r(γ−α)
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The boundless of Un, Dα
F Un, and W n

Lemma 3
The time discrete system (4) has a unique solution Un. For 0 ≤ n ≤ N, if τ ≤ τ∗1 , one
has

‖en
u‖2 ≤ C∗1 (τmin{1,rα} + ε), (14)

‖Un‖2 ≤ 1 + C1. (15)

Furthermore, if 1 ≤ r ≤ 1/α, one has

‖Dα
F Un‖2 ≤ C∗2 for 1 ≤ n ≤ N. (16)

Lemma 4
The solution W n of the time discrete system (4) satisfies

‖W n‖2 ≤ C∗3 for 1 ≤ n ≤ N. (17)
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Error equation in space

Denote

Un − Un
h = (RhUn − Un

h )− (RhUn − Un) := ϑn
u − ρnu,

W n −W n
h = (RhW n −W n

h )− (RhW n −W n) := ϑn
w − ρnw .

From (4) and (9), one has

Dα
F ϑ

n
u − κ∆hϑ

n
w = [Rh(Dα

F Un)− κ∆hRhW n]− [Dα
F Un

h − κ∆hW n
h ]

= (Rh − Ph)Dα
F Un + Ph [Dα

F Un − κ∆W n]

= PhDα
F ρ

n
u, (18)
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and

ϑn
w + ε2∆hϑ

n
u =

[
RhW n + ε2∆hRhUn

]
−
[
W n

h + ε2∆hUn
h

]
= (Rh − Ph)W n + Ph

[
W n + ε2∆Un

]
− Ph

[
(Un−1

h )3 − Un−1
h + S(Un

h − Un−1
h )

]
= Ph

[
ρnw + (ψn

u − 1− S)(ϑn−1
u − ρn−1

u ) + S(ϑn
u − ρnu)

]
, (19)

where ψn
u is defined by

ψn
u := (Un−1)2 + (Un−1

h )2 + Un−1Un−1
h .

Applying (18) and (19) yields

Dα
F ϑ

n
u+κε2∆2

hϑ
n
u = Dα

F ρ
n
u+κ∆hPh

[
ρnw + (ψn

u − 1− S)(ϑn−1
u − ρn−1

u ) + S(ϑn
u − ρnu)

]
.

(20)
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The boundless of the numerical solution Un
h

Theorem 5

Assume τ ≤ τ∗2 and h ≤ h∗1 . Let Un and Un
h be the solutions of (4) and (9),

respectively. Then for n = 0, 1, . . . ,N, one has

‖RhUn − Un
h‖≤ h

7
4 , (21)

and

‖Un
h‖L∞≤ K1. (22)
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Error equation of the fully discrete scheme

Denote

un − Un
h = Rhun − Un

h − (Rhun − un) := ηnu − %nu,
wn −W n

h = Rhwn −W n
h − (Rhwn − wn) := ηnw − %nw .

From (3) and (9), we get

Dα
F η

n
u + κε2∆2

hη
n
u = Ph(Dα

t %
n
u − Rhϕ

n)

+ ∆hPh

[
%nw + φn

u,1 + Φn
u(ηn−1

u − %n−1
u ) + S(ηnu − %nu)

]
, (23)

where Φn
u is defined by

Φn
u = (un−1)2 + un−1Un−1

h + (Un−1
h )2 − 1− S .

C. B. Huang N. An X.J.Yu ()Unconditional error analysis for the TFCHE July 27-29, 2023 30 / 48



The boundless of Φn
u:

‖Φn
u‖∞ ≤ ‖un−1‖2

∞ + ‖un−1‖∞‖Un−1
h ‖∞ + ‖Un−1

h ‖2
∞ + 1 + S

≤ CΩ(C 2
1 + C1K1 + K 2

1 ) + 1 + S := C4, (24)

where ‖uk‖L∞ ≤ C1 and ‖Uk
h ‖L∞ ≤ K1 are used.

Set

C4 := CΩ(C 2
1 + C1K1 + K 2

1 ) + 1 + S and Λ∗3 :=
2κ(C 2

4 + S2)

ε2
.
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Convergent result

Theorem 6 (Error estimate for the fast L1 FEM)

Assume τ ≤ min
{
τ∗2 ,
[
3Γ(2− α)Λ∗3

]−1/α}
and h ≤ h∗1 . Let un and Un

h be the solutions
of (3) and (9), respectively. Then for n = 1, 2, . . . ,N, one has

‖un − Un
h‖ ≤ Θn(τ, r) + CRh2, (25)

where

Θn(τ, r) := 2Eα (3Λ∗3 tαn )

[(
3CTΓ(1− α) +

3
√
κCΩCTC 2

1

2ε
(3Γ(1− α)tαn + 2)

)
τmin{1,rα}

+3CTΓ(1− α)tαn ε+ CRC1

(
3Γ(1− α)tαn +

√
κ(1 + C4 + S)

2ε
(3Γ(1− α)tαn + 2)

)
h2

]
.

If r ≥ 1/α, then one has

‖un − Un
h‖ ≤ C

(
τ + ε+ h2

)
for n = 0, 1, . . . ,N.
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The approximation of the modified energy:

f (Un−1
h )∇τUn

h = F (Un
h )− F (Un−1

h )−
∫ 1

0

f ′(Un−1
h + s∇τUn

h )(1− s) ds (∇τUn
h )2

≥ F (Un
h )− F (Un−1

h ) +
1

2
(∇τUn

h )2

−
∫ 1

0

3
(

(1− s)‖Un−1
h ‖∞ + s‖Un

h‖∞
)2

(1− s) ds (∇τUn
h )2

Two assumptions: (D. Li and Z. H. Qiao, J. Sci. Comput., 70(1):301-341, 2017.)

The Lipschitz assumption:

max
u∈R
|f ′(u)| ≤ L. (26)

L∞ bounds on the numerical solution:

‖Un
h‖∞ ≤ L. (27)
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The discrete energy functional E [Un
h ]:

E [Un
h ] :=

ε2

2
‖∇Un

h‖2 + (F (Un
h ), 1) with F (Un

h ) :=
1

4

(
(Un

h )2 − 1
)2

for 0 ≤ n ≤ N.

The modified discrete energy Eα[Un
h ]:

Eα[U0
h ] := E [U0

h ] and Eα[Un
h ] := E [Un

h ] +
κ

2

n∑
j=1

P
(n)
n−j‖∇W j

h‖
2 for 1 ≤ n ≤ N.
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The energy stability result

Theorem 7 (The energy stability result for the modified energy)

Let S ≥ 3K2
1

2 −
1
2 . Assume τ ≤ τ∗2 and h ≤ h∗1, the fully discrete

semi-implicit L1-FEM (9) preserves the following discrete energy
dissipation law

Eα[Un
h ] ≤ Eα[Un−1

h ] for 1 ≤ n ≤ N.

The energy stability property for E [Un
h ]:

E [Un
h ] ≤ Eα[Un

h ] ≤ E [U0
h ] for 1 ≤ n ≤ N.
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Numerical experiments

Example 1
To verify the accuracy in time and space, we consider the time-fractional Cahn-Hilliard
problem (1) in two-dimensional with κ = 1, ε = 1, Ω = (0, 2π)× (0, 2π), T = 1, and
u0(x , y) = cos(x) cos(y). In addition, the graded mesh tn := T (n/N)r is used in
temporal direction.
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Taking r = 1/α and N = M, the spatial error dominates the result. Predicted rate:
O(τ).

Table 1: max1≤n≤N ‖un − Un
h‖ errors and rates of convergence (dominated by

temporal error)

N=20 N=40 N=80 N=160

α = 0.4 1.3070E-2 7.1577E-3 3.7393E-3 1.9487E-3
0.8687 0.9367 0.9402

α = 0.6 1.5168E-2 8.1019E-3 4.0908E-3 2.0115E-3
0.9046 0.9858 1.0240

α = 0.8 1.7323E-2 9.6204E-3 4.9963E-3 2.5035E-6
0.8485 0.9452 0.9969

⇓

O(τ)

C. B. Huang N. An X.J.Yu ()Unconditional error analysis for the TFCHE July 27-29, 2023 39 / 48



Taking r = 1/α and N = M, the spatial error dominates the result. Predicted rate:
O(τ).

Table 1: max1≤n≤N ‖un − Un
h‖ errors and rates of convergence (dominated by

temporal error)

N=20 N=40 N=80 N=160

α = 0.4 1.3070E-2 7.1577E-3 3.7393E-3 1.9487E-3
0.8687 0.9367 0.9402

α = 0.6 1.5168E-2 8.1019E-3 4.0908E-3 2.0115E-3
0.9046 0.9858 1.0240

α = 0.8 1.7323E-2 9.6204E-3 4.9963E-3 2.5035E-6
0.8485 0.9452 0.9969

⇓

O(τ)

C. B. Huang N. An X.J.Yu ()Unconditional error analysis for the TFCHE July 27-29, 2023 39 / 48



Taking r = (2− α)/α and N = M, the spatial error dominates the result. Predicted
rate: O(τ).

Table 2: max1≤n≤N ‖un − Un
h‖ errors and rates of convergence (dominated by

temporal error)

N=10 N=20 N=40 N = 80

α = 0.4 7.9016E-3 4.4416E-3 2.3408E-3 1.1972E-3
0.8310 0.9240 0.9673

α = 0.6 1.0683E-2 5.7319E-3 2.9323E-3 1.4690E-3
0.8981 0.9669 0.9971

α = 0.8 1.5087E-2 8.3147E-3 4.2919E-3 2.1475E-3
0.8595 0.9540 0.9989

⇓

O(τ)
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Taking r = 1/α and N = 1000, the spatial error dominates the result. Predicted rate:
O(h2).

Table 3: max1≤n≤N ‖un − Un
h‖ errors and rates of convergence (dominated by

spatial error)

M=8 M=16 M=32 M=64

α = 0.4 1.7447E-2 4.3178E-3 1.0758E-3 2.6873E-4
2.0146 2.0048 2.0012

α = 0.6 1.8195E-2 4.4866E-3 1.1169E-3 2.7891E-4
2.0198 2.0061 2.0016

α = 0.8 1.9383E-2 4.7551E-3 1.1821E-3 2.9512E-4
2.0272 2.0080 2.0020

⇓

O(h2)
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Example 2

Consider the time-fractional Cahn-Hilliard model (1) with κ = 1, ε = 0.05,
Ω = (0, 2)× (0, 2). Here, the initial condition

u0(x , y) = 0.1rand(x , y)− 0.05,

where rand(x , y) generates uniform random numbers in the domain [0, 1].

We use the graded meshes tn = T0(n/N0)r with r = 1/α, N0 = 30, and T0 = 0.001 to
handle the weakly singularity near the initial time. The remaining time interval adopts
the following time-stepping strategy

τn+1 = max

{
τmin,

τmax√
1 + δ‖∂τUn

h‖2

}
for n ≥ N0, (28)

where δ is a user chosen constant, τmax = 0.005, and τmin = 0.001.
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(b) The modified energy

Figure 1: The original energy and the modified energy for Example 2.
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(a) The profile of Un
h with fractional order α = 0.4 at t = 0.1, 1, 11.

(b) The profile of Un
h with fractional order α = 0.9 at t = 0.1, 1, 11.
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Example 3

Consider the time-fractional Cahn-Hilliard model (1) with κ = 1, ε = 0.02,
Ω = (−1, 1)× (−1, 1). The initial condition is chosen as

u0(x , y) =
2∑

i=1

− tanh

(√
(x − xi )2 + (y − yi )2 − 0.36√

2ε

)
+ 1

with (x1, y1) = (−0.4, 0) and (x2, y2) = (0.4, 0). Actually, this example is often used to
describe the coalescence of two kissing bubbles.
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(d) The modified energy

Figure 2: The original energy and the modified energy for Example 3.

C. B. Huang N. An X.J.Yu ()Unconditional error analysis for the TFCHE July 27-29, 2023 46 / 48



(a) The profile of Un
h with fractional order α = 0.4 at t = 0.1, 1, 8.

(b) The profile of Un
h with fractional order α = 0.9 at t = 0.1, 1, 8.
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Thank You

C. B. Huang, Na. An, and X. J. Yu, Unconditional energy dissipation law and
optimal error estimate of fast L1 schemes for a time-fractional Cahn-Hilliard
problem,Commun. Nonlinear Sci. Numer. Simul., 124:107300, 2023.
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